Introduction to Combinatorics Spring, 2011

Homework 2 — INCLUSION-EXCLUSION FORMULA, ASYMPTOTICS
Janos Pach & Nabil Mustafa 3 March

Questions

1. We will prove the following equality:
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e Define {0,1}™ to be the set of all binary strings of length n. For each i, 1 <1i <mn — 1, define the
following set:
Ai ={(z1,...,2n) €{0,1}" 1 2 = 0, 2541 = 1}

A; is the set of all binary strings of length n with 0 in the i-th position, and 1 in the (i 4+ 1)-th
position. Prove that

1<i1 <iz<...<ix<n—1
e Prove that [{0,1}" —Ucicpy Ail =n + 1.
e Prove the identity given in equation (1).

2. How many ways are there to seat n couples in a row of 2n chairs such that the couples never sit next
to each other?

3. How many ways are there to distribute n identical chocolates to k (non-identical!) children such that
no child gets more than m — 1 chocolates?

4. Prove the following upper bound: n! < ey/n(n/e)™. Use the method of integration, carefully dealing
with the triangle areas.

5. Prove Bernoulli’s Inequality: for any natural number n and real z > —1: (1 +z)™ > 1+ na.

6. Prove the following estimate by induction on k: (}) < (en/k)*

Bonus Problem. Let n be an even integer. Find the number of distinct strings of length n that can
be obtained by concatenating copies of the strings 0, 10 and 11. For example, 0101110 is a valid string
(0 10 11 10) but 1100101 is not. You may assume that n is even.

10 points.



