
Advanced Discrete Mathematics 2013 – Problem Set 3

You can hand in one of the star problems before 3pm on Monday March 18th.

1. Assuming r − 1 | n, prove that the only Kr-free graph with n vertices and exactly
r−2
r−1
· n2

2
edges is the complete (r − 1)-partite graph with parts of size n

r−1
.

2. Let r be a positive integer. Prove that there is a constant cr > 0 with the following
property: for every positive integer n there exists a Kr,r-free graph with n vertices and

at least crn
2r
r+1 edges.

(Hint: Consider a random graph.)

3. Consider n points drawn inside a disc of radius 1 in the plane. Prove that there are at
least (n2 − 3n)/6 pairs of points at distance not greater than

√
2.

4. Prove that there is an absolute constant c > 0 with the following property: for any set
X of n points in the plane, the number of pairs of points in X at distance exactly 1 is
at most cn3/2.

5. Prove that there is an absolute constant c > 0 with the following property: if X is an
n-element set and S1, . . . , Sn are subsets of X such that |Si ∩ Sj| ≤ 1 whenever i 6= j,
then at least one of the sets Si has size at most c

√
n.

6. The 1-subdivision of a graph H is the graph obtained from H by putting a vertex in
the middle of each edge of H.
Example: The 1-subdivision of K4:

Let G be a graph with n vertices and εn2 edges. Prove that G contains a 1-subdivision
of the complete graph on ε3/2n1/2 vertices.
(Hint: Apply the dependent random choice lemma with t = logn

2 log(1/ε)
.)

7. * Let each vertex v of the complete bipartite graph Kr,r be assigned a list of colors Lv

of size k. Prove that if k > log2 r+ 1, then there is a proper coloring of the vertices of
Kr,r such that each vertex v receives a color from its list Lv.

8. * Let G be a graph with n vertices and (1
4
+ c)n2 edges, where c > 0. Prove that G

contains at least cn3/3 triangles.
(Hint: Consider the sum

∑
uv∈E(G)(d(u) + d(v)).)


