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12.1: NP-hardness • 12.2: Simple Algorithms • 12.3: 3/2-Approximation • 12.4: Asymptotic

(1 + ε)-Approximation Scheme

Bin Packing: Given a set I = {1, . . . , n} of items with sizes si ∈ (0, 1], and a set
B = {1, . . . , n} of bins with capacity 1, put all the items in as few bins as possible.
More formally, find an assignment a : I → B such that for each b ∈ B we have∑

i:a(i)=b si ≤ 1 and a(I) is minimal.

Note that an instance of Bin Packing is a list of numbers s1, . . . , sn, the definition just
uses the sets I and B to make things more conceptual. In particular, that |B| = n does not
really matter, one could just as well consider an unlimited number of bins.

12.1 NP-hardness
We first have to show that Bin Packing is NP-hard. We’ll do this by reducing Vertex
Cover to Subset Sum, then reducing Subset Sum to Partition, and finally Partition
to Bin Packing. (I don’t know of a shorter way.)

Subset Sum: Given a sequence a1, . . . , an, t of nonnegative integers, decide whether
there is a subset S ⊂ {1, . . . , n} such that∑

i∈S

ai = t.

Partition: Given a sequence a1, . . . , an of nonnegative integers, decide whether there
is a subset S ⊂ {1, . . . , n} such that∑

i∈S

ai =
∑
j 6∈S

aj.

Theorem 12.1. Subset Sum and Partition are NP-complete.

Proof sketch. One can prove this by reducing k-Vertex Cover (see Lecture 9) to Subset
Sum, and Subset Sum to Partition.
Given a graph G and a number k, we encode it as a sequence of integers as follows. We
number the edges of G from 0 to |E(G)| − 1, and take ai = 10i for each edge i. Then we
also include for each vertex v of G the integer

bv = 10|E(G)| +
∑
i∈δ(v)

10i.

Finally we take

t = k · 10|E(G)| +

|E(G)|−1∑
i=0

2 · 10i.

The reader can now check that G has a vertex cover with k vertices if and only if there is a
subsequence of the ai, bv that sums to t. The idea is that the first term in t forces exactly k
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vertices to be used, and the second term forces each edge to be covered by a vertex.
Next we reduce Subset Sum to Partition. Given an instance a1, . . . , an, t of Subset
Sum, with A =

∑n
i=1 ai, we construct an instance a1, . . . , an, an+1, an+2 of Partition by

setting an+1 = 2A− t and an+2 = A+ t. Then the reader can check that the answer for the
Subset Sum is YES if and only if the answer for the Partition instance is YES.

Theorem 12.2. Bin Packing is NP-hard. It has no k-approximation algorithm with
k < 3/2 (unless P = NP).

Proof. We reduce Partition to Bin Packing. Given an instance a1, . . . , an of Partition,
we let A =

∑
ai and consider the instance of Bin Packing with si = 2ai/A. It is easy to

see that the answer to the Partition instance is YES if and only if the minimum number
of bins for the Bin Packing instance is 2.
If there was a k-approximation algorithm for Bin Packing with k < 3/2, then when the
exact minimum is 2 bins, this algorithm would always find it, since 3 bins would be an
approximation with factor ≥ 3/2. So by the reduction above, this algorithm would exactly
solve Partition in polynomial time, which would imply P = NP .

12.2 Simple algorithms

We will first informally consider the simplest greedy-like algorithms that one would think
of, then in the next section we will analyze the best of these more formally.
We will illustrate these simple algorithms for one example, given by the si (for convenience
we will take the bin capacities to be 10)

3, 6, 2, 1, 5, 7, 2, 4, 1, 9.

• Next Fit: Put the current item in the current bin if it fits, otherwise in the next bin.
On the example this would give the following packing:

[3, 6]− [2, 1, 5]− [7, 2]− [4, 1]− [9]

On the problem set you are asked to prove that this is a 2-approximation algorithm.
The approximation factor is less good than for the next two algorithms, but a practical
advantage is that Next Fit is what is called online: It only considers the current item,
without looking ahead or changing previous items, and it only considers the current
bin, without ever changing previous bins. The next two algorithms do not have both
these properties.

• First Fit: Put the current item into the first bin it fits into.
On the example this would give:

[3, 6, 1]− [2, 5, 2, 1]− [7]− [4]− [9]

It has been proved (with some effort) that this is roughly a 17
10

-approximation algorithm.

• First Fit Decreasing: Sort the items in decreasing order, then do First Fit.
On the example this would give:

[9, 1]− [7, 3]− [6, 4]− [5, 2, 2, 1]

We will see below that this is a 3/2-approximation algorithm, and above we saw that
this is best possible in terms of the approximation factor.
A tight example for the factor 3/2 for First Fit Decreasing is

2, 3, 2, 5, 6, 2 → [6, 3]− [5, 2, 2]− [2],

where there is clearly an example using only 2 bins.
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12.3 3/2-Approximation Algorithm

As we saw above, an approximation algorithm for Bin Packing with approximation factor
< 3/2 is not possible. Here we’ll see something that we haven’t seen before in this course,
namely an approximation algorithm that exactly matches a lower bound.
However, this lower bound is a little misleading, because it really only holds for instances
that come down to deciding between 2 or 3 bins, as can be seen from the proof of Theorem
12.2. We’ll see in the next section that if you know that more bins will be needed, better
approximations are possible.

First Fit Decreasing Algorithm (FFD)

1. Sort the items by decreasing size and relabel them so that s1 ≥ s2 ≥ · · · ≥ sn;

2. For i = 1 to n, put i in the first bin that it fits into, i.e.

a(i) = min

b ∈ B :

 ∑
j:a(j)=b

sj

+ si ≤ 1

 ;

3. Return a.

Theorem 12.3. First Fit Decreasing is a 3/2-approximation algorithm for Bin Packing.

Proof. Let a be the assignment found by the algorithm, with k = |a(I)|, and let a∗ be the
minimal assignment, with k∗ = |a∗(I)|. We want to show that k ≤ 3

2
k∗. We will assume

that the items have been sorted. We’ll write S =
∑

i∈I si, so we have the trivial bound

k∗ ≥ S.

Let b ≤ k be an arbitrary bin used by a. We will analyze the following two cases: b contains
an item of size > 1/2, or it does not.
Suppose b contains an item i of size si > 1/2. Then the previously considered items i′ < i
all have si′ > 1/2, and each bin b′ < b must contain one of these, so we have ≥ b items of
size > 1/2. No two of these can be in the same bin in any packing, so a∗ uses at least b bins,
i.e. k∗ ≥ b.
Suppose b does not contain an item of size > 1/2. Then no used bin b′′ > b contains an item
of size > 1/2, which implies that each of these bins contains ≥ 2 items, except maybe for
the last used one (bin k). So the k − b bins b, b + 1, . . . , k − 1 together contain ≥ 2(k − b)
items. We know that none of these items would have fit in any bin b′ < b.
We consider two subcases. If b ≤ 2(k−b), then we can imagine adding to every bin b′ < b one
of these 2(k− b) items, which would give us b−1 overfilled bins. This implies that S > b−1.
On the other hand, if b > 2(k− b), then we can imagine adding each of the 2(k− b) elements
to a different bin b′ < b, giving us 2(k − b) overfilled bins. Then S > 2(k − b).
So for any b we have in all cases that either k∗ ≥ b or k∗ ≥ 2(k − b). Now we choose b so
that it will more or less maximize the minimum of b and 2(k − b): Equating b = 2(k − b)
gives b = 2

3
k, and we take b = d2

3
ke to get an integer. Then we have that k∗ ≥ d2

3
ke ≥ 2

3
k,

or k∗ ≥ 2(k − d2
3
ke) ≥ 2

3
k. Hence we have k ≤ 3

2
k∗.
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12.4 Asymptotic (1 + ε)-Approximation Scheme

We won’t define in general what an approximation scheme is, but just state what it means
in this case. The word “asymptotic” refers to the fact that the approximation factor only
holds for large instances above some threshold. Non-asymptotic approximation schemes do
exist, for instance for Knapsack or Euclidean TSP.
These schemes are less useful in practice than they may sound, because the running times
tend to be huge (although polynomial). Another drawback in this case is that the running
time is polynomial in n, but not in 1/ε. So this result is more theoretical, and in practice
fast approximation algorithms like the one above might be more useful.
As above we write k for the number of bins used by the algorithm and k∗ for the minimum
number of bins.

Theorem 12.4. For any 0 < ε ≤ 1/2 there is an algorithm that is polynomial in n and
finds an assignment having at most k ≤ (1 + ε)k∗ bins, whenever k∗ ≥ 2/ε.

To give some feeling for this statement, suppose you want a 5/4-approximation algorithm.
Then ε = 1/4, so we need k∗ ≥ 2/ε = 8. Of course we don’t know k∗ beforehand, but using
the trivial bound k∗ ≥

∑
si we see that the theorem gives a 5/4-approximation algorithm

for any instance with
∑
si ≥ 8.

Or the other way around, suppose we know that we’re dealing with instances that have∑
si ≥ 100. Then also k∗ ≥ 100, so ε = 1/50 will work, giving us a 1.02-approximation

algorithm.
The proof requires the following two lemmas.

Lemma 12.5. Let ε > 0 and d ∈ N be constants. There is a polynomial algorithm that
exactly solves any instance of Bin Packing with all si ≥ ε and |{s1, . . . , sn}| ≤ d.

Proof. This can be done simply by enumerating all possibilities and checking each one.
The number of items in a bin is at most L = b1/εc. Therefore the number of ways of
putting items in a bin (identifying items of the same size and disregarding the ordering) is
less than M =

(
L+d−1
L

)
(using a standard formula from combinatorics/probability theory).

The number of feasible assignments to n bins is then N =
(
n+M−1

M

)
(by the same formula).

Now N ≤ c ·nM , and M is independent of n, so the number of cases to check is polynomial in
n. Checking an assignment takes constant time, so this gives an exact polynomial algorithm.
(But note that the running time is badly exponential in 1/ε and d.)

Lemma 12.6. Let ε > 0 be a constant. There is a polynomial algorithm that gives a (1+ε)-
approximation for any instance of Bin Packing that has all si ≥ ε.

Proof. Let I be the list of items. Sort them by increasing size, and partition them into P +1
groups of at most Q = bn/P c items (so the smallest Q items in a group, then the next Q
items, etc., and the last group may have fewer than Q items). We will choose the integer P
later.
We construct two new lists H and J . For H, round down the size of the items in each group
to the size of the smallest item of that group. For J , round up to the largest size in each
group. Let k∗(H), k∗(I), and k∗(J) be the minimal numbers of bins for each instance.
Then we clearly have

k∗(H) ≤ k∗(I) ≤ k∗(J),

since a minimal assignment for one list will also work for a list that is smaller entry-by-entry.
On the other hand, we have

k∗(J) ≤ k∗(H) +Q ≤ k∗(I) +Q,
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because, given an assignment aH for H, we get an assigment aJ for J as follows. The items
of group i + 1 in H will be larger than (or equal to) the items of group i in J , so we can
let aJ assign the items of group i in J to the bins that the items in group i + 1 in H were
assigned to by aH . This leaves the ≤ Q items of the largest group in J , which we assign to
the Q extra bins. Note that we’ve ignored the smallest group of H.
If we choose P so that Q ≤ ε · k∗(I), then we have k∗(J) ≤ (1 + ε) · k∗(I). We can choose
P = d1/ε2e, since then Q = bε2nc ≤ ε · k∗(I), using that k∗(I) ≥

∑
si ≥ ε · n.

Now we have what we want, since we can apply Lemma 12.5 to J , with ε and d = P + 1.
The resulting assignment for J will also work for I. We do not need to assume ε ≤ 1/2,
because we already have a 3/2-approximation algorithm.

Proof of Theorem 12.4. Given a list of items I, remove all items of size < δ to get a list I ′

(with δ > 0 to be chosen later). We have k∗(I ′) ≤ k∗(I). Lemma 12.6 gives an assignment
a′ of I ′ using k(I ′) ≤ (1 + δ) · k∗(I ′) bins.
We now assign the removed small items to the bins used by a′ as far as possible, using First
Fit; we may have to use some new bins. If we do not need new bins, we are done since then
we have an assignment of I with k(I) = k(I ′) ≤ (1 + δ) · k∗(I ′) ≤ (1 + ε) · k∗(I) bins, for any
choice of δ with δ ≤ ε.
If we do need new bins, then we know that all k(I) bins (except possibly the last one) have
remaining capacity less than δ. This means that

k∗(I) ≥
∑
i∈I

si ≥ (k(I)− 1)(1− δ),

so

k(I) ≤ k∗(I)

1− δ
+ 1 ≤ (1 + 2δ) · k∗(I) + 1,

using the inequality 1
1−x ≤ 1 + 2x, which holds for 0 < x ≤ 1/2.

Now choose δ = ε/4. Then when k∗(I) ≥ 2/ε we have 1 ≤ ε · k∗(I)/2, so

k(I) ≤ (1 +
ε

2
) · k∗(I) + 1 ≤ (1 +

ε

2
) · k∗(I) +

ε

2
· k∗(I) ≤ (1 + ε) · k∗(I).

The algorithm would now look as follows. As mentioned above, it is not an algorithm that
would really be implemented, so this is meant more to as an overview of the steps in the
proof.

Asymptotic (1 + ε)-Approximation Algorithm for Bin Packing

1. Order I by increasing size;

2. Remove items of size < ε to get new list I ′;

3. Partition I ′ into P = d1/ε2e groups;

4. Round the sizes up to the largest size in each group, call this list J ′;

5. Find the minimal assignment for J ′ using enumeration;

6. Make this into an assignment for I by assigning the removed items using First Fit;

7. Return this assignment.
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