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Abstract

In this paper we provide a rigorous toolkit for extending convex risk
measures from L to L?, for p > 1. Our main result is a one-to-one
correspondence between law-invariant convex risk measures on L° and
L'. This proves that the canonical model space for the predominant class
of law-invariant convex risk measures is L'. Some significant counter-
examples illustrate the many pitfalls with convex risk measures and their
extensions to LP.
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1 Introduction

Convex risk measures are best known on L. Indeed, Artzner et al. [2] in-
troduced the seminal axioms of coherence, which then were further generalised
to the convex case by Follmer and Schied [12] and Frittelli and Rosazza-Gianin
[14], on L*>°. However, there is a growing mathematical finance literature dealing
with convex risk measures beyond L, see e.g. [3, 4, 7, 16, 17, 19]. This ex-
tended approach is vital since important risk models, such as normal distributed
random variables, are not contained in L°°.

In some of the above mentioned articles, the model space is chosen such that
some preselected risk measure remains finite valued. In contrast, we believe that
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the model space should be maximal possible to capture the universe of financial
risks from the outset. On the other hand, from a computational point of view,
the model space should be standard and endowed with a topological structure
supporting convex duality. In sum, we propose the model space LP for p > 1.

The aim of this paper is threefold. First, the last ten years of risk measure
theory has been mainly focused on L°°. This requires—and we provide—a rig-
orous toolkit for extending convex risk measures from L*> to LP. Second, we es-
tablish a one-to-one correspondence between law-invariant convex risk measures
on L>® and L. This proves that the canonical model space for the predominant
class of law-invariant convex risk measures is L. Third, we provide some signif-
icant counter-examples which illustrate the pitfalls with convex risk measures
and their extensions to LP. Notwithstanding the above mentioned literature,
we believe that such elaboration is needed. In fact, our paper can be seen as a
completion of the interplay of convex risk measures on and beyond L>.

The structure of the paper is as follows. In section 2 we recall some funda-
mental properties of convex risk measures on LP and conclude with a remarkable
dichotomy: a convex risk measure p on LP is either continuous on L? or its do-
main has empty interior.

Section 3 contains our main results. Point of departure is an arbitrary given
function f on L*>. We then discuss existence and uniqueness of closed convex
extensions of f to LP. It turns out that such extensions do not always exist (sec-
tion 5.3), and—if they exist—are not unique in general (section 5.2). We define
and show that the LP-closure fp of f is the greatest closed convex function on
L? majorised by f on L* (theorem 3.2). Moreover, if a closed convex exten-
sion of f to LP exists, then fp is the greatest of such extensions (theorem 3.7).
As an advice against using value at risk (VaR), we show that there exists no
non-trivial closed convex function majorised by VaR (section 5.5). Our main
result (theorem 3.8) states that there is a one-to-one correspondence between
law-invariant closed convex functions on L™ and L'. In particular, for any
law-invariant closed convex function f on L, the L'-closure ?1 is the unique
law-invariant closed convex extension to L!'. We conclude that the canonical
model space for law-invariant convex risk measures is L'. The proof of this
theorem is given in sections 6-7.

In section 4, we discuss an alternative “supinf”-extension of convex risk
measures from L™ to LP, which was proposed by Krétschmer [17]. However, it
turns out that this approach has pitfalls and is actually the source for some of
the above mentioned (counter-)examples.

For the sake of readability of the paper, we collected all examples, which
illustrate the pitfalls with convex risk measures and their extensions, in section 5.

Finally, section 8 contains the proof of theorem 2.3.

2 Convex Risk Measures on [P

Throughout, we fix a standard probability space (Q, F,P), i.e. (Q, F,P) has no
atoms and L?(Q, F,P) is separable (in fact, this assumption is only needed in



theorem 3.8 and sections 5—7 below). All equalities and inequalities between
random variables are understood in the P-almost sure (a.s.) sense. The topo-
logical dual space of LP = LP(Q2, F,PP), for p € [1, 0], is denoted by LP*, the
positive order cone by L% and its polar cone by L”". It is well known that
L>* 5 L' can be identified with ba, the space of all bounded finitely additive
signed measures on (€2, F) which vanish on P-null sets. With some facilitat-
ing abuse of notation, we shall write (X, Z) — E[XZ] for the dual pairing on
(LP, LP*) also for the case p = 0.

We suppose the reader is familiar with standard terminology and basic du-
ality theory for convex functions as outlined in [18] or [8]. We recall that a
function f : L? — [—o0,00] is

(i) convex if its epigraph epi f := {(X,y) | f(X) < y} is a convex subset of
IP x R,

(i) proper if f > —oo and its domain dom f := {f < oo} # 0,

(iii) closedif either f = —oco or f = oo or f is proper and lower semi-continuous

(L.s.c.),
(iv) law-invariant if f(X) = f(Y) for all identically distributed X ~ Y.

The conjugate f*(Z) = supxcr» (E[XZ]— f(X)) of f is a closed convex function
on LP*. The Fenchel-Moreau theorem (proposition 4.1 in [8]) states that f** = f
if and only if f is closed convex. The indicator function 6(- | C) of a set C' is
defined as zero on C and oo elsewhere. We denote by C* the closure of a set C
in LP.

Definition 2.1. A convex function p : LP — (—o00,00] is called convex risk
measure if it is

(i) cash-invariant: p(0) € R and p(X +m) = p(X) —m for all m € R,
(ii) monotone: p(X) < p(Y) for X >Y.

We denote by A, := {p < 0} the acceptance set of p.
A positively homogeneous convex risk measure p is called coherent.

Remark 2.2. Ezxample 5.1 below shows that convez risk measures are not closed
i general.

Convex risk measures on LP and more general model spaces have been stud-
ied, among others, in [3, 4, 16, 19]. The next theorem summarises some funda-
mental properties that will be used in the sequel. For the sake of completeness,
we provide a proof in section 8.

Theorem 2.3. Let p be a convex risk measure on LP.
(i) intdom p # O if and only if p is continuous on LP.
(i) A, is convex with A, + L". C A,, RN A, #0, and A," # LP.



(iii) For any A C LP satisfying properties (ii) instead of A,,
pa(X) =inf{meR| X +me A}

defines a convex risk measure on LP. Moreover, if A is closed, then A,, =
A and py is closed.

(iv) dom p* C PP* := {Z € L”" | E[1Z] = —1} and for all Z € PP* we have
p*(Z) = supxca, E[ZX].

Part (i) yields a remarkable dichotomy for convex risk measures p on LP:
either p is continuous on L? or int dom p = ().

3 LP-closures

This section contains our main results, which are valid not only for convex risk
measures. We therefore fix p € [1,00] and some function f : L>® — [—o0, 00].
Its conjugate

£1(2) = sw (ELZX] - f(X))

is a closed convex function on L*>*, and hence on LP*. The following is thus
well defined.

Definition 3.1. The LP-closure of f is defined as

(X)) = Zs;g*(E[ZX] - f(2), XelLr. (3.1)

We next prove some fundamental properties of ?p.

Theorem 3.2. (i) ?p is the greatest closed convex function on LP majorised
by [ on L.

(i) (f°)* = f*|eo-
(iii) 77 is proper if and only if f is proper and dom f* N LP* £ (.

(iv) If either f is finite or ?p s proper then epi fp = coepi fp, where the right
hand side denotes the LP x R-closure of the convex hull of epi f.

Proof. By construction, ?p is a closed convex function on LP with
7P < fon L™ (3.2)

Now let g be any closed convex function on LP with ¢ < f on L*. Then, for
all Z € LP*

9" (%) = ;?EEPE[XZ] —9(X) = Sup EBXZ] - f(X) = [ (2). (3.3)



Hence,
*x * P
9(X) =g (X) < sup E[XZ]- f(Z) = f(X),
ZeLp
and (i) is proved.
Now let Z € LP*. By definition we obtain

(F)(2)= ;EEP(E[XZ] - YiuLg*(E[XY] - 17(V)) < 17(2).

On the other hand, from (3.3) we infer (f*)*(Z) > f*(Z). This proves (ii).
Property (iii) is obvious.
As for (iv), inequality (3.2) implies epi f C ep1 7 on L*>® x R. By convexity
and closedness of epi fp we thus have co epi f C epi f To show the converse
inclusion, we note that

g(X) =inf{a| (X,a) € coepi f }

defines a ls.c. convex function on LP with f > g on L* and g > f Thus, if
either f is finite or f is proper then g is closed. In view of the first part of the
lemma, we conclude that g = f and thus co epi f = epi f Thus the theorem
is proved. O

Remark 3.3. Note that, for p < r, even if fp s proper, we do not necessarily
have that ?p\y = 7, see example 5.6 below.

Moreover, theorem 3.2(iv) does not hold without requiring that f be finite or
?p be proper. Indeed, example 5.7 below shows that co epi fp ; epi?p is possible.

The next corollary shows that monotonicity and cash-invariance of convex
risk measures is preserved under LP-closure.

Corollary 3.4. Let p be a convex risk measure on L. Then p” is a closed
convez risk measure on LP if and only if App # LP. In either case, p¥ = P

and Az = /TPP.

Proof. Since any convex risk measure p on L™ is finite (due to monotonicity
and cash-invariance), we infer from theorem 3.2(iv) that

epip’ = epip?, (3.4)
A ={XeLP|(X,0)cepip’}={X € LP|(X,0) €epip’} = Amw. (3.5)

Hence, if p? is a closed convex risk measure on LP, then /Tpp must have the
properties stated in theorem 2.3(ii), in particular ./Tpp #+ LP.

Conversely, suppose that /Tpp # LP. We claim that JATPP satisfies the condi-
tions of theorem 2.3(ii). Firstly, convexity and Tpp NR # { are obvious, and
secondly we have .,ATPP # LP by assumption. In order to verify the yet missing
condition, let X € /Tpp and Y € L%. Choose (X, )nen C A, converging to
X. AsY An € LY for all n € N, we have Y, := Y An+ X, € A, for all



n € N. Since Y,, converges to X +Y w.r.t. the || - ||,-norm, we conclude that
(X +Y) € A,”. Consequently, according to theorem 2.3(ii), pz;» is a closed

convex risk measure on L. As epipz-» = epi p’, we infer from (3.4) and (3.5)
_ P

that p” = pz-» and Az = A, O

Definition 3.5. A function g : LP — (—o0, 0] is called an extension of f to

LP if g=f on L™>.

In the following we elaborate on the existence and uniqueness of closed con-
vex extensions.

Let us first discuss uniqueness. For illustration, consider a closed convex
function g on LP. Obviously, ¢ Loop is a closed convex extension of g|p«~ to LP.

That is, g = g|Loop on L*°. However, example 5.3 below illustrates that this
equality may fail on LP. Hence uniqueness does not hold in general. In fact, an
immediate consequence of theorem 3.2(ii) is the following:

Corollary 3.6. Let g be a closed convex function on LP. Then g = g|Loop if
and only if g* = (g|p~)* on LP*.

Examples 5.4-5.6 below show convex risk measures on L°° which admit no
closed convex extension to LP. We now give necessary and sufficient conditions

for the existence of closed convex extensions and illustrate the particular role of
the LP-closure.

Theorem 3.7. The following properties are equivalent:

(i) There exists a closed conver extension of f to LP.
(i) F* is an extension of f to LP.
(iii) f is convex and o (L, LP*)-closed.
In either case, ?p is the greatest closed convex extension of f to LP.
Proof. (i) = (ii): let g be a closed convex extension of f to LP. Theorem 3.2(i)
implies g < f* and f =g < f* < f on L*. This proves (ii) and also the last
statement of the theorem. B
(i) = (iii): this is obvious since f' |~ is convex and o(L>, LP*)-Ls.c.
(ili) = (ii): the Fenchel-Moreau theorem yields f(X) = sup ¢ - (E[XZ] —
X —D
f[7(2)) = [ (X). O

If we restrict to law-invariant closed convex functions, then existence and
uniqueness of closed convex extensions always holds. This is our main result,
the proof of which is given in sections 6 and 7 below.

Theorem 3.8. For any law-invariant closed convex function f on L™ and
p € [1,00), the LP-closure fp equals ?1 |Lr and is the unique law-invariant closed
convex extension of f to LP. In particular, f is o(L>°, L>)-closed.

Hence there exists a one-to-one correspondence between law-invariant closed
convex risk measures on L> and L'. In this sense, we may conclude that the
canonical model space for law-invariant convex risk measures is L.



4 An Alternative Extension?

Let p be a convex risk measure on L*>°. The following map seems to be an
alternative extension of p to LP:

p(X) :=sup inf p(XTAn—X"Am), XelLP (4.6)
meNnEN

This formula has been suggested by Kratschmer [17]. Clearly, p = p on L.
However, we demonstrate in examples 5.4-5.6 that p is no closed convex risk
measure on LP in general, even if pP is a closed convex risk measure (see ex-
ample 5.6). We also remark that in case p € [1,00) there are closed convex
risk measures on LP which do not admit a representation of type (4.6). This
means that plugging a closed convex risk measure p on LP into the formula
(4.6), we may have that p # p. This is illustrated in example 5.3. Trivially, if p
is continuous, then p = p.

Corollary 4.1. Suppose that p is closed and convexr on LP. Then p = pP.

Proof. Since p is a closed convex extension of p, theorem 3.7 states that p < p?
and equality holds on L°°. Monotonicity and l.s.c. of pP (corollary 3.4) yield
the converse inequality, for X € LP,

p(X) = supliminfp?(XTAn—X"Am) > supp’(XT — X" Am)
meN "To0 meN
> liminfp?(XT - X"Am) > p’(X).
O

Remark 4.2. If p is law-invariant and continuous from below (i.e. for every
bounded sequence (Xp)nen C L such that X,, / X we have p(X,,) \ p(X))
then we know that p = p. This is proved in a forthcoming paper [11].

Howewver, it is still an open problem whether p is closed and convex on LP if
p is closed convex on LP in general.

5 Examples

For the sake of readability of the paper, we collect all examples, which illustrate
the pitfalls with convex risk measures and their extensions, in this section.

5.1 Non-closed convex risk measures

The first example of this section shows that there are non-closed convex risk
measures on LP, p € [1,00).

Example 5.1. For p € [1,00), consider

p:LP — (—oo,00], p(X)=—-FE[X]+6X"|L>).



This law-invariant coherent risk measure assigns to an endowment X the value
o0 in case the possible losses are not bounded, and E[—X] else. Clearly, the
acceptance set A, is not closed, so p is not closed. For Z € PP* we have that

p*(Z) = sup E[XZ]-p(X) = sup EX(Z+1)]
XeLp Xe{YeLr|Y-€L>}
> sup E[k(Z 4+ 1)1{z>-1y].
keR

Hence p* = §(- | {—1}) = (—E)*, and thus p* = —F.

5.2 Non-uniqueness of closed convex extensions

The following lemma will be used to show that closed convex extensions of
convex risk measures, if they exist, are not unique in general.

Lemma 5.2. Let T € L' satisfy essinf T < 0 and esssupT = co. Denote by A
the closed convex cone generated by T and L1+. Then p4 is a closed coherent
risk measure on L' such that p4 # —essinf and p4|p~ = — essinf |po.

Proof. Theorem 2.3 implies that p_4 is a closed coherent risk measure on L' such
that A,, = A. Moreover, pa # —essinf on L' since p4(T) < 0 < —essinf T' by
construction.
We claim that
ANL® = LT, (5.7)

implying that p4|p~ = —essinf |p«. As for the proof of (5.7), note that A = i
where
A={tX|XeB,t>0} and B=conv(T,L})+L}.

The inclusion L C AN L follows from construction. To show the converse,
L>*\ LY C L*\ (AN L*>), we choose any S € L such that P(S < 0) > 0.
Since S ¢ L}r is bounded whereas T is unbounded from above, S cannot be
an element of the convex hull conv(7, L% ), and neither of its monotone hull
B, because any convex combination in conv(T, L}r) is either P-a.s. positive or
unbounded from above, so it cannot be dominated by S. But then, clearly S ¢ A
too. Now suppose S € A\ A. Then there would be a sequence (Sp,)neny C A
converging to S in L!. By monotonicity of A we may assume that S, > S for
all n € N (otherwise S,:=5,VSeAwil do), and shifting to a subsequence
if necessary, we may assume that S, — S P-a.s. Clearly, there is some Ny € N
such that P(S,, < 0) > 0 for all n > Ny. By construction of A there are ¢,, > 0,
an € (0,1] and X,,, Z,, € L} such that S,, = t,,(a, T+ (1 — o) X, + Z,). Thus
{S,, < 0} C {T < 0}, and consequently we have P-a.s. that

{S<o0t={J [ {Sn<0}c{T<0}.

kENm>k



Let € := E[-S1{s<03] > 0 and ¢ := E[-T1{;<01] > 0. Choose N; > Ny such
that for all n > Ny: ||S — Sul[1 = E[S, — 5] < 5. Then, for n > N; we have:

€
5 2 E[Sn - S] > E[(Sn - S)l{S<O}]
= E[(tnanT+tn(1 _an)Xn +tnZpn — S)l{S<0}]
> than BT s<0y] + E[~S1{s<0)]
= —t,a,0 te.
Consequently, t,a, > 55 =:7 > 0, and thus S,, > 7T, for all n > N;. But this
contradicts the boundedness of S. Hence S ¢ A and (5.7) is proved. O

Example 5.3. Let T and p4 be as in lemma 5.2, and let p4 be the function
—

defined by (4.6). It is easily verified that p4 = —essinf = p4|r~ on L. Hence

both p4 and py4 are closed convex risk measures that extend — essinf to L'.

This shows that such extensions are not unique in general.

5.3 Non-extendable convex risk measures

The next two examples show convex risk measure on L°° which cannot be
extended to LP.

Example 5.4. Let p € [1,00) and Z € P>* \ PP*. Define p(X) = E[XZ].
Then p is a convex risk measure on L*> with LP-closure p? = —oco. Hence, we
know by theorem 3.7 that there exists no closed convex extension of p to LP. In
particular p as defined in (4.6) cannot be closed convex on LP.

Example 5.5. Let (Q, F,P) = ((0,1], B(0, 1], A) where A denotes the Lebesgue
measure restricted to the Borel-o-algebra B(0,1], and let A, := (0, 5=], n € N.
Moreover, let P, (-) := P(- | A,), and we denote by essinfp (X) the essential
infimum of a random variable X under the measure PP,,. Define

p(X) := lim —essinfp (X), X eLP.
n—oo
In fact, the function po, := p|r= is a coherent risk measure on L>°. However,
it is easily verified that for p € [1,00) there are X € L such that p(X) = —o0,

so p fails to be proper on LP. Moreover, Apxp = LP. The domain of p¥ is a
subset of (L°°)* \ L, because for any Z € P°°* N L' we have

pao(Z) = sup E[XZ]> sup E[~kla:Z] = sup k(1 + E[Z14,]) = cc.
XeA, k,nEN k,n€N

That is condition (iii) of theorem 3.2 is not satisfied. Hence, poc? = —00, and,
according to theorem 3.7, ps, is a coherent risk measure on L° which admits
no closed convex extension to L, p € [1,00).

Next we illustrate by a simple example that we cannot expect the LP-closure
to be an extension in general, even if it is a closed convex function on LP.



Example 5.6. Let p(X) := max{E[—X], E[ZX], E[ZX]}, X € L>, for some
Z € P\ L™ and Z € P>\ L'. 1t is easily verified that p is a coherent
risk measure on L* and that dom p* is the convex hull co{—1, Z, 2} We have
pP(X) = max{E[-X],E[ZX]} for all p € [2,00), but p' = E[-X]. Clearly,
pt # p? on L% and pP # p on L™ for all p € [1,00). Hence, p” is no extension
of p although p” is a continuous coherent risk measure on LP. Moreover, we
observe that LP-closures of p for different p may differ.

As regards (4.6), theorem 3.7 implies that p (which is proper due to p(X) >
E[—X], and an extension of p by definition) cannot be closed convex, because
otherwise p? would be an extension. In particular, we have that pP # p for every
p € [1,00).

5.4 A counter-example related to theorem 3.2

The next example shows that the requirements in theorem 3.2(iv) cannot be
dropped in general.

Example 5.7. Recall example 5.5 and define
f L% s (—00,00], X p(X) +6(X | C)

where C := {X € L' | X > 0 a.s. on [1/2,1]}. Clearly, C N L? is convex and
closed for every p € [1,00]. Hence, f is a closed convex function on L. Next
we prove by similar arguments as in example 5.5 that dom f*N L' = @) implying
that f* = —oo for all p € [1,00). To this end, note that p(klp,1/2) = —Fk for
all k € R. Consequently, for any Z € L°* we have

[(Z) = sup k(E[Z1)g,1/9] + 1),
keR

so either E[Z1j /9] = —1 or Z # dom f*. Now let Z € L' such that
E[Z1)p,1/2] = —1. Then P({Z < 0} N[0,1/2]) > 0, and since

Kin = —klac 10,19/ 1{z<0y €C
satisfy p(Xy,,) =0 for all k,n € N, we obtain

["(Z) > sup E[ZXj,] > sup —kE[Z1{z<011)0,1/2)] = 0.
k,n€N keN

Hence, ?p = —oo for all p € [1,00) which is equivalent to epifp = L? x R.
However, it is easily verified that coepi fp =(CNLP)xR ; LP x R.

5.5 Value at risk cannot be fixed

The value at risk at some level « € (0,1) of a random variable X is defined as

VaR(X) = —ga(X)

10



where ¢, denotes the upper a-quantile of X. Despite its non-convexity, VaR
is still the industry standard risk measure. In view of its predominance in real
applications, it would thus be desirable to replace VaR by the greatest closed
convex risk measure majorised by VaR, i.e. its LP-closure. Unfortunately, it
turns out that, for any p € [1, o0],

VaR" = —oo. (5.8)

Indeed, VaR is a continuous cash-invariant and monotone function on L°°.
Hence dom (VaR*) C P>* (see e.g. Lemma 3.2 in [9]). Now let Z € P>*.
Since (2, F,P) is atomless, there exists some A € F with F[Z14] < 0 and
0 < P[A] < a (consider any finite partition = UA; with 0 < P[4;] < «). Then
VaR(—k14) =0 for all k£ € N, and hence

VaR*(Z) > sup(E[—k14Z] — VaR(—kl4)) = sup —kFE[Z14] = co.
k k

We conclude that VaR* = oo, which proves (5.8).

6 Law-Invariant Convex Functions on LP

In the following we collect and prove results on law-invariant convex functions
which will play a fundamental role in the proof of theorem 3.8 which is stated
in section 7. Throughout this section we let p € [1,00] and ¢q := ﬁ where
%:zooand%:zl.

One of the main ingredients for proving theorem 3.8 is lemma 6.2 below. In
fact, this lemma is an extension of results by Jouini, Schachermayer, and Touzi
in [15].

Let G C F be a sub-c-algebra. As in [15] we define the conditional expec-
tation on L°* as a function E[- | G] : L>* — L>®* where E[u | G] is given
by

E[E[p|G)X]:=E[pEX |G]] VX eL>™.

Clearly, this definition is consistent with the ordinary conditional expectation
in case pu € L' C L>°*.

Remark 6.1. If G = 0(A1,...,A,) is finite, then E[u | G] € L. In order to
verify this, note that for all X € L> we have

~—

(A
P(A

~

2

E[E[p| 9]X] = E[uE[X | 9] = ZE[XlAi]

Hence, Ejp | Gl =>"1", ggﬁ:gl&. € L.

Note that (LP, L") is a dual pair for every r € [g, o]

Lemma 6.2. A law-invariant convex function f : LP — [—o0,00] is closed
(w.r.t. o(LP, LP*)) if and only if it closed w.r.t. any o(LP, L")-topology for every
r € [g, ).

11



For the proof of lemma 6.2 we will need the following result.

Lemma 6.3. Let D C LP be a ||.||,-closed convex law-invariant set. Then D is
o(LP,L")-closed for every r € [gq, o0].

Proof. 0. If D = (b, the assertion is obvious. For the remainder of this proof,
we assume that D # ().

1. According to lemma 4.2 in [15], for all Y € D and all sub-o-algebras G C F
we have E[Y | G] € D.

2. Let (X;)ier be a net in D converging to some X € LP in the o(LP,L")-
topological sense, ie. E[ZX;] — E[ZX] for all Z € L". Then, in view of
remark 6.1, if G is finite, we have E[E[u | G]X;] — E[E[p | G)X] for all u € LP*.
But by definition this equals E[pE[X; | G]] — E[pE[X | G]] for all p € LP*.
In other words, the net (E[X; | G])ies converges to E[X | G] in the o(LP, LP*)-
topology. Since, according to 1., E[X; | G] € D for all i € I, we conclude
that E[X | G] € D, because D is closed and convex and thus o(LP, LP*)-closed.
Hence, E[X | G] € D for all finite sub-o-algebras G C F. Recalling that we
can approximate X in (LP,|| - ||,) by a sequence of conditional expectations
(E[X | Gn])nen in which the G,s are all finite, we conclude by means of the
norm-closedness of D that X € D. Thus D is o(LP?, L")-closed. O

Proof of lemma 6.2. Let f be closed. Then, for every k € R the level sets {X €
LP | f(X) < k} are ||.|[p-closed, convex, and law-invariant. Hence, lemma 6.3
yields the o(LP, L")-closedness of the level sets, i.e. f is closed with respect to
the o(LP, L")-topology. The converse implication is trivial. O

Besides lemma 6.2, the proof of theorem 3.8 draws heavily on lemmas 6.4
and 6.6 below. It will require some working with quantiles and some further
analysis of law-invariant convex functions in order to deriving these lemmas.

For the proof of lemma 6.4 we will need the following fact.

(F1) For X € L? and Z € L? we have that

1
/ qx(s)qz(s)ds = sup E[XZ] = sup E[XZ].
0 X~X Z~Z

The relation (F1) is stated and proved in Follmer/Schied [13] lemma 4.55
for the case X € L' and Z € L®. This result in turn can be easily extended to
X € LP and Z € L? by suitable approximation, so we omit a proof here.

Lemma 6.4. Let f : L? — [—o00,00| be a closed convex function. Then the
following conditions are equivalent:

(i) f is law-invariant.

(ii) f s o(LP, L9)-closed and f* (resp. f*|rr if p = o0) is law-invariant.
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Moreover, if either holds, then:
1

f(Z)= sup / qx(8)qz(s)ds — f(X), Ze L1,
XeLr Jo

and

1
F(X) = sup / ax(s)az(s)ds — *(2), XeILr.
zZelL1Jo

Proof. (i) = (ii): the first statement is trivial if p € [1,00) and proved in
lemma 6.2 if p = co. Moreover, for any Z € L? we gather from (F1) that

(2) sup E[XZ]—f(X) = sup (Sup E[XZ]> - f(X)

XeLr Xelr \ xux

sup / ax(s)az(s) ds — F(X)

XeLr

in which the latter expression depends on the law of Z only.
(ii) = (i): again by (F1)

fX) = X)) = suwp (supE[XZO—f*(Z)

Zeli \ 7z
1
= sup / qx(s)gz(s)ds — f*(2)
zeLa Jo
for all X € LP. Hence, f is law-invariant. O
Next we introduce two orders on L' which are well-known from utility the-

ory. To this end, recall that a utility function is a strictly concave and strictly
increasing function v : R — R.

Definition 6.5. For any two X,Y € L' we define
(i) the concave order:

X .Y & Eu(X)] > E[uY)] for all concave functions u : R — R,

(ii) the second order stochastic order:

X =Y & FEuX)] > EuY)] for all utility functions u.

A function f : LP — [—00,00] is said to be =.(=)-monotone if f(X) < f(Y)
whenever X =.Y (X =Y).

Clearly, both X > Y and X =, Y imply X > Y. However, > and >, are
not related in general.

The subsequent lemma 6.6 is a main result in Dana [6] where she proves
it for p € {1,00}. In the proof of theorem 3.8 we need this result for general
p € [1,00], so we provide a self-contained proof below. However, this proof
builds on the following two facts which in turn are proved in Dana [6]. Let
X,Y € L, then

13



(F2) X =Y if and only if

/0 ax(s)g(s) ds < / ay ()g(s) ds

for all increasing g : (0,1) — (—00,0] such that both integrals exist.
(F3) X =.Y if and only if

/ gx(s)g(s) ds < / gy ()g(s) ds

for all increasing g : (0,1) — R such that both integrals exist.

Lemma 6.6. Let f : LP — [—00,00] be a closed convex function. Equivalent
are:

(i) f is law-invariant.

(ii) f is =.-monotone.
Moreover, if in addition f is monotone, then (i) and (i) are equivalent to
(iii) f is =-monotone.
In particular, if either of the conditions (i), (ii) or (iti) holds, then

(iv) f(E[X |G)) < f(X) for all X € LP and all sub-o-algebras G C F.
Proof. (i) = (ii): let X =, Y. Then by lemma 6.4 and (F3):

100 = s [ szt ds - 112
< sw [Tauds- 2 = 1),
zZeL1.Jo

il) = (i): conversely, suppose that f is =.-monotone and let X ~ Y. Trivially,
Xr.YandY =. X, s0 f(X) = f(Y).

(i) = (iii): let X = Y. Since f is monotone, we have that dom f* N LY C LT
(see [9] lemma 3.2). Hence, by lemma 6.4 and (F2),

FX) = swp / ax(8)az(s) ds — F*(2)

ZeLl

1
< sup /0 av (8)az(s) ds — F*(Z) = F(¥).

ZeLY

(iii) = (i): if X ~ Y, then X » ¥ and ¥ = X. Thus, f(X) = f(Y).
(iv): for any concave function v : R — R Jensen’s inequality yields
E[u(E[X | G])] 2 E[E[u(X) | G]] = E[u(X)].
Hence, E[X | G] =. X. Now apply (ii). O

14



Remark 6.7. Note that the proof of lemma 6.6 relies on lemma 6.2, and thus
on lemma 4.2 in [15], only in case p = oo. We recall that lemma 4.2 in [15]
states that if ) # D C LP is a convex law-invariant and || - ||,-closed set, then
E[X | Gl € D for all X € D and all sub-o-algebras G C F. Indeed, for every
such set D, the indicator function 6(- | D) is a law-invariant closed convex
function. Therefore, according to lemma 6.6(iv), 6(E[X | G] | D) < §(X | D).
This implies E[X | G] € D whenever X € D. Hence, we have derived an
alternative proof of lemma 4.2 in [15] for the cases p € [1,00) (but clearly not

for p=o00).

7 Proof of Theorem 3.8

According to lemma 6.2 any law-invariant closed convex function f : L —
[—00,00] is o(L>, L*)-closed. Hence, by theorem 3.7 7" is a closed convex
extension of f to LP. Theorem 3.2(ii) and lemma 6.4 yield the law-invariance of
fp. In order to prove that ?p is the unique law-invariant closed convex extension
of f to LP, let g be any such extension. For every X € LP and all m € N there
exists a finite partition A7, ..., A™ of ) such that the LP-distance between X
and the simple random variable X,, := E[X | (AT, ..., A™)] € L is less than
1/m. On the one hand, lemma 6.6(iv) implies that g(X,,) < g(X) for all m € N.
On the other hand, by ls.c. of g, we know that g(X) < liminf,,_ . g(Xn).
Hence, g(X) = lim,,—00 9(Xyn). Since the latter observation in particular holds
for fp, we obtain
g(X) = lim g(X,) = lim f(Xp) = lim F"(X,) = F"(X)

m—00 m— 00 m— 00

and uniqueness is proved. Finally, it immediately follows that fl lLr = ?p. O

8 Proof of Theorem 2.3

(i): clearly, if p is continuous, then e.g. 0 € intdom p. In order to prove the
converse implication note that according to [19] proposition 3.1 p is continuous
on int dom p. Hence, it suffices to prove that int dom p = dom p = L?. We show
this by means of contradiction. Suppose for the moment that there is a X € LP
such that p(X) = oco. Since the interior of the convex set dom p is non-empty
by assumption and X ¢ dom p, an appropriate version of the Hahn-Banach
separating hyperplane theorem ensures the existence of a nontrivial Z € LP*
such that _
sup E[ZY] < E[ZX].
Yedom p

Since L* C dom p we obtain
tE[ZX] < E[ZX] forall X € L™ and t € R,

and thus E[XZ] = 0 for all X € L. As L™ is dense in LP, we infer that Z
must be trivial. But this is a contradiction. Therefore, dom p = LP.
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(ii): we Ely prove A," # LP, the other three properties are obvious. Suppose
we had App = LP. Then for every n € N there is a X,, € A, such that

1
1Xn = (=n)llp = [|Xn +2fl, < o -

By monotonicity we may assume that X,, +n > 0. Then, the sequence Y,, :=
>or_y Xk + k, n €N, converges to

Y= (Zka) er”, v, <1,

k=1

and Y > Y, > X, +n for all n € N. Thus, by monotonicity, cash-invariance,
and X,, € A, we infer

p(Y)<p(X,+n)<p(X,)—n<-n for all n € N.

Consequently p(Y) = —oo. But this is a contradiction to the properness of p.
Hence, A," G LP.

(iii): it is easily verified that p4 is a convex, cash-invariant, and monotone
function such that p4(0) < co. It remains to prove that p 4 is proper. In doing
so, it suffices to show that pz» is proper because pzr < p4. Observe that A"
satisfies properties (ii) because A does. Hence, pzr is convex, cash-invariant,
and monotone too, and p4»(0) < co. If we had pz»(0) = —o0, then it follows
that R C Xp, and thus L C Zp, so actually A" = LP which is a contradiction
to the assumption A" # LP. Consequently, pzr(0) > —oo. Clearly, A = Apns
so pzr is Ls.c. Since any ls.c. convex function which assumes the value —oco
cannot take any finite value (see [8] proposition 2.4.), and since pz»(0) € R, we
conclude that pz»r > —o0, i.e. pz» is proper.

(iv): for a proof of dom p* C PP*, please consult [9] lemma 3.2. The stated

representation of p*(Z) for any Z € PP* is easily verified in view of E[1Z] = —1
and cash-invariance of p. O
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