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Chapter 0. Preface

The present manuscript grew out of the student seminar in pure mathematics at EPFL, organized by Dimitri
Wyss as the main lecturer and Eric Yen-Yo Chen as the teaching assistant, which took place in the fall
semester of 2024. The goal was to get familiar with the basics of homological algebra following the Weibel’s
bool]

The seminar consisted of 2 hours of lectures and 2 hours of exercises per week for 14 weeks. The lectures,
notes, and solutions were given and written by the students participating in the seminar course. Each chapter
ends with a few exercises, the solutions of which can be found at the end of the notes.

The goal of the course was to introduce the derived category of an abelian category and to give an idea of
why this might be a useful concept. To this end, we discuss the composition of derived functors and the
total tensor product. In order to get there in time, we made the choice of discussing only a few applications
along the way, mostly related to the functors Hom and Ext.

We finish by taking full responsibility for the possible typos and errors that you may find in these notes.

IWeibel CA. An Introduction to Homological Algebra. Cambridge University Press; 1994.



Chapter 1. Abelian Categories

Abelian categories generalize some very useful features of the category of abelian groups. In particular,
morphisms in abelian categories can be added and possess the notions of kernel and cokernel with the
desired properties. Thanks to these properties, the discipline of homological algebra becomes a powerful
tool, with direct applications in areas such as topology or algebraic geometry.

Intuitively, abelian categories resemble the category of abelian groups Ab. Apart from Ab itself, some
examples of abelian categories include the category R-Mod of left (equivalently right) modules over a given
ring R, the category k-Vect of vector spaces over a field k or the category Abg, of finitely generated abelian
groups.

We will need some preliminary definitions before getting to the the concept of abelian category.

1.1 Definitions and basic properties

Definition 1.1. A category A is called a preadditive category or Ab-category if, for every pair of objects A
and B in A, the hom-set Hom 4 (A, B) has the structure of an abelian group where composition distributes
over addition. This means, given a diagram of the form

AtsBp=—=sc-""D
g

then f(g+¢')h = fgh+ fg'h.
Notice that, in an Ab-category, the hom-set Hom 4(A, A) has the structure of an associative ring.

Definition 1.2. Given two Ab-categories A, B, a functor F' : B — A is called an additive functor if, for
each pair of objects B, B’ in B, the map

Homp(B, B') —— Homy(F(B), F(B'))

is a group homomorphism, i.e. F(f + f') = F(f)+ F(f') for f,f': B— B’.

Definition 1.3. An Ab-category A is called an additive category if it has an initial object 0 and a product
A x B for each pair of objects A, B in A.

Proposition 1.4. In an additive category, the coproduct of any two objects exists and is isomorphic to their
product.

Proof. Let A be an additive category and A, B two objects in A. Consider the product A x B and the maps

A—2 s AxB+2 B

given by @ = idg x 0 and 8 = 0 x idp. Let us see that this defines a coproduct. Given an object C' and
maps f: A — C and g: B — C, we seek for a unique h : A x B — C such that ha = f and hf = g. Set
h= foma+ gomp. Then, one checks that hao = (fra + gnp)(ida x 0) = fida + g0 = f, and equivalently
hB = g. Uniqueness follows by observing that if f = idy4, one needs ha = id4, and similarly with g = idp.
Thus, A x B satisfies the universal property of coproducts. O

Using induction, the statement follows for any finite coproduct.

Definition 1.5. An abelian category is an additive category A satisfying the following properties:
(i) Every map in A has a kernel and a cokernel.
(ii) Every monic in A is the kernel of its cokernel.

(iii) Every epi in A is the cokernel of its kernel.



Remark 1.6. In the abelian categories mentioned at the start of the section, the kernel and cokernel of a
given map are the usual ones in group, module or vector space homomorphisms, respectively. However, we
notice that Groups is not an abelian category: it suffices to take the inclusion map H — G of a non-normal
subgroup H of a group G. This is a monic map, but it can never be a kernel, as kernels are normal subgroups.

In particular, in an abelian category monics are kernels and epis are cokernels. Next, we can also define the
notion of image of a morphism, by replicating the construction in abelian groups. In this way, the resulting
object will match the image set in the case that the corresponding objects contain underlying sets.

Given a morphism f : A — B, consider the diagram

A - / B coker f
. T
ker(coker f)

where the arrows B — cokerf and ker(cokerf) — B are given by definition of kernel and cokernel. By
the universal property of the kernel, there exists a unique A — ker(cokerf). In abelian groups, given that
cokerf = B/im f, this is exactly the codomain restriction of f to its image im f. Hence, we define the object

im f := ker(cokerf).
The next result has been proved in Exercise 1(c).
Proposition 1.7. The map A — im f is epi.

Once we have defined the image, the notion of exactness arises.

Definition 1.8. A sequence of arrows A L B % ¢ s called exact (at B) if go f = 0 and the canonical
morphism im f — ker g is an isomorphism.

Definition 1.9. A subcategory B C A is called an abelian subcategory if

(i) B is abelian.

(ii) Every exact sequence in B is also exact in .A.
Definition 1.10. An additive functor F' : A — B between abelian categories A and B is said to be left-exact
(resp. right-exact) if, for every short exact sequence 0 — A — B — C — 0 in A, the sequence

0 — F(A) — F(B) — F(C)

(resp. the sequence F(A) — F(B) — F(C) — 0 ) is exact in B.
A functor is called ezact if it is simultaneously left- and right-exact.

Definition 1.11. A contravariant additive functor F : A — B is left-ezact (resp. right-exact) if FP :
A°P — B is left-exact (resp. right).

Let us now see a couple of non-trivial examples of abelian categories.
Example 1.12.

(i) Let R be a commutative ring, and consider the subcategory R-Modg, of finitely generated R-modules.
This category is abelian if and only if R is a Noetherian ring. Indeed, if R is Noetherian, the kernel
and image of a morphism are finitely generated submodules of the corresponding modules, and thus lie
in the category. This need not hold if R is not Noetherian, e.g. R = K[X7, Xo,...] for some field K.
For instance, the kernel of the morphism K[X7, Xs,...] — K mapping each X; — 0 is the submodule
(X1,Xs,...), which is not finitely generated.



(ii) Given a category I and an abelian category A, the functor category A’ is also an abelian category.
The next result presents characterizations of additive and abelian categories. Its proof is left to the reader
Proposition 1.13. Let C be a full subcategory of an abelian category A. Then:

(i) C is additive if and only if 0 is in C and C is closed under products.

(ii) C is abelian and C — A is exact if and only if C is additive and closed under kernels and cokernels.
Finally, we consider the following important example of a left-exact functor.

Proposition 1.14. Let A be an abelian category and M an object in A. Then Homa(M,—): A— Ab isa
left-exact functor.

Proof. Consider an exact sequence 0 — A -+ B 2050 in A. Let us check that

0 — Hom(M, A) 2% Hom(M, B) 2 Hom(M, C)

is also exact. First, at Hom(M, A), consider v € Hom(M, A) such that .,y = a0y = 0. Then, as « is monic
by exactness, v = 0. Thus, «, is also monic.

Then, at Hom(M, B), it is clear that (8. o a.)(y) = Boa o~ for any v € Hom(M, A). It remains to check
that ker S, C im «, as subgroups of Hom(M, B). For that, take § € Hom(M, B) such that 8,6 = S0 d = 0.
Then, since A 2 ker(8) by exactness of the original sequence, the universal property of kernels implies that
there exists a (unique) v € Hom(M, A) such that o oy = au.y = 0, as in the diagram.

A X ker 8
7//’7 la
M—t .- ¢
Thus, § € im a, as we wished. O

Corollary 1.15. The functor Hom4(—, M) is a left-exact contravariant functor.

Proof. Tt suffices to notice that Hom (A, M) = Hom gev (M, A) for any A in A, as arrows are reversed in
A°P. The statement then follows from the previous proposition. O

1.2 Freyd-Mitchell embedding theorem

The following result provides an inclusion of any abelian category into a category of modules over a certain
ring, preserving the underlying categorical structure. This is a very powerful result, as it allows to regard
objects in abelian categories as modules, thus possessing the numerous well-known algebraic properties of
these.

For its statement, recall that a category is called small if the class of all its objects is a set. Furthermore, in
the next pages we will work with the Yoneda embedding h : A — Ab™, defined on any abelian category A.
This is given by h(A) = Hom(—, A) for each object A in A.

Theorem 1.16. Let A be a small abelian category. Then, there exists a ring R and an exactly fully faithful
functor i : A — R-Mod.

Proof (sketch). The Yoneda embedding h : A — Ab™ is a left-exact functor, but not right-exact in general.
It factors through the category L of left-exact functors A°? — Ab. This is an abelian category, and the
functor A — L is actually exact.

It can be shown that £ is equivalent to R-Mod for R := Hom, (P, P), where P is some special object. [

Example 1.17. Consider A to be the category of Z-graded R-modules for a ring R. Then A injects into

the category of [[;., R-modules of the form P, M;.



1.3 The Yoneda lemma

The Yoneda lemma is one fundamental result in category theory, providing a representation of any small
category C via functors from C to Set. Here, we state a special instance of the main result.

Theorem 1.18. The Yoneda embedding h : A — Ap# reflects exactness, i.e. a sequence A -+ B BENYG
is exact in A if for all M in A, the sequence

Hom 4 (M, A) 2% Hom(M, B) 2% Hom (M, C)

18 exact.

Proof. Consider a sequence A -% B L0 i A. First, we may take M = A in the hypothesis. By
exactness of the sequence in AbA7 we have

0= (Bsoa)(idg) =Boaocidy =Boa.

It remains to show that the universal map between im « and ker 8 is an isomorphism. In this case, pick
M = ker 8 with i : ker 5 — B. Since foi = f,i = 0, then i € ima,, i.e. there exists v : ker 5 — A such
that i = a,y = aoy. Next, let us consider the construction of im « as in the definition, giving rise to arrows

A ima -2 B . Given that Bojoa' =foa=0and « is epi, then B0 j =0 as well. Hence, by the
universal property of the kernel, there exists § : im o — ker 8 such that 7 = ¢ o . This is displayed in the
following diagram.

ker 3 _

S
/

v, . AN

7 K] \\

7

, \
W \

\

ima
Finally, notice that jo'vd = ayd = id = j. Since j is monic, this implies a’yd = idj;, . A parallel argument
leads to da’y = idker 3, and we deduce that ¢ is an isomorphism, as we wanted to show. O

Remark 1.19. The converse of the Yoneda lemma is not true in general. For example, consider the exact
sequence Z ——» Z/27Z —> 0 in the category of abelian groups. Taking M = Z/2Z, one gets the following
sequence between hom-sets

Hom(Z/27,7) = Hom(Z/27,7./27) — 0

However, 7, cannot be surjective because Hom(Z/27Z, Z) is the trivial group while Hom(Z/2Z,7/27) = 7./ 27.
Thus note that, in Proposition we need the injectivity of « for the resulting sequence to be exact at
the middle position.

This allows to state the following result between adjoint functors, proved in Exercise 3. Recall the definition
of an adjoint pair of functors: given categories A and B, a pair of functors L : A — B and R: B — A is said
to be adjoint if there is a natural isomorphism Hompg(L(A), B) — Hom 4 (A, R(B)).

Corollary 1.20. Let A and B be abelian categories, and let L : A — B and R : B — A be an adjoint pair
of functors. Then L is right-exact and L is left-exact.

1.4 Warm up Exercises Week 1

The reader may want to consult the Appendix of Weibel’s book for a reminder on general category theory.



(i)

(i)

(iii)

1.5
(i)

(a) Show that Z C Q is epi in the category of rings and that Q C R is epi in the category of Hausdorff
topological spaces.

(b) Show that in the category of groups, monics are just injective set maps and kernels are monics
whose image is a normal subgroup.

Show that the functor category A’ is a category whenever I is small. In that case, show that the
Yoneda embedding
op
h:I—Sets’", h;i(j)=Hom;(j,1)

is fully faithful.

Let I and A be categories and assume that every functor F': I — A has a limit. Assuming that [ is

small, show that
lim: Al = A, F— lim F;
1€

is a functor and that the universal property of lim;c; F; for all F' is equivalent to the assertion that
lim is right adjoint to the diagonal functor A : A — A’. Dually, show that colim is left adjoint to A.

Let L: A— Band R: B — A be two functors and assume that there are natural transformations
n:idg = RL and € : LR = idg such that the composites

L(na) €L(A) NR(B)

L(A) 27 LRI(A) S5 L(A) and R(B) 224 RLR(B) F2,

R(B),
are the identity for all objects A € A and B € B. Show that (L, R) is an adjoint pair of functors.

Exercises Week 2

Prove the following statements in an abelian category without using the Freyd-Mitchell embedding
theorem:

(a) Assume 0 — A is a kernel for f : A — B. Then f is monic. Dually if B — 0 is a cokernel of f,
then f is epi.

(b) A morphism f: A — B that is both monic and epi is an isomorphism.

(c¢) For any morphism f : A — B the induced morphism A — im(f) is epi.

Given a category I and an abelian category A, show that the functor category A’ is also an abelian
category and that the kernel of n: B — C' is the functor i — ker(n(7)).

Let L: A — Band R : B — A be an adjoint pair of additive functors. That is, there is a natural
isomorphism

7:Hom4(L(A), B) = Homy(A, R(B)).
Then L is right exact, and R is left exact.

(5-Lemma) Consider the following commutative diagram in an abelian category A :

AN B — O —— D — 5
O S O
A B C D—E.

Show that if b and d are monic and a is an epi, then ¢ is monic. Dually, show that if b and d are epis
and e is monic, then c¢ is an epi. In particular, if a, b, d and e are isomorphisms, then so is c.

Hint: You may use the Freyd-Mitchell embedding theorem



Chapter 2. Chain Complexes

We present below the formalism of chain complexes in a general abelian category, similar to the usual theory
of chain complexes for R-modules. We fix throughout an abelian category .A.

Definition 2.1. A chain complex C4 in A is a family of objects {C), }cz equipped with morphisms d,, :
Cp — Cp—1 (called differentials) such that d,, o d,,41 =0 Vn € Z.
We define the n-cycles and n-boundaries respectively by Z,(Ce) = ker(d,,), By (Ce) = im(dp41).

By abuse of notation we will often write the d,, in the above definition as d, so that the condition d,od,,+; =0
becomes d? = 0.

Definition 2.2. We say C, is bounded above if 3N € Z such that C;, = 0 Vn > N. One similarly defines
boundedness below. If C is bounded below by a and above by b, we say it has amplitude in [a, b]

Definition 2.3. A morphism of chain complexes u, : Cs, D, is a collection of morphisms {u,, : C;, = Dy, }nez
satisfying appropriate compatibility conditions, namely such that the following diagram commutes Vn € Z

dn
Cn, —/— Cn_1

unl lun_l

Dy —— Dy

here we have noted the differentials of Cy by d, and those of D4 by 6.

One can easily verify that this defines a category of chain complexes over A, which we denote by Ch(A).

2.1 Homology

Having defined chain complexes, the next natural step is to define the most important operation on these:
homology functors.

Given a chain complex C, with differentials d, note that d,, 41 : C,y 1 — C,, factors as Cppp — im(dp41) LN
C, for e, m epi and monic respectively. We thus obtain

0=dypodyt1 =dpomoe = dy,om=0
By the universal property of kernels, m thus factors through ker(d,,).
Definition 2.4. Let Cy € Ch(A). The n-th homology of C, is
H,(C,) = coker(im(d,11) — ker(d,,))
with the implicit morphism a factor of m as above.

Remark 2.5. H,(C,) = 0 iff C' is exact at n (this is easy for R-modules, and one can then use Freyd-
Mitchell).

We have yet to show that homology defines a collection of functors.
Proposition 2.6. H, : Ch(A) — A is a functor

Proof. Consider a morphism ue : Co¢ — D,. Denote by d,§ the differentials of C,, D, respectively. Let ¢,
denote the natural morphisms ¢,, : ker(d,,) — D,, Vn € Z. Now we have Vn € Z, §,,0upot, = up_10d,0t, =0
so by the universal property of kernels we get a diagram

ker(d,,) —— ker(d,,)

10



In R-mod, the top map is up|ker(q,) and the diagram can be completed with a unique induced morphism
6, : Hy(Cs) — H,(D,) down below making the diagram commute. By Freyd-Mitchell we obtain such a
morphism in the general case. If we thus define H,,(C,) on morphisms by H, (ue) = 0y, it is then easy to
verify functoriality by the uniqueness property of 6,,. O

Since we will usually be interested in maps preserving homology, it is worth defining a new notion of
isomorphism.

Definition 2.7. A quasi-isomorphism of chain complexes over A is a morphism of chain complexes over A,
Uue : Co = Do, such that H,, (u,) is an isomorphism Vn € Z

Example 2.8. (i) An isomorphism is clearly a quasi-isomorphism

(ii) The converse is not true. A typical counterexample comes from the following morphism in Ch(Z-mod)

Co=0—>C1=Z — Co=Z — C_1 =0

J !

D2:0 E— D1:0*> DOZZ/QZ% D_1:
Here the map Cy — Dy is just the usual quotient. Omne easily shows that this defines a
quasi-isomorphism.
Having defined homology, the next natural step is to define cohomology.

Definition 2.9. A cochain complex in A is a family of objects {C™},cz with a collection of morphisms
d" : O™ — O™t satisfying d"*1 o d® = 0 Vn € Z. One defines cocycles, coboundaries, and cohomology in a
dual way to all the definitions built on chain complexes.

2.2 Ch(A) as an abelian category

It is natural to expect that Ch(.A) should have the structure of an abelian category. To show this let us first
define kernels and cokernels appropriately.

Lemma 2.10. In Ch(A), the kernel of fe : Co — Dq is given by the chain complex ker(fo) with differentials
induced by the universal properties of the kernels ker(f,,) (this will be elaborated on in the proof)

Proof. Consider fo : Co — Do and the kernels k,, : ker(f,,) — C,,. Consider the following diagram

7

Ker(fus1) -2 ker(fi) o

dpt10knt1

Cy

!

Dy

where the bottom arrow is simply defined by the composition f,, o d,11 © kny1, SO as to make the diagram
without e, 11 commute. Since

fn © dn+1 o kn+l = 5n+1 © fn+1 © kn-i—l =0,

we are guaranteed the existence and uniqueness of e, 11 by the universal property of kernels. By the diagram,
we have k,, o e,4+1 = dy, 0 kpt1 80 ke : ker(fo) — Co defines a morphism. It remains to show it satisfies the
universal property of kernels.

Let let K, € Ch(A) and jo : K, — C, be such that f, 0 j, = 0. At level n this gives f, o j, = 0 and thus by
the universal property of kernels we have morphisms u,, : K|, — ker(f,) with &, o u,, = j,. We just need to
show these define a morphism of chain complexes. We have the diagram

11



/ 9n+1 /
K K

n+1
%1 ‘V
X €En+1 .
Jnt1 ker(fn+1) — ker(fy) In
ky kn
d
n+1 — Cn

It commutes along the bottom trapezoid and the two triangles. We wish to show the top trapezoid commutes.
We have

dn+1 © jn—i—l = dn+1 © kn+1 OUn41 = kn O €n41 O Un41
- jn Odn+1 = kn O Up © gn+1
Since k,, is monic (it is a kernel), we get e,41 0 U1 = Uy, © gp41 as required O
Example 2.11. (i) If ¢ : Co — D, is injective (ie ker s = 0) we define

Do /Cq¢ = coker(Cy — D,)

(ii) In R-mod, ie Cy C D, is a subcomplex, then D,,/C,, agrees with the usual quotient.
The next step in showing that Ch(A) is an abelian category is to show that it is additive and that it is Ab.
We take as fact the following (it is easily shown):

Remark 2.12. In Ch(A) there is a zero object {04 : Co — D4 }nez and finite products {[], Aa,n}nez with
differentials
Hda,n : HAa,n — HAa,n—l-

Additionally, each hom set has the structure of an abelian group given by feo + ge = {fn + gn}nez for
fosge : Co — D4 two morphisms, and inversion similarly componentwise defined.

Theorem 2.13. The category Ch(A) is an abelian category

Proof. We have already seen that Ch(A) is additive and Ab. We will show that that every monic is the ker
of its coker. Showing every epic is the coker of its ker is similar.

Let fo : Be — Co be monic. We have a sequence ker(f,) ~*s B, L) C,. By definition f, 014 = 0, so we
obtain te = 0. Thus ¢, factors through the 0 map 0 — B,. We also have that the 0 map factors through ¢,
and thus by uniqueness of kernels we deduce that ker(f,) = 0,. Now in abelian categories, ker(f) =0 <
f is monic. We deduce that f, is monic Vn € Z. Now let g, : Co — coker(f,) be the natural morphism and
ge : De — Co be a morphism such that ge o ge is zero. Then this also holds at level n and f,, is the ker of
its coker so we get a diagram

B, LN c, — coker(fn)

3h, | /
! gn
Dy
and h,, defines a morphism of chain complexes, so that f, satisfies the universal property of ker(coker(fs))

as required. O

2.3 Double complexes
The following objects will be of use when studying spectral sequences.

Definition 2.14. A double complex in A is a family {Cj q}(p,qez2 of objects in A with maps d! - Cp 4 —
Cp—1,4 and d;yq : Cpq = Cp g—1 satisfying

12



i) d"od" =0
ii) d"od” =0
iii) d*od" +d"od® =0

Note that by the last condition, the squares in the following diagram usually don’t commute

l l l

¢ Cpfl,q+1 <dh Cp,q+1 <dh Cp+1,q+1 —

bl

) Cpfl,q ah Cp-,q an CerLq )

[ [E E

) Cp—l,q—l ¢ Op,q—l <dh Cp+17q—1 )

h

l l l

We say the double complex is bounded if it only has finitely many non-zero objects

Remark 2.15. Although we usually write chain complexes from left to right, we have noted them from
right to left here to label a double complex with Z? in the obvious way

Remark 2.16. Although a double chain complex generally is not a chain complex of chain complexes, we
would like to identify it with one. An object of the category Ch(Ch(A)) is a complex — Coq g = Co g—1 —-
Given a double complex as above, define maps f, ; = (—=1)Pd; ,: these define chain morphisms between the
horizontal complexes, and it is easy to see that it defines an object of the category Ch(Ch(A)).

One can build a chain complex from a double complex by ”collapsing along the diagonal” in two different
ways

Definition 2.17. Given a double complex C, ., its total complexes are the collections of objects

T}L_[: H Cp.a> I, = @ Cp.q

p+q=n p+q=n
Note this may not exist if C, o is not bounded

We have not yet defined a chain complex as we need to specify differentials. We basically do this
componentwise and apply the appropriate universal properties. Note that from a component Cj ,, there
are two maps to objects of lower degree, d" and dv.

Proposition 2.18. T.H and T, when they exist, naturally form chain complexes with differentials d" + d®

Proof. We show how to properly construct these differentials for T.H, the proof for T is analogous (but
using coproduct properties instead).

Let n € Z. For each pair (p, q) € Z* with p+ ¢ = n, we have a projection map 7, , : TnH — Cp 4. Composing
with dZ,q and dj . gives us maps

Th . v,
" Ty = Cyrgy i Tu— Cpys

By the universal property of the product we thus get maps d?,d" : T,, — T},_1. We define the differential
On : Ty — Tp_q by 0, = d" + d¥ (addition taken in Hom4(7},,T;,—1)). To check that this defines a chain
complex, we have (since composition is bilinear in Ab categories)

Op_100, =di_jodl +d’_jod +d_ od,+d’_ od

One quickly verifies that d”_; o d” is induced (through the universal property of the product) by the family

{dh ), o dl, o mpgtprq=n, that dif , o dy is induced by {ds, , o db, o mp4}tpiq=n, and that
dy_yodl +dh_ ody is induced by {(dj_, , odh, +di, od,) o Tpglprq=n. Since all of these are
families of 0 objects by the definition of a double complex, we deduce that 0,,_1 0 9, = 0 as required. O
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2.4

Exercises Week 3

Throughout the whole sheet, A will denote an abelian category.

Remember that a sequence A 7y B % € in an abelian category is said to be ezact at B if go f = 0 and the
induced map im(f) — ker(g) is an isomorphism.

(i)

(i)

(iii)

(iv)

Let 0 > Ay — Bs — C¢ — 0 be a sequence of chain complexes in A. Show, without using Freyd-
Mitchell embedding theorem, that if

0—A,—B,—C,—0

is exact in A for all n € Z, then
0— Ay - Be =+ Ce —0

is exact in Ch(A).

Let fo : Be — Co and ge : Dy — C4 be morphisms of chain complexes. Assume that f, is monic and
that, for each n € Z, there exists a map h,, : D, — B, such that f, o h,, = g,. Show that it defines a
morphism h,, such that f, o he = ge in the category of chain complexes. In other words, show that if
the following diagram commutes in A for every n € Z,

K

AN In
Fhn \\\

Dy,
then h, is a morphism and the following commutes in Ch(.A):

Be — I+ . c,

Let Do o = {DW]} be a bounded double complex with maps
dh o =d":Cpq—Cp1q and di,=d":Cpg— Cpgr.

Show that, if each row (or each column) D, , is an exact sequence, then the total complex Tot(D, )
is also exact.
Hint: You may need Freyd-Mitchell Embedding Theorem.

(Mapping Cone)

(a) Let fo : Be — C, be a morphism of chain complexes. Show that f, induces a natural double
complex D, o which contains exactly two non-trivial rows: B, and C,.

(b) We have seen that for every double complex D, o, by adding signs to all vertical maps dg,q, one gets

the maps f, 4 := (—1)pd;)q. This defines a morphism of chain complexes : fq 4 : Co g = Co g—1-
Therefore, we may view {Cs 4}qez as a chain complex over the category Ch(A) and f, , as the
boundary map at the g-th position. Show that this sign trick gives us a 1-1 correspondence
between the objects of Ch(Ch(A)) and the collection of all double complexes over A.

(c) Because of (b), we would like to define the category of double complexes in such that it is
isomorphic to Ch(Ch(A)). Thus, we define a morphism of double complexes between C, o and
D, o as a collection of maps {fpq : Cpq — Dp 4}, such that after turning C, o, Do e into objects
in Ch(Ch(A)) and using the sign trick, f, o is a morphism of Ch(Ch(A)).

Now let B[—1]e be the chain complex defined by B[—1], = B, with differentials —d, where d
are the differentials of B (see Translation 1.2.8 in Weibel’s book for a more general definition).

14



Show that one can consider Cy and B[—1], as double complexes in a natural way. Moreover,
prove that we have the following exact sequence in the category of double complexes:

0— Ce = Do o = B[—1]s — 0.

Remark: The total complex of D, o is the mapping cone of f’, denoted by cone(f’), where f’ is a
map which differs from f by some signs. We will encounter the mapping cone later (see section 1.5 in
Weibel’s book).
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2.5 Long exact sequences

Theorem 2.19. Let A be an abelian category, and suppose that

0 Ay~ B, 2 C, 0

is a short exact sequence in Ch(A). Then there is a collection of naturaﬂ maps
{0n : Hy(C) = Hy—1(A) bnez, which we call connecting homomorphisms, such that

I (C) TS H (A) I H(B) 2 HL(C) 2 H, o (4) 25

is an exact sequence in A, where for each n € Z, f, (respectively, G.) is the image of the chain map fo
(respectively, go) under the functor H, : Ch(A) — A.

Before proving this theorem, we state the Snake Lemma, which will help in our construction of the connecting
homomorphisms 9, : H,(C) — H,_1(A).

Lemma 2.20 (The Snake Lemma). Let A = R-mod for some ring R, and suppose that we have a
commutative diagram in A of the form

p1 B/ P2 C/ 0

11

il B 12 C

0

Then, if the rows of this diagram are exact, there is an exact sequence
ker(f) 2% ker(g) 3 ker(h) N coker(f) N coker(g) 2, coker(h) ,

where for a € A, i1 maps a + f(A") to i1(a) + g(B’), and for b € B, is maps b+ g(B’) to i2(b) + h(C").
Also, we can compute J(c') for any ¢’ € ker(h). First, we find b € B’ such that p2(b') = ¢, then we find the
unique a € A such that i(a) = g(b'). Then O satisfies

9(c) = a+ f(A). (1)
Proof. Please see Exercise 1 of this week’s exercise sheet. O

Proof of Theorem 1.1. By the Freyd-Mitchell embedding Theorem, it suffices to consider the case when
A = R—mod for some ring R. Fix an integer n, and consider the commutative diagram

0 A, —L B, —2 0, 0
el e
0 —— An—l % Bn—l g Cn—l 0

the rows of which are exact by Week 3, Exercise 1. Note that each f, is injective and each g, is surjective.
Hence we obtain via the Snake Lemma an exact sequence

Zo(A) L 2,(B) % 2,(C) — An_1/dA, L By_1/dB, L C,_1/dC,, |

where the morphism f: An—1/dA,, — B, _1/dB,, satisfies

fla+dA,) = f,_1(a) +dB,

2The sense in which the connecting homomorphisms are natural is explained in Remark [2.24]
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foralla € A,,_1. The morphism g : B,,_1/dB,, = C,,_1/dC,, satisfies an analogous definition and is surjective
because g, _1 is surjective. Since n € Z was arbitrary, we may construct a new commutative diagram

Ap/dAnsy —1— Bo/dBoi1 —2 Cp/dCris —— 0

ldf ldf’ ldf (2)

0 —— Zn(A) —L— 2, 1(B) —2— Z,_1(0)

with exact rows. The morphism d2 : A, /dA,+1 — Z,_1(A) satisfies

a2 (a+ dAni1) = d(a)

for all a € A, and the morphisms dZ

commutes, let a € A,, and observe that

,d¢ satisfy analogous relations. To see why the left square in ()

47 o f(a+dAni1) = d7(fa(a) + dBnia)
= d;; (fu(a))
!
= fn—l(dﬁ(a))
= fa10di(a+dAn),
as needed, where the marked equality holds because f, is a chain map from A, to B,. An identical argument
shows that the right square commutes. Note that the kernel of the morphism d2 : A,,/dA, 1 — Z,_1(A) is
ker(d2) = {a +dA,41 :a € A,, d2(a) =0}
— Zu(A)/dA i
= H,(4),
and its cokernel is
coker(d?) = Z,_1(A)/im(d?)
= Zn-1(A)/{d}(a) s a € An}
= nfl/dAn
= nfl(A)~

Hence, a second application of the Snake Lemma to yields a connecting homomorphism 9,, : H,(C) —
H,,_1(A) such that the sequence

Ho(A) I Hy(B) &5 HL(C) 25 Hy o (A)5 Hy 1 (B) S Hy_ 1 (O).

is exact. We note that fr, = Hy(fe) and g = Hy(gs) for k € {n,n — 1}. Since this sequence is exact for all
n € Z, we may paste them together to obtain the desired long exact sequence. O

Remark 2.21. Before continuing, we note that in the above proof we can actually calculate the image of
[c] € H,,(C) under 0, using Equation (IJ). Let ¢ € Z,(C). Let b € B, be such that g,, maps [b] € B,,/dBy41
to [c], i.e., [gn(b)] = [¢] in C),/dCyy1. Then there is a € Z,,_1(A) such that

fu-1(a) = d7([b]) = d;} (b).
It follows that the connecting homomorphism 9, : H,,(C) — H,_1(A) satisfies 9, ([¢]) = [a].

In our statement of Theorem 1.1, we mentioned that the connecting homomorphisms {9, : H,(C) —
H,_1(A)}nez are natural. We now give the precise meaning of this statement. To do so, we introduce two
new categories.
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Remark 2.22. Let C be an abelian category. Then there is category S(Ch(C)) whose objects are the
short exact sequences of chain complexes in §. A morphism in S(Ch(C)) from 0 - A - B — C — 0 to
0—+ A" = B'— (' — 0is a commutative diagram of the shape

0 A B C 0
Ll
0 A B’ c’ 0.

The category L(C) of long exact sequences in C is defined analogously.

Proposition 2.23. Let C be an abelian category. Then we may define a functor from S(Ch(C)) to L(C) by
mapping a short exact sequence of chain complexes in C

0—s ATt B 2,010

to the long exact sequence in C

g (0) S (A Iy HL(BY B HL(C) 2 Hy(A) S

and by mapping a morphism in S(Ch(C))

0 Al .¢ 0
Ja lﬂ b (3)
0 A B v 0

to the following morphism in L(C)

-2 Ha(A) =5 Ha(B) 5 Ha(C) 2 Hya(4) 5 o

l& 5 l& | la ) (4)

-9 Hy (A S Hy(B) 2 Ho(C') L Hyy(A) S e

1

Proof. The only non-trivial part of this statement is that the diagram in (4 defines a morphism in £(C). This
holds if each square in the ladder diagram commutes. B, f, = &, and ¥,¢, = 0,0, follow immediately
from the commutativity of the diagram in and the functoriality of H,,. Hence it suffices to show that

H,(C) =2 H,_1(A)

[ [ )

H,(C") 2 H, (A

N

commutes. Let [¢] be an arbitrary element of H,,(C), where ¢ € Z,,(C). By Remark (2.21)), if b € B,, is such
that §,[b] = [c], and a € Z,,_;(A) is such that f,,_1(a) = d2(b), then 9,[c] = [a]. We want to find the image
of 3,[c] € H,(C") under 9,,. Note that 5,(b) € Bj, is such that

Un[Bn(D)] = f’an [b] = Angn[b] = Fnlc],
and a,—1(a) € Z,_1(A’) is such that
Un—1(@n-1(a) = Bu-1(fa-1(a) = Bu-1(d}} (b)) = dF (B(D))-
Thus 9], maps ,[c] to [an—1(a)] = dn_1[a] = Gn—10,[d], i.e.,
a;z:yn [c] = Gp—10n]c],

as needed. Hence we have mapped each morphism in S(Ch(C)) to a well-defined morphism in £(C). It is
immediately seen that this mapping preserves identity morphisms and compositions. We thus have a functor
from S(Ch(C)) to L(C). O
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Remark 2.24. For each integer k, define functors Ly, Ry, from S(Ch(C)) to C such that
Lk(0—>A—>B—>C—>O) = Hi(A4),

and
Rk(O—>A—>B—>C—>O) = H(C).

Then the commutativity of the diagram in shows that for each integer n, we may define a natural
transformation 0, : R, = L,,_1 by assigning to each short exact sequence 0 - A — B — C' — 0 of chain
complexes in C the connecting homomorphism H,(C) — H,_1(A). Tt is for this reason that we say the
connecting homomorphisms in Theorem 1.1 are natural.

We now give a two brief examples to demonstrate the usefulness of long exact sequences in algebraic topology.

Example 2.25. If X is a topological space, the singular complex S(X) is the chain complex Ce(X), where
for n > 0, C,,(X) is the free abelian group with all singular n-simplices on X as its basis. Elements of C,,(X)
are called n-chains on X, and H,(X) is defined to be the nth homology group of S(X). If A is a subspace
of X, then there is a short exact sequence

0—S(A) = S(X)— S(X,A) =0, (6)

where S(X, A) is the quotient chain complex S(X)/S(A). Let H,(X,A) be the nth homology group of
S(X, A). Each element of H,(X, A) is represented a relative n-cycle: an n-chain on X whose boundary, i.e.,
its image under the differential C,,(X) — C,_1(X), actually lies in C,,_1(A4). Via Theorem 1.1, we obtain
from (6]) a long exact sequence

oo Ho(X) = Ho(X,A) S Hy 1 (A) = Hyoy(X) = - (7)

It turns out that the connecting homomorphism 9 takes a relative cycle representing a class of H, (X, A) to
the class in H,,_1(A) represented by its boundary.

Example 2.26. Suppose that A, B are subspaces of a topological space X such that X = int(A) U int(B).
Then there is a short exact sequence of chain complexes

0—S(ANnB)— S(4A) @ S(B) = S(X) — 0,
which is sent by the functor in Proposition to the long exact sequence
-— H,(ANnB)— H,(A)® H,(B) - Hy,(X) > H,_1(ANB) = ---.

This long exact sequence is known as the Mayer- Vietoris sequence.

2.6 Chain homotopies

Definition 2.27. A chain complex C, is called split if there are morphisms {s, : C,, — Cp,41}, called
splitting maps, such that d,, 11 = dp,115,d,+1 for every integer n. A chain complex C, is split exact if it is
split and acyclic.

Example 2.28. We show that every chain complex C, of vector spaces over a field k is split. For each
integer n, pick B], < C,, such that C,, = Z,, ® B],. Note that

B, = Cy,/Z, ~im(d,) = By_1. (8)

Let mp, : Z, ® B), = Z,, and 7}, : Z, & B}, — B}, be projections. Then the isomorphism C, /Z, — B;, is the
the map taking [c] € C},/Z,, to 7, (c). Also, the isomorphism C,,/Z, — B,_1 maps [c] € C,,/Z, to d,(c).
Similarly, since B,, = im(d,1) is a subspace of Z,, we may pick H), < Z, such that Z, = B,, ® H),. Note
that

H =~ 7,/B, = H,. (9)

19



Let p, : B, ® H), — B, and pl, : B,, ® H, — H], be the projections corresponding to this decomposition.
Now we define the splitting map s,, : C;,, — Cp+1 to be the composition

Tn Pn dn /
Cn — Zy — By — B, 11 € Chyr,

where g, is from the same family of isomorphisms as in . What is the composition d,,15,d,+17 For an
element x € Cy,11, we have d,1(z) € B, C Z,, thus

dn+15n(dn11(2)) = dnt1qn(dnt1 ()
= dn+1(7T;L+1(39))
= dpi1(Tpg1(2)) + dnga (7,44 (2))
= dn-i—l(z)a
thus dy+15ndn+1 = dn41. Hence C is a split chain complex. Next, we determine the conditions under which

C' is not only split, but split exact. Note that for € C,,, we have p,7,(x) = d,+1(y) for some y € Cy41,
thus

dn+13n($) = dn+1‘h(dn+1(y))
=dn+1(y)
= pnTn(T)
thus dy, 418, is projection C,, — B,. Similarly, one may show that s,_1d, is projection C,, — B/,. Since
we have the decomposition C,, = B,, ® H}, ® H,, it follows from @ that both the kernel and cokernel of
the chain map ds + sd : Co — C, are the trivial homology complex Ho(C'), that is, the complex with zero

differentials whose nth object is H, (C). One may argue from here that C, is exact if and only if ds + sd is
the identity chain map.

Remark 2.29. Given chain complexes Cy and D,, and any collection of morphisms {s,, : C;, = Dy11}nez,
let f, : C,, = D, be the morphism
fn= dfﬂsn + sn,ldfi.

Then f, : Co — D, is in fact a chain map, since for any n € Z:

a2 f, = dPd>? s, +dPs,_1dS
=dPs, 1d¢
= 5p_2dS dS +dPs,_1dS
= (3n72dr€—1 + dgsnfl)dg

= fn—ldg-
We give a special name to chain maps that are of this form.

Definition 2.30. A chain map f, : Co — D, is null homotopic if there are morphisms s,, : C, = Dy41,
n € Z, such that
fn = d£+18n + sn—ldTCL’

for every integer n. The maps {s,, }»cz are called a chain contraction of f. If the identity morphism Cy — Cl
of a chain complex C, is null homotopic, we say that C, is contractible.

Returning to Example 2:28] we see that a chain complex C, of vector spaces over a field k is split exact if
and only if C4 is contractible. It turns out that this is true in the general case.

Exercise 2.1. Show that a chain complex Cl, is split exact if and only if it is contractible.

Definition 2.31. Let f,o,ge : Co — Do morphisms of chain complexes. Then f,, go are chain homotopic if
their difference f — g is null homotopic. In this case, the corresponding family of maps {s,}nez is called
a chain homotopy. We may define an equivalence relation on morphisms of chain complexes by identifying
chain maps that are chain homotopic.
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The map H,(f) : H,(C) — H,(D) induced by a chain map f, : Co — Do depends only on the homotopy
class of f,:

Proposition 2.32. If f,,ge : Ce — Do are homotopic maps of chain complexes, then these maps induce the
same maps Hy,(Ce) = Hp(Ds) on homology.

Proof. Tt suffices to show that H,(f) is the zero map H,(C) — H,(D) for alln € Z if f : Co — D, is null
homotopic. Let {s,}nez be a chain contraction of f, and let [z] € H,,(C), where z € Z,,(C). Then

fa(@) = dyy8n(@) + sp-1dy () = d 1 50(2)

lies in B, (D), thus [f(x)] is the zero element of H, (D). We conclude that H,(f) is the zero map H,(C) —
H, (D). O

Remark 2.33. It can be shown that there is a homotopy category of chain complexes on A, in which the
objects are chain complexes on A, and the morphisms are homotopy classes of chain morphisms. We have
a special name for isomorphisms in this new category.

Definition 2.34. A chain map f, : Co¢ — D, defines a chain homotopy equivalence if it is an isomorphism
in the homotopy category of chain complexes, i.e., if there is a chain map ge : Dy — C, such that fege is
chain homotopic to the identity on D, and g fe is chain homotopic to the identity on C,. If there exists a
chain homotopy equivalence between two chain complexes, we say that they are homotopy equivalent.

2.7 Mapping cones

The notion of homotopy in Ch(.A) is closely related to the notion of homotopy in Top. Recall that continuous
maps f,g: X — Y of topological spaces are homotopic in Top if there is a continuous map H : [0, 1]x X — Y,
called a homotopy, such that H(0,z) = f(z) and H(1,z) = g(z) for all € X. Equivalently, if ¢p : X —
{0} x X and ¢; : X — {1} x X are the natural inclusions, then a continuous map H : [0,1] x X — Y defines
a homotopy between f and g if Hoiy = f and H oty = g. Our aim is to find a counterpart for this definition
in Ch(A). We first find a chain complex I, to act as an interval object. We assume that A = R—mod for a
ring R.

Definition 2.35. Let I, be the simplicial chain complex of an interval, consisting of two vertices vg, vy
and one edge e = [vg,v1]. That is, Iy = R{vg,v1), I1 = R{e), and I} = 0 otherwise. Also, we have
O1[vo, v1] = v1 — vy and 9 = 0 otherwise.

In Top, the domain of the homotopy H is the product of the interval [0, 1] with X. In Ch(.A), the appropriate
notion of a product is the tensor product.

Definition 2.36. Given chain complexes C,, D,, let Cy ® D4 be the chain complex such that
(Co ®Do)n = @ Cz & Dja
i+j=n

with the nth differential on Cy ® D, defined as follows: if ¢,j are integers such that i + j = n, and
(x,y) € C; x Dj, then ‘
dp(z@y)=d’z@y+ (-1 (z® dJDy).

Remark 2.37. Suppose that C, is a chain complex. Then I, ® C, is the chain complex such that at level
n:

(Io ® Co)n = (IO & Cn) S (Il ® Cn—l)
= ((v0) ® Cn) & ({v1) ® Cr) & ((€) ® Cr—1)
=CrecCrol;

where CY = (v;) ® Cyp, and C%_; = (e) @ Cp,_1. If x € C),, then

dp(v; @ ) = v; @ dS x,
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and if x € C,,_1, then
dp(fe@z) =1, @z —vy@2 —e®dS .

There are also chain maps tg, t1 : Co — I ® C4 such that to(x) = v9 @ z and ¢1(z) = v1 @ x for z € C,.

We give a new definition of homotopy in Ch(A) that mirrors the definition of homotopy in Top we saw
earlier.

Definition 2.38. Chain maps f,, ge : Ce — D, are chain homotopic if there is a chain map H : [4@Cs — D,
such that H o1p = fo and H o t1 = ge.

Proposition 2.39. Chain maps fe,ge : Ce — De are chain homotopic in the sense of Definition [2.31] if
and only if they are chain homotopic in the sense of Definition[2.38

Proof. If fo, ge are chain homotopic in the sense of Definition then there is a chain map H : [,®Cy — D,
such that H o 1yp = fo and H 013 = go. For x € C,,, we have e ® € (I ® C),41. Thus we may define
Sn : Cp = Dypgq by letting s, (z) = Hpv1(e @ ). It follows that

(d£+1sn + Snfldg)(x) = d1?+1Hn+l(e ® )+ Hy(e® dgx)
= H,d!?¥ (e ® z) + Hp(e ® dS z)
=H,(nu @z —v9®@z—e®dSz)+ H,(e ®dSz)
=H,(v1 ® ) — Hy(vg ® )
= H,ou(x) — Hy o p(x)
=g(x) — f(z),

where the marked equality follows because H is a chain map. Thus the maps {s,, },ez are a chain contraction
of f — g, and we conclude that the chain maps f,, ge are chain homotopic in the sense of Definition [2.31
Conversely, suppose that {s, }nez is a chain contraction of f —g. Recall that (I ® C),, = C @ C* & CE_;.
We define H, : (I ® C),, — D,, by requiring

H,(vo®z)= fo(z) and H,(vi ® )= gn(x)

for x € C,,, and
H,(e®x) = sp-1(x)

for x € C,,_1. We leave it to the reader to show that H : I, ® Cy — D, is a chain map such that H o 1g = f,
and H o1 = g, and thus that f,, ge are chain homotopic in the sense of Definition [2.38 O

Given a chain map f, : Co — D,, we wish to define a new chain complex cone(f,), called the mapping
cone of fo. This construction takes inspiration from the mapping cone Cy of a continuous map f: X =Y
of topological spaces. Recall that to form Cy, we first take the cone CX of the space X (i.e., we take the
quotient of the cylinder I x X by the equivalence relation that collapses {1} x X to a point) . Next, we glue
CX toY by taking the quotient of CX LY by the relation that glues {0} x X C CX to Y via (0,z) ~ f(z).
These two steps result in the mapping cone Cy. In Ch(A) we perform analogous maneuvers. First, we
quotient the cylinder I, ® Cq by (v1) ® Cs. The object at the nth degree of this quotient is

L®C)y CrRoOCHo
<U1> & Cn B C’}v)l

e
n—1 ~ Vo e
- Cn D n—1-

The resulting chain complex is called the cone of Cy and is denoted by cone(C,) (cf. Definition [2.42). Next,
we mimic the step of gluing CX to Y via f by taking the quotient of cone(C,) @ D, by a relation that
identifies CY° and D,, via x ~ f,(z) for x € C,,. This results in a chain complex cone(fo), whose object at
the nth degree is

cone(f.)n =Cn1® Dy

The differentials for this chain complex are induced by the differential of the cylinder I, ® C, .

22



Definition 2.40. Given a chain morphism f, : Cy — D,, define the mapping cone of f, to be the chain
complex cone(fo) whose object in the nth degree is C,—1 & D,,, and whose nth differential C,,_; & D,, —
Cr—2 @ D,,_q satisfies

dn(z,y) = (—d_1(2),dy () = fa-1(z))

-l ]l
N _fnfl dy? Yy

Remark 2.41. We see that cone(f,) is indeed a chain complex by noting that the matrix representation of
d77,dn+1 is

for (z,y) € Crh—1 @ D,,.

—d$ ., 0][-dS o] _ d§_,d§ 0 1_,
_fnfl dr? _fn d??—&-l B fnfldg_dgfn dr?drl?—&-l -

since fo is a chain map.

Definition 2.42. Given a chain complex C,, define the cone of Cy to be the mapping cone of the identity
chain map id? : Cy = Co. The cone of C, is denoted by cone(Cl).

Proposition 2.43. For any chain complex C,, the cone of C4 is split exact.

Proof. We first find splitting maps {s,, : cone(Cs ), — cone(Cq)nt1}. Let s, : Crimy & Cy, = Cp, @ Cpryq be
the map with matrix representation
. - [0 —idn]
"0 0 |-

Then
. -—dn 0 | 0 _idn _dn 0
dnt15ndn1 = |—idn 1] [0 0 } [idn dn+1:|
_ [0 du][-dn O
B _0 idn _idn d7b+1
— __dn 0 ]
- _—ldn dn+1_
== dn+17

which confirms that cone(C,) is split. To see that cone(C,) is acyclic, note that for each n:

_dn—l 0
7idn—l dn
= {(x’y) € Cn—l @ Cn : dn—lx = O,Z‘ = dny}

. [-d, 0
- _ldn dnJrl

= im(dn+1 ) .

ker(d,) = ker [

This confirms that cone(Cl,) is split exact. O

Remark 2.44. Proposition[2.43|is the homological realization of the fact that the cone C'X of any topological
space X is contractible.

We demonstrate the value of mapping cones of chain maps in our final result, which reduces questions
about quasi-isomorphisms to the study of exact complexes. We begin by recalling the definition of a quasi-
isomorphism:

23



Definition 2.45. A chain map f, : Co — D, is called a quasi-isomorphism if its image H,,(fo) : Hp(Ce) —
H,(D,) under the homology functor H,, is an isomorphism for every integer n.

Proposition 2.46. A chain map fo : Co — D, is a quasi-isomorphism if and only if the mapping cone
complez of fe is exact.

Proof. Given a chain map f, : Co = D,, we claim that there is a short exact sequence of chain complexes

0 — Do 2% cone(fa) 22 Cu[=1] — 0, (10)

where Co[—1] is the (—1)th translate of C,, the map «a, satisfies a,(x) = (0,z) for € D,,, and the map
Be satisfies 8, (z,y) = —x for (z,y) € C,,—1 ® D,,. So as long as one remembers that the nth differential for
Co[—1] is —dS (cf. Translation 1.2.8 in Weibel’s book), it is easy to show that a,, 3, are chain maps, and
that the sequence in is exact. By Theorem 1.1, there is a long exact sequence

co+ = Hy i (cones) = H,(C) % H, (D) = Hy(cones) — Hy_1(C) — -+ | (11)

where we have recalled that H,(C[—1]) & H,,_1(C). Let x € Z,(C) to compute the image of [x] € H,(C)
under the connecting homomorphism 8,,. f,+1 maps (—z,0) to x. Next, we have

—-d¢ 0 —x dc(x)} [ 0 }
Jeone —SU,O _ n — n — ,
w1 (=50) [—fn dr?Jrl] [ 0 ] [fn(x) fo(2)
since z € Z,(C). Lastly, we note that o, maps f,(z) to (0, fo(z)). Thus the image of [z] under the
connecting homomorphism 0, is

On[z] = [fn(2)] = fulz].
In particular, the connecting homomorphism 9, is precisely the map H,(f) : H,(C) — H,(D). Since the
sequence in is exact, we conclude that f, : Co — D, is a quasi-isomorphism if and only if H,,(cones) =0
for all n, that is, if and only if the mapping cone complex of f, is exact. O

2.8 Exercises Week 4
(i) Prove the following lemma stated during the lecture.

Lemma 2.47 (Snake lemma). Consider a commutative diagram of R-modules of the form

A B L5 0
A
0 A—* B C.

If the rows are exact, there is an exract sequence

ker(f) — ker(g) — ker(h) 9, coker(f) — coker(g) — coker(h)
with O defined by the formula
o)y =i"tgp (), ¢ €ker(h).

Moreover, if A’ — B’ is monic, then so is ker(f) — ker(g), and if B — C is onto, then so is
coker(g) — coker(h).

(ii) Let A be an abelian category.

(a) Let
00— Ay -+ Be > Coe —0

be a short exact sequence in Ch(A). Show that if two of the three complexes are exact, then so
is the third.
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(b) Let fo : Co = Do be a morphism in Ch(A). Show that if ker(fs) and coker(f,) are acyclic, then
fe is a quasi-isomomorphism. Is the converse true?

(iii) Consider the following chain complex of abelian groups
e TJAT 2 TJAT D TJAT s - -
Show that it is acyclic, but not split exact.

(iv) Let A be an abelian category and consider a morphism f, : Cy — D4 in Ch(A).
Show that f, is null homotopic if and only if it extends to a map (—s, f) : cone(C,) — D,.
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Chapter 3. Derived Functors

Throughout this whole chapter, A and B will denote two arbitrary abelian categories.

3.1 J4-functors

Definition 3.1. A homological (resp. cohomological) §-functor between A and B is a collection of additive
functors {7}, : A — B},>0 (resp. {T" : A — B},,>0) together with a collection of morphisms {4, : T,,(C) —
Tn—1(A)} (resp. {6" : T™(C) — T™1(A)}) defined for every short exact sequence 0 =+ A — B — C — 0 in
A, such that the two following conditions hold:

(i) For any short exact sequence 0 - A — B — C' — 0 in A, we have a long exact sequence

On+t1 )

- — Ty (C) To(A) —— T,(B) —— T,(C) —— Tp,1(4) —— ---

(resp. s ) DL T A) —— TY(B) —— T(C) — TrI(A) —— )

(ii) For every morphism of short exact sequences

0 Al B’ c’ 0
L1
0 A B C 0

we have a commutative diagram for every n € Z:

1

T (C') =22 T,y (A) resp. T(C") =55 Tl A
T, (C) =22 T (A) T™(C) —— T"F(A)

Remark 3.2. We make the convention that T, (resp. T™) is 0 for any n < 0. In particular by Definition
17 Ty is right-exact (resp. T° is left-exact).

Example 3.3. (i) Homology gives a homological §-functor Ch>oA — A, and cohomology gives a
cohomological one Ch=°A4 — A.

(ii) Let A be an abelian group, and p € Z. We define
To(A) .= A/pA,Th(A) == pA:={a € Alpa =0},T,, =0,Vn > 2

and we want then to define d; to get a homological é-functor Ab — Ab (or a cohomological one by
TO = Tl,Tl = T0,50 = 51)
For this, let 0 - A — B — C — 0 be a short exact sequence, and consider the following diagram:

0 A B C 0
.pl .pl .pl
0 A B C 0

By the snake lemma we have an exact sequence

0 b A B ,C —2— A/JpA —— B/pB —— C/pC —— 0

and this gives us d; := 4.
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(iii) We can generalize the previous example to the category of R-modules for some ring R. To do that, let
r € R,M € R-mod, and define

To(M):=M/rM, Ty(M) := .M
to get a homological é-functor R-mod — Ab.

(iv) In the same setting as in point 3., we can also define
T, (M) := Tor® (R/(r), M) ,n >0
and we will see later in the chapter why this is a homological d-functor.

Definition 3.4. Let S,,7, be two homological §-functors (resp. S°,7° two cohomological d-functors).
A morphism Sy — T, (resp. S* — T°) is a collection of natural transformations «, : S, — T, (resp.

™. 8™ — T™) that commutes with 4, i.e. such that for any short exact sequence 0 - A — B — C — 0,
the following diagram commutes:

- — Sp11(0) *> Sp(A) —— Sp(B) —— Sp(0) —> Sp_1(A) —— -+

(an+1)CJ/ (an) Al (an) Bl (an) cl (n— I)Al

- —— Th11(C) *> T.(A) —— T,(B) T,.(C) Th—1(A) —— -
n+1

Sy
resp.

S STH(C) s S (A) —— SN (B) —— S7(C) s §MA) —— -

(a"’l)cl (a”)AJ (a”)BJ (Oé")cl (a”“)Al

"10) e T™(A) —— T™(B) —— T™(C) —= T H(A) —— -

Definition 3.5. A homological d-functor T, (resp. cohomological J-functor T) is universal if for any other
S-functor S, and any natural transformation fy : Sg — T (resp. any S® and any f0: T° — S°), there exists
a unique morphism {f, : S, = T,,} extending fy (resp. there exists a unique morphism {f™ : T" — S™}
extending f°).

Example 3.6. We will see later that homology H, : Ch>9A — A and cohomology H* : Ch="A — A are

universal.

3.2 Projective resolutions

Definition 3.7. An object P in an abelian category A is projective if it satisfies the following universal
property:
vB 5 epimorphism, P 2 C, 3P 2 B such that the following diagram commutes:

P

g
ﬁ// l’y
//

B—%C
In other words, the morphism Hom 4 (P, B) — Hom 4 (P, C) induced by g is surjective.
Example 3.8. Free R-modules are projective, as you can lift the image by v of a basis of P by g to get .

Proposition 3.9. An R-module is projective if and only if it’s a direct summand of a free module.
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Proof. 7<=" This is clear by the universal property of coproduct and the fact that free R-modules are
projective.

”=" Let A be a projective module, and F(A) be the free R-module with basis {e,}sca. Note that F'(A) is
equipped with a projection 7 : F/(A) — A.
Now, by the universal property of projective modules, we have a morphism ¢ : A — F(A) such that 7i = id 4,
so that )

0—+AS F(A) = F(A)/A—0

is split, and that A is a direct summand of F'(A). O

Example 3.10. (i) Let R := Ry X Ry a product of two rings, and P = R; x 0 an R-module. P is
projective as it is a direct summand of R, but it is not free as (0,1) - P = 0.

(ii) Let F be a field, R = M, (F),n > 1. V := F™ is a projective R-module, as R = V®" but V is not free;
indeed, if it was, its dimension as a F-vector space would be dn? for some d > 0, but dimp V = n # dn?.

Definition 3.11. We say that an abelian category A has enough projectives if for every object A of A, there
is a projective module P and an epimorphism P — A.

Remark 3.12. The category of finite abelian groups is an abelian category with no non-zero projective
object.

Lemma 3.13. Let M € A. M is projective if and only if Hom 4(M, —) is ezact.

Proof. Let 0 - A — B — C — 0 be a short exact sequence in A.
We already know that Hom 4 (M, —) is left exact, so saying that it is exact is equivalent to saying that

Hom 4(M, B) — Homu (M, C)
is surjective. But this is exactly the definition that we gave (Definition , so we are done. O

Definition 3.14. A left resolution of M € A is a chain complex P, bounded below by 0, such that there is
a map Py — M making the following sequence exact:

=Py PP =P —M-=0
If every P; is projective, then we say that P, is a projective resolution.

Lemma 3.15. Let A be an abelian category with enough projectives. Then every object M of A has a
projective resolution.

Proof. We will construct P; by induction. First, as A has enough projectives, there is a projective module
and an epimorphism Py - M — 0. We moreover define My := ker(Py — M).

Inductively, having defined Py, My, Vk < i—1, we define P; to be the projective module with an epimorphism
P, — M;_1 — 0, and M; to be the kernel of this morphism, namely M; := ker(P; — M;_1).
Writing d; for the composite P; — M,;_1 — P;_1, we have a commutative diagram

0 0
~N S
M,y
AN
.. Py - P,
NS NS

M2 MO

AN N

0 0 0 0




where every 0 — M; — P; — M; 1 — 0 is exact by definition of M; and P;.
But this exactness precisely gives us that

di(-Pi) =M;_,= ker(diq),
which shows that P, is a left resolution of M. O

Theorem 3.16 (Comparison Theorem). Let f : M — N be a map in A. Moreover let Po — M be a
projective resolution, and Qe — N any left resolution.
Then there is a chain map fo : Ps — Qo extending f, i.e. such that the following diagram commutes:

Py I M 0
fll fol fl
(@} Qo N 0

This map is unique up to homotopy.

Proof. We do the proof by constructing f,, inductively, where n > —1.

For the base case, we define f_ 1 := f, Py := M,Q_1 := N, and moreover we denote by dy the maps
Py — P_; and Qo — Q_1, so that when we talk about P, or (),, we really mean the exact sequences
extended by the term P_1 or Q_1.

Now suppose we have constructed fi,Vk < n. By the equality f,_1d = df,, we have an induced map
fl Zn(P) = Z,(Q).
But Z,,(P) = B,,(P) by exactness of P,, so d : P, 1 - P, factorizes by d: P11 — Z,(P) (and similarly for
Q). We therefore have, by projectivity of P, 1, the existence of a map f,+1 such that the following diagram
commutes:

P7L+1

S Zn(P)
Qi1 —2 Z,(Q)

Moreover, df,+1 = fl.d = fnd so this indeed is a chain map.

To see uniqueness up to homotopy, we let g, be another candidate to extend f. We want to construct
{sn : P, = Qnt1}n>—1 such that h:= f — g = sd + ds.

First define s_-;y = 0. Note that dohy = h_1dy = (f — f)do = 0, so that hy factors by
ho : Po = Zy(Q) = Bo(Q). By projectivity of Py, ho lifts to a map sg : Py — Qi such that
ho = dsg = s_1d + dsg, and we have the base case.

Assume now by induction that we are given maps s;,Vi < n such that ds; = h; — s;_1d. In particular, the
map h, — S,_1d : P, — Q,, satisfies

d(hy — $n_1d) = dhy — (hp—1 — dsp_2)d = dh — hd + sdd = 0

and this maps factors through Z,(Q). As before, that means it lifts to a map s, : P, — Qpn41 with
ds, = hy — sp_1d, and we have our homotopy by induction. O
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Lemma 3.17 (Horseshoe lemma). Given a commutative diagram

0

P} Pl P, —< 5 A 0
LA
A
TA

py py Py —< An 0
0

where the column is exact and the rows are projective resolutions, and defining P, := P! & P!, we have that

P, is a projective resolution of A, and that the right hand column of the diagram lifts to an exact sequence

of chain complezes
L

0P 5P5P -0
where vy, : P! — Py, : Py = P! are the natural inclusion and projection.

Proof. See exercise sheet 5. O

3.3 Exercises Week 5

(i) Let S be the category of short exact sequences
0A—-B—->C—0 (12)

in an abelian category A and ¢ a homological §-functor. Show that §; is a natural transformation from
the functor sending (1) to T;(C) to the functor sending (1) to T;_1(A).

(ii) Show that a chain complex P is a projective object in Ch if and only if it is a split exact complex of
projectives. Hint: To see that P must be split exact, consider the surjection from cone(id,) to P[—1].
To see that split exact complexes are projective objects, consider the special case 0 — P & Py — 0.

(iii) Use the previous exercise to show that if A has enough projectives, then so does the category Ch(.A)
of chain complexes over A.

(iv) Prove the Horseshoe Lemma. More concretely, given a commutaive diagram

P P P — s A 0

"
2 7" 7 €
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where the column is exact and the rows are projective resolutions. Define P, = P, & P/. Prove P,
assemble to form a projective resolution P of A, and the right-hand column lifts to an exact sequence
of complexes

L

0— P, % P, 5 P/ —0.

Here t,, : P, — P, denotes the natural inclusion and , : P, — P/ denotes the natural projection.
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3.4 Left derived functors

Let A and B be abelian categories. Let R-Fun(A, B) and §-Hom(A, B) be the category of right exact
additive functors and the category of homological d-functors between A and B respectively. There is a
functor

0-Hom(A, B) — R-Fun(A, B)

(Ti)iZO — T().

We now want to construct a functor that goes in the opposite direction

R-Fun(A, B) — é-Hom(A, B),
that sends right exact functors to universal homological d-functors. To this end, we will assume that A4 has
enough projectives.

Definition 3.18. Let A and B be abelian categories and assume that A has enough projectives. Let
F : A — B be an additive right exact functor and let A be an object in A. Fix a projective resolution
P — A and define

For any morphism ¢ : A — A’ in A, take projective resolutions P — A and P’ — A’. By the comparison
Lemma, there is a lift of ¢, that is unique up to homotopy

P A 0
b
P Al 0.

Hence, by applying F' to the whole diagram, we get a lift of F'§ that is also unique up to homotopy. This
induces a morphism

This defines a functor called the i-th left derived functor of F'.

Our next goal is to show that L;F is indeed a well-defined additive functor, under the same hypotheses.

Lemma 3.19. Let A be an object in A. The object L; F(A) is well-defined, up to a canonical isomorphism.

Proof. We will show that L; F(A) does not depend on the choice of projective resolution. Let P — A and
@ — A be projective resolutions. Denote by L; F(—)p and L;F(—)q the i-th left derived functor constructed
using projective resolutions P and @ respectively. By the comparison Lemma, there are morphisms f : P —
Q and g : Q — P lifting the identity of A. Moreover, the identity idp : P — P is also a lift of the id4. The
situation is illustrated in the following diagram, where the two squares are commutative:

P—— A

b e

idp| Q@ —— A
b e
P— A
The comparison Lemma implies that any two lifts must be homotopic. Hence, we get
gof~idp,
since g o f is also a lift of the identity. This implies
FgoFf ~ Fidp = idpp.

Thus,
LiF(ida)p o LiF(ida)q = idp, p(a), -

A symmetrical argument shows that L;F(ida)q o LiF'(ida)p = idg, p(a),, which concludes the proof. O
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Lemma 3.20. Let f: A — A’ be a morphism in A. The morphism
is well-defined.

Proof. Take projective resolutions P and P’ of A and A’ respectively. Since two lifts of f are homotopic
they must induce the same morphism on homology. O

Proposition 3.21. Fach L;F is an additive functor.

Proof. Let A be an object in A and let P — A be a projective resolution. Since idp is a lift of id 4, we must
have
LiF(ida) = idg, peay-

Now consider morphisms f: A — A" and g : A" — A” and chain maps f, g lifting f and g respectively (for
some chosen projective resolutions). Since g o f is a lift of g o f we can compute

LiF(go f) = H;F(go f)= H;F(g)o HiF(f) = L;F(g) o LiF(f).

Now let f!, f2: A — A’ be two morphisms with lifts fl and fz respectively. As the sum fl + fz is a lift of
1+ f?, we deduce similarly that

LiF(f' + 2 = LiF(fY) + L, F (f?). O

Theorem 3.22. Let A and B be abelian categories, where A has enough projectives. Let F': A — B be an
additive right exact functor. The left derived functors (L;F');>o form a homological é-functor.

Proof. Let
04 A A"—=0

be a short exact sequence in A and let P’ — A’, P” — A” be projective resolutions. By the Horseshoe
Lemma there is a projective resolution P — A such that the sequence

0P —-P—P'—=0
is split exact. Since F' is additive, the sequence
0— F(P')— F(P)— F(P") =0,
is also split exact. Taking the long exact sequence in homology we get
oo Ly g1 F(A)) = L1 F(A) = Ly F(A") 3 Ly F(A)) — L,F(A) — -+

This proves the existence of a long exact sequence. Now we need to show the naturality of the connecting
morphisms. Consider the diagram

0 P P r” 0

0 Al A " 0
f/ J{ f f// J{
O QI Q Q// O
0 B’ ‘5 B 75 B 0,

where the front of the diagram is given and the two front squares commutes, ¢ : P’ — A’, ¢’ : P — A",
7 :Q — B and " : Q" — B’ are any projective resolutions, € : P — A, n : Q — B are given by the
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Horseshoe Lemma and F' : P/ — Q', F” : P — Q" are lifts of f/ and f” respectively. We will construct
F: P — @ such that

0 r’ p p" 0
lF' lF l i
0 Q' Q Q" 0

commutes. Remember that P, = P, & P/ and Q,, = Q!, & Q! for every n € N by the Horseshoe Lemma.
Hence we can define

F,:P oP'-Q, Q"

F,
O F// b

where v, : P/ — Q! will be defined inductively. For F to be a lifting of f we must have nFy — fe = 0.
Denote by Ap and Ag the restrictions of € and 7 to Py and Qf respectively. Then the equality

by the matrix

BN Y0 = —Aofo + fAp

must hold. For more clarity, define gy := —Ag f’ + fAp. By diagram chasing, one can see that 75 o go = 0.
Hence, since Hom (P, —) is exact (as PJ is projective), there exists a map 3 : P}’ — B’ such that tgof = go.
We can then define 7 to be a lift of

1"
PO

>

Q) —4— B' —— 0.

We now want to define ~,, for any n € N. Assume that there is a n € N such that v; is defined for every
1 €{0,...,n—1}. For F to be a chain map, we must have the equality

d A F’
== |5 2) (5 2)]
dF — F'd (d’y—’yd” + AF" —F//\/)
= 0 d'F" — Fr g =0,

where [-,-] is the matrix commutator. Since both F’ and F” are chain maps, the only condition that ~,
must satisfy is
d/’Yn = 'Ynfld” - )‘nFrr/L + F’r/Llfl)‘”‘

Define g, := yn—1d" — A\ F), + F),_1\,. Using diagram chasing, one can show that d’g, = 0. Since @’ is
exact, g, factors through a map 8 : P! — d'(Q!,). Hence we can define v,, to be a lift of 8

/!
PTL

>l

n—— d(Q,) — 0.

n

This concludes the proof. O
Before proving our next result, we will need to briefly discuss the notion of pullback.

Definition 3.23. Let A be an abelian category and let f : B — A, g : C' — A be morphisms. Consider the
morphism
p:=(f,—9):B&C = A,
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induced by the universal property of the coproduct applied to f and —g. The pullback of f and g is defined
to be the kernel P = ker(y), with induced morphisms P — B and P — C that make the diagram

P——B
b
c 2+ A
commutes. The key property used in the following proof that will not be discussed here is that if f is an

epimorphism, so is the morphism P — C. Similarly, if g is an epimorphism, so is the morphism P — B.

Theorem 3.24. Let A and B be abelian categories. Let (L;);>o be a homological d-functor from A to B and
assume that for all objects A in A and for all i > 0 there is an epimorphism u : P — A such that L;(u) = 0.
Then (L;)i>o is universal.

Remark 3.25. In particular, if A has enough projectives, any left derived functor is universal. One can
take P projective with an epimorphism u : P — A. Since L;(P) = 0, the map L;(P) — L;F(A) has to be
the zero map.

Proof. Let (T;);>0 be another homological §-functor and let ¢g : To — Lo be a natural transformation. We
construct for every n > 0 a natural transformation ¢,, : T,, — L,, by induction. Suppose that there is some
n € N such that we constructed ¢; : T; — L; for every i € {0,...,n — 1}. Let A be an object in A. By
assumption, we can choose a short exact sequence

0-K—P—A—=0,

with P — A as in the statement. Consider the diagram with exact rows

To(A) —— T, _1(K) —— T,,_1(P)

Jltpn— 1 J,LP7L7 1

Ln(P) —% L,(A) —— L,_1(K) —— L,_1(P).

Using Freyd-Mitchell, we can define ¢,, : T),(A) — L, (A) on elements. Let a € T,,(A). By the commutativity
of the right square and exactness of the top row we have

1m0 ¢n-100d(a)=¢,_10€06(a)=0.
By exactness of the bottom row, ¢,_1 0 §(a) is in the image of ¢ and we can define
onla) = o1 o0 o(a).

Moreover, one can show that this map is the unique map making the above diagram commute. Let us assume
for now that ¢, is well-defined (this will make sense later). Let f : A” — A be a morphism and consider the
pullback

P—— P
]

|

A/

|s

P—— A,

where the map P — A is an epimorphism given by the assumption. Notice that the map P’ — P is an
epimorphism as P — A is an epimorphism. Thus we get a morphism of short exact sequences

0 K’ P’ A’ 0
b
0 K P A 0.
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As both (L;);>0 and (T3);>0 are homological d-functors, each small quadrilateral commutes in the following
diagram:
Tn(f)

X /
T 1 (K') ——— Ty 1(K)
pnl(A)) L@H l“”"* pn(4)

Ln—l(K/) — Ln—l(K)

T, (A" T,.(A)

Lo (A) Ln(f)

Thus, one can see by diagram chasing that the following holds

30 Ln(f)opn(A) =0d0pn(A)oT(f)

Since 6 : Ly (A) = L,_1(K) is monic, we can cancel the above on the left to see the naturality of ¢,. By
taking A = A’ and f = id,4 this also shows that ¢, (A) does not depend on the choice of P, which shows
that it is well-defined.

We now want to show that ¢,, commutes with §,. Let
04 —>A—-A">0

be a short exact sequence. Let P — A and P — A" be epimorphisms given by the assumption. Similarly as
before, the pullback

Plf— P
| |
P— A— A"

yields a morphism of short exact sequences

0 K// P// A// 0
lg J{ J/idA//
0 A A A" 0.

Thus, we get another commutative diagram

To(A") —s T (K™Y 295 1A

ltpn prn— 1 l&ﬂn— 1

Lo(A") — L (K" 29 ),

where the right square commutes by naturality of ¢,,_1 and the left square commutes by construction of
¢n. Since (T;);>o0 and (L;);>o are both homological d-functors and by construction of the above morphism
of short exact sequences, the horizontal composites are their respective ¢ maps. This yields the desired
commutative relation between § and ¢. O

3.5 Injective resolutions

Definition 3.26. An object I in an abelian category A is injective if for any monic f : A — B and any
morphism « : A — I, there exists a morphism §: B — I such that a = o f:

0*>AL>B

o%%
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The following proposition is immediate and thus, given without proof.

Proposition 3.27. Let A be an abelian category and let I be an object in A. Then, I is injective in A if
and only if I is projective in A°P.

Corollary 3.28. Let A be an abelian category and let I be an object in A. Then, I is injective if and only
if the functor Hom4(—, I) is exact.

From this proposition, one can dualize several definitions and results from the projective context. For
example, we say that an abelian category A has enough injectives if for every object A in A there is a monic
A — [ for some injective object I in A. Similarly, there is a version of the comparison Lemma in the injective
context. Moreover, one has the following criterion for the category of right R-modules:

Proposition 3.29 (Baer’s Criterion). A right R-module E is injective if and only if for every right ideal
J C R, every map J — E can be extended to a map R — E.

Proof. The proof is omitted as it is typically done in a commutative algebra course. O

We now wish to show that the category R-mod has enough injectives. A first step towards this result is the
following important example.

Example 3.30. By Baer’s criterion, the abelian group Q/Z is injective, see Exercise 6.1.

Lemma 3.31. Let M be a R-module and let A be an abelian group. The canonical morphism
7 : Homap (M, A) — Homp (M, Homap(R, A)),

defined for any m € M by

7f(m):R— A
r— f(mr),

is an isomorphism.

Proof. The inverse is given by

1 : Homp(M, Homap (R, A)) = Homap (M, A),

where
n(g): M — A
m — g(m)(1).
It is easy to check that these two maps are mutual inverses. O

Proposition 3.32. Let R: B — A be an additive functor that is right adjoint to some exact functor. Then,
for any injective object I in B, the object R(I) is also injective.

Proof. Denote by L : A — B the left adjoint to R. It suffices to show that Hom 4(—, R(I)) is exact. Given
a monic f: A — A’ in A, the diagram

Homy (A, R(I)) —— Homyu (A, R(I))

E |

Homp(L(A"),I) —— Hompg(L(A),I)

commutes. Since L is exact and [ is injective, the bottom map is surjective. Hence, the top map is also
surjective and we are done. O

Corollary 3.33. If I is an injective abelian group, then Homap (R, ) is an injective R-module.
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Proof. The functor Homayp (R, —) is right adjoint to the forgetful functor
U : R-mod — Ab. O

Proposition 3.34. The category R-mod has enough injectives.

Proof. Let M be a right R-module. Define

M= J[

Homp (M,Io)

where Iy = Homap (R, Q/Z) is injective, since Q/Z is injective. One can verify that a product of injective
objects is injective. Now define the morphism

t: M — I(M)
m H p(m).

peHompg (M,Io)

We show that it is an injective morphism. Let m € M \ {0} and consider the subgroup generated by m.
It satisfies either (m) & Z/nZ for some n > 1, or (m) = Z. In the first case, define a morphism of abelian
groups

(m) = Q/Z

1
m— —.
n

By the injectivity of Q/Z, it extends to a morphism of groups v : M — Q/Z. Thus, through the identification
Homap(M,Q/Z) = Homp(M, Iy), we get an element ¢ € Homp(M, Iy) such that ¢(m)(1) = v(m) # 0. In
particular, ¢(m) # 0. If (m) = Z, the exact same proof works by extending the morphism

(m) = Q/Z

'_>1
m —.
2

This concludes the proof. O

3.6 Exercises Week 6

(i) Use the Baer Criterion to show that Q/Z is an injective Z-module, and then give an injective resolution
of Z.

(ii) For A an abelian group, we define its Pontrjagin dual as :
A* = Homapy,(A4,Q/Z).

Show that when A is finite, we have (4*)* = A, and deduce that there is an isomorphism of categories
FinAb = FinAb°?, where FinAb is the category of finite abelian groups. However, find an abelian
group such that (A*)* is not isomorphic to A.

(iii) Let F' : A — B be a right exact functor and U : B — C be an exact functor. Show that we have a
natural isomorphism :
L;(UF) 2 U(L;F).

(iv) Let R be a commutative ring, and N an R-module. Show or recall that — ® g N : R-Mod — R-Mod
is right exact. We denote by Torf(—, N) the associated left derived functor.
Find a projective resolution of Z/nZ, and use it to compute Tor?(Z/nZ,Z/mZ) for every i > 0 and
m € Z.
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3.7 Right derived functors

Last time we saw that if F': A — B is an additive right exact functor between abelian categories and A has
enough projectives, then one can define the left derived functors L, F'. Dually, under certain conditions, we
may define right derived functors of additive left exact functors.

Definition 3.35. Let A and B be abelian categories and assume that A has enough injectives. Let F' : A — B
be an additive left exact functor and let A be an object in 4. Fix an injective resolution A — I*® and define
the i-th right derived functor of F' evaluated at A by

R'F(A) := H'(F(I*)).
Note that since
0— F(A) — F(I°) — F(I")

is exact, we always have ROF(A) = F(A).
As F' also defines a right exact functor F°P : A°? — B°Pand A°P has enough projectives if A has enough
injectives, we can construct the left derived functors L; F°P as well. Since I*® becomes a projective resolution
of A in A°P, we observe that

R'F(A) = (L;F°P)°P(A).

Therefore all results about right exact functors apply to left exact functors. In particular, the objects
R'F(A) are independent of the choice of injective resolutions, R*F is a universal cohomological §-functor,
and R'F(I) = 0 for i # 0 whenever [ is injective.

3.8 Tor and Ext

As a consequence of the previous section, given an additive functor F' : A — B between abelian categories,
we know how to construct left derived functors of F' if it is right exact and right derived functors of F' if it is
left exact under the condition that .4 has enough projectives respectively enough injectives. In this section
we will encounter two famous examples of derived functors.

3.9 Balancing Tor and Ext

The following proposition is an important source of right and left exact functors.

Proposition 3.36. Let L : A — B and R : B — A be an adjoint pair of additive functors between
abelian categories. That is, for every object A of the category A and every object B of B there is a natural
isomorphism

Ta.p : Homgs(L(A), B) = Homu(A, R(B)).
Then L is right exact and R is left exact.
Proof. Please see exercise 3 of sheet 2. O

This implies that left adjoints have left derived functors, and right adjoints have right derived functors. This
of course assumes that A has enough projectives, and B has enough injectives for the derived functors to be
defined.

Proposition 3.37. Let R and S be rings. If B is an R-S-bimodule and C is a right S-module, then
Homg(B, C) is naturally a right R-module via

(fr)(b) = f(rb)

for f € Homg(B,C), r € R and b € B. The functor Homg(B, —) from mod — S to mod — R is right adjoint
to — ®gr B.
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Proof. We need to show that for every R-module A and S-module C' there is a natural isomorphism
TA,C : HomS(A ®r B, C) i) HOHlR(A7 HOHIS(B, C))

Given f: A®r B — C, we define (74,¢f)(a) as the map b — f(a ® b) for each a € A. Given g : A —
Homg (B, C'), we define 7'27109 to be the map defined by the bilinear form a ® b — g(a)(b). The verification

that (74.cf)(a) is an S-module map, 74,¢f is an R-module map, T;lcg is an S-module map, 74 ¢ is an
isomorphism with inverse 7';710, and that 74 ¢ is natural are left as an exercise for the reader. O

As a consequence of Proposition [3.36] and Proposition we note that the functor — ®g B is right exact
for any left R-module B. This justifies the following definition.

Definition 3.38. Let R be a ring and B a left R-module. Then T(A) = A ®g B is a right exact functor
from mod — R to Ab. We define the abelian groups

Tor®(A, B) = (L, T)(A).
In particular, Torf (A, B) = A ®g B.

Recall that these groups are computed by finding a projective resolution P, — A and taking the homology
of P, ® gz B. Hence if A is a projective R-module, then Torf(A, B) =0 for n # 0.
The reader may notice that the functor A ® g — is also right exact for any right R-module A. So we could
also form the derived functors L.(A ®r —). In fact, one can show that this yields nothing new in the sense
that

L.(A®r—)(B) = L.(— ®gr B)(4),

as it is shown in the next theorem.

Theorem 3.39. Let R be a ring, A a right R-module and B a left R-module. Then
Lo(A®Rr —)(B) = L,(— ®r B)(A) = Tor?(A, B)

for all n.

Before we are able to prove this theorem we have to introduce a few definitions and an important lemma.

Definition 3.40. Let R be a ring. Suppose P, and @, are chain complexes of right and left R-modules,
respectively. Form the double complex

P0®RQ0

with the family {P, ®r Q,}p.q of objects using the sign trick, that is, with horizontal differentials d¥ ® id
and vertical differentials (—1)Pid ® d?. The double complex P, @ @, is called the tensor product double
complex, and Tot® (P, @ Q,) is called the (total) tensor product chain complex of P, and Q,.

Lemma 3.41 (Acyclic Assembly Lemma). Let R be a ring and C, o be a double complex in mod — R. Then
o Totll(C, ) is an acyclic chain complex, assuming either of the following:

(1) Ce e is an upper half-plane complex with exact columns.

(i) Ce.e is a Tight half-plane complex with exact rows.
e Tot® (Ce.e) is an acyclic chain complex, assuming either of the following:

(i) Co.e is an upper half-plane complex with exact rows.

(iv) Ce o is a right half-plane complex with exact columns.
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Proof. We first show that it suffices to establish case (i). Interchanging rows and columns also interchanges
(i) and (ii), as well as (iii) and (iv), so (i) implies (ii) and (iv) implies (iii). Suppose we are in case (iv), and
let 7,,C, e be the double subcomplex of C, o obtained by truncating each column at level n:

Cp.q ifg>n
(ThC)p,q = { kex(d” : Cpp, = Cpn_1) ifg=n
0 if g < n.

Each 7,,C, o is, up to vertical translation, a first quadrant double complex with exact columns, so (i) implies
that
Tot®(7,Cs o) = Tot!1(7,,C, )

is acyclic. This implies that Tot®(C, 4) is acyclic, as every cycle of Tot®(C, ) is a cycle (and hence also a
boundary) in some subcomplex Tot®(7,,C, o). Therefore (i) implies (iv) as well.
We are left to prove case (i). Translating C, o left and right, it suffices to prove that Ho(TotII(C, o)) is zero.
Let
c= (" Coppy - ,C-22,6-11,C0,0) € H Copp= TOtH(C.,.)o
p=>0

be a 0-cycle. Our goal is to find elements b_,, , ;1 by induction on p so that

d°(b_ppi1) +d"(b_pi1p) = Cpp

Assembling those elements will yield an element b of sz_l C_p p+1 such that d(b) = ¢, proving that
Hy(TotII(C, o)) = 0. The following schematic should help give the idea.

bop,p+1

1

C—pp < bopt1,p

!

Coptip—1 < bprop

I

I

C_g9 +—b_129

1

C_1,1 bo.1

1

co,0 < bio=0

1
0

We begin the induction by choosing by g = 0 for p = —1. Since Cp,_; = 0, we have d”(cg ) = 0 and because
the 0-th column is exact, there is by 1 € Cp 1 such that d¥(bg 1) = co 0. Inductively, we compute that

d’(c—pp — dh(bfpﬂyp)) =d"(copp) + dhdv(bﬂﬂrl,p)
=d"(c—pp) + dh(c,erl,p,l) —d"d" (b—pr2p-1)
=0

where we used the properties of the differentials of a double complex in the first equality, the induction
hypothesis in the second equality and the fact that c is a cycle in the last equality. Since the —p-th column
is exact by assumption, there is b_, ,41 € C_p p4+1 such that

dv(b—p,p-&-l) =C—pp — dh(b—p+1,p)

as desired. This concludes the induction and hence the proof. O
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Now we are ready to tackle the proof of Theorem [3.39

Proof of Theorem[3.39. Choose a projective resolution P, 5 A in mod — R and a projective resolution
Qe 2 B in R—mod. Thinking of A and B as complexes concentrated in degree zero, we can form the three
tensor product double complexes Py ® g Qo, A O Qo and P, @z B. The augmentation maps € and 7 induce
maps from Py ®p Qe to A Rp Qe and P, ®g B. The situation is represented in the following diagram.

AQRr Q2 P0®RQ2<@P1®RQ2<—"'
id®dl e®id id®dl ide—d
/_\ . .
d®id d®id
A®Rr Q1 PhR®r@Q1 +—— PIQrQ1 +— P, R®Rr Q1 +— -+~
id®dl c®id id®dl id®—dl d®d
/_\
d®id d®id
A®r Qo Py®r Qo +— PLO®R Qo +— P, ®r Qo +— -+~
id®n iden id®n
d®id d®id

Ph®rB +—— P QrB +—— P,®r B +—— ---

Note that the diagram doesn’t represent one big double complex, however there are the three distinct double
complexes Py, Qr Qo, A Rr Qo and P, ®r B and the curved arrows represent double complex morphisms.
Using the Acyclic Assembly Lemma [3.41] we will show that the maps

Tot® (P, ©r Q) <299, Tot®(A 0 Q) = A @ Q.

and
Tot® (P, @ Qo) 222 Tot® (P, @p B) = P @ B

are quasi-isomorphisms, inducing the promised isomorphisms on homology as wanted
L(A®g —)(B) & H.(Tot®(P. ®r Q.)) = L.(— ©5 B)(A).

We consider the double complex C, o one obtains from P, @ Qe by adding (A @ Q.)[—1] in the column
p=—1.
The translate Tot®(C, )[—1] is the mapping cone of the map ¢ ® idg, from Tot® (P, ®r Q.) to A g Q.
because

Tot®(Ce.e)[~1]n = Tot¥(Ce.e)n_1

= Tot®(Ps ®p Q¢)n—1 D (A®r Qn)
= cone(e ® idg, )n

for all n. Thus in order to show that € ® idg, is a quasi-isomorphism, it suffices to show that Tot®(Cy ) is
acyclic by Proposition 3.12 of the lecture notes of week 4. Since each — ®pr ()4 is an exact functor (@, is
projective), every row of C, o is exact, so Tot®(C, o) is exact by the Acyclic Assembly Lemma

Similarly, the mapping cone of idp, @7 : Tot® (Pe®@pQe) — Po®@p B is a translate of the complex Tot® (B, ),
where D, o is the double complex obtained from P, ®r Q. by adding (P, ® B)[—1] in the row ¢ = —1.
Since each P, ®p — is an exact functor (P, is projective), every column of D, . is exact, so Tot®(Ds )
is exact by the Acyclic Assembly Lemma m Hence cone(idp, ® 1) is acyclic, and thus idp, ® 7 is a
quasi-ismomorphism as well. This concludes the proof. O

Another consequence of Proposition and Proposition is the fact that for each R-module A the
functor Homp (A, —) is left exact. This motivates the next definition.
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Definition 3.42. Let R be a ring and A an R-module. Then F(B) = Hompg(A, B) is a left exact functor
from mod — R to Ab. We define the abelian groups

Extk(A, B) = R"Homp (A, —)(B).
In particular, Ext% (A, B) = Homg(A, B).

Recall that these groups are computed by finding an injective resolution B — I*® and taking homology of
HomR(A, I.).

The notion of derived functor has obvious variations for contravariant functors. For example, let F' be a
contravariant left exact functor from A to . This is the same as a covariant left exact functor from A4°P to
B, so if A has enough projectives, we can define the right derived functors R*F(A) where A is an object of
A to be the cohomology of F(P*®), P* — A being a projective resolution in .A. This is a universal §-functor
as well with ROF(A) = F(A), and R'F(P) = 0 for i # 0 whenever P is projective.

One may notice that the functor Hompg(—, B) is contravariant and left exact for each R-module B. It
is therefore entitled to right derived functors R*Homp(—, B)(A) where A is also an R-module. The next
theorem shows that this yields nothing new in the sense that

R*Hompg(—, B)(A) = R*Hompg(4, —)(B) = Exti(4, B).
Theorem 3.43. Let R be a ring and A, B a pair of R-modules. Then
Exty (A, B) = R"Hom(A, —)(B) & R"Hom(—, B)(A)
for all n.

We omit the proof of this theorem, as it is similar to the one of Theorem [3.39}
In view of Theorem [3.39| and Theorem the following definition seems natural.

Definition 3.44. Let R be a ring and T a left exact functor of p ”variable” R-modules, some covariant and
some contravariant. The functor T is called right balanced if it meets the following conditions:

(i) When any one of the covariant variables of T' is replaced by an injective module, T' becomes an exact
functor in each of the remaining variables.

(ii) When any one of the contravariant variables of T is replaced by a projective module, T becomes an
exact functor in each of the remaining variables.

The functor Homp(—, —) is an example of a right balanced functor which is contravariant in its first variable
and covariant in its second variable. Another example is provided by the functor Hompg(— ® g —, —) since it
is naturally isomorphic to Hompg(—, Homg(—, —)) by Proposition [3.37}

The following result which we won’t prove explains the interest behind the definition of right balanced
functors.

Proposition 3.45. Let R be a ring and T a right balanced functor of p variable R-modules. Then all p of
the right derived functors .
R*T(Ala to 7Ai7 to ?AP)(Ai)

of T are naturally isomorphic where Ay, ..., A, are R-modules.

A similar discussion applies to right exact functors 7' which are left balanced. The prototype left balanced
functor is — ®g —. In particular all of the left derived functors associated to a left balanced functor are
naturally isomorphic.

3.10 Tor and flatness

We saw previously that if A is a right R-module and B is a left R-module, then Torf(A7 B) may be computed
either as the left derived functors of A® g — evaluated at B or as the left derived functors of —® g B evaluated
at A. It follows that if either A or B is projective, then Torf‘(A, B) =0 for n #0.
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Definition 3.46. Let R be a ring. A left R-module B is flat if the functor — ® p B is exact. Similarly, a
right R-module A is flat if the functor A ® g — is exact.

The above remarks show that projective modules are flat. The example R = Z, B = Q shows that flat
modules need not be projective. We will now state three important lemmas concerning flat R-modules.

Lemma 3.47. Let R be a ring. The following are equivalent for every left R-module B:
(i) B is flat.
(ii) Tor®(A, B) =0 for alln # 0 and all right R-modules A.
(iii) Torf(A, B) = 0 for all right R-modules A.
Proof. Please see exercise 1 of sheet 7. O

Lemma 3.48. Let R be a ring. If
0+A—-B—-C—0

is an exact sequence of R-modules and both B and C are flat, then A is also flat.
Proof. Please see exercise 1 of sheet 7. O

Lemma 3.49 (Flat Resolution Lemma). Let R be a ring, A a right R-module and B a left R-module. The
abelian groups Torf(A,B) may be computed using resolutions by flat modules. That is, if Fe — A is a
resolution of A with the F,, being flat modules, then

Tor®(A, B) = H,(F, ®r B).
Similarly, if F, — B is a resolution of B by flat modules, then
Tor®(A,B) = H,(A®g F.).

Proof. Please see exercise 3 of sheet 7. O

3.11 Universal coefficient theorem

Using the lemmas of the previous subsection we are able to derive a very useful formula for using the
homology of a chain complex P, of right R-modules to compute the homology of a complex P, ® g M where
M is a left R-module. Here is the most general formulation one can give.

Theorem 3.50 (Kiinneth formula). Let R be a ring and Ps a chain complex of flat right R-modules such
that each submodule d(P,) of P,—1 is also flat. Then for every n and every left R-module M, there is an
exact sequence

0 — H,(P,) @z M — H,(Ps @ M) — Tor{*(H,_1(P,), M) — 0.
Proof. By Lemma [3.48 and the short exact sequence
0= 2Z,— P, —d(P,)—0
we observe that Z, is also flat. Since Torfz (d(Py,), M) = 0, the short exact sequence
02,9 M - P, ®@gr M — d(P,)®r M — 0
is exact for every n. These assemble to give a short exact sequence of chain complexes

0= Ze@r M — Pe ®@r M — d(Ps) @p M — 0.
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Since the differentials in the Z, and d(P,) complexes are zero, the long exact sequence of homology associated
to the above short exact sequence of chain complexes is

Hn-l—l(d(Po) QR M) = d(P7z+1) SR M

o
Hy(Ze @ M) = Zn@r M
Hn(Po XRr M)
7|
Hn(d(P.) OR M) = d(Pn) Rr M

anl(Zo ®R M) = anl QR M.

Using the definition of the connecting homomorphism 0, it is immediate that 0 = ¢ ® idy;, where ¢ is the
inclusion of d(P,,+1) in Z,. On the other hand,

0= d(Poi1) = Zn — Hy(Py) — 0
is a flat resolution of H,(P,), so by the Flat Resolution Lemma [3.49]
Tor™ (H,(P.), M)

is the homology of
0= d(Poy1) @r M % Z, @r M — 0.

We conclude the proof by looking at the short exact sequence
0 — ker(8) = Hp(Pe @g M) — im(8) = 0
and observe that
ker(8) = im(«a) & Z,, @g M/ ker(a) 2 Z,, @ g M /im(0) = H,,(P,) @ g M

and
im(8) = ker(9d) = Torf(H,_1(P,), M).

O

If we work with R = Z and the chain complex P, consists of free abelian groups the short exact sequence
given by the Kiinneth formula splits, as shown in the next theorem.

Theorem 3.51 (Universal Coefficient Theorem for Homology). Let P, be a chain complex of free abelian
groups. Then for every m and every abelian group M the Kiunneth formula splits non-canonically,
yielding a direct sum decomposition

H, (P, ®z M) = H,,(P,) @z M & Tor’(H,_1(P,), M).
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Proof. Recall that every subgroup of a free abelian group is free abelian. Since d(FP,) is a subgroup of P,_1,
it is free abelian. Hence the surjection P, — d(P,) splits, giving a non-canonical decomposition

P, =7, ®dP,).
Applying — ®z M, we see that Z,, ®z M is a direct summand of the intermediate group
ker(dn ®1dM : Pn ®ZM — Pn—l X7z M)

Modding out Z,, ®z M and ker(d,, ® idps) by the common image of d,,+1 ® idas, we see that H,,(P,) @z M
is a direct summand of H, (P ®z M). Since P, and d(P,) are flat, the Kiinneth formula tells us that
the other summand is given by Tor?(H,,_(P,, M)) which concludes the proof. O

3.12 Exercises Week 7

(i) Let F,.4 be a first quadrant double complex with horizontal differentials d” and vertical differentials

d Deﬁne the page EV as follows: for integers p, q >0, let E pg = Epgand dy . =d) . Each column
. forms a chain complex, so we may define E =H (E o) and let d1 Ef — Eg 1,4 be the map

that d;)‘ q mduceb on homology. Lastly, note that each row E1 o, forms a chaln complex SO we may define
= H,(E} .¢)- The purpose of this exercise is to calculate the differentials d E2 — Ep 2,q+1°

(a) Show that Eiq can be presented as the group of all pairs (a,b) in Ep—l,q+1 x B, 4 such that
0 = d'b = d’a + d"b, modulo the relation that these pairs are trivial: (a,0); (d"=z,d"z) for
z € Ep g41; and (0,d"¢) for all ¢ € E, 11,4 with dVc =0

(b) If d"*(a) = 0, show that such a pair (a,b) determines an element of H,,,(T), where T is the total
complex of the double complex E, ,.

(c) Show that the formula d(a,b) = (0,d"(a)) determines a well-defined map
Ay Bpg = Epg g

(ii) In this exercise, E, o is still a first quadrant double complex, and E°, E! and E? are the pages of the
same spectral sequence described in the previous exercise. Let T' be the total complex of the double
complex E, ,. By diagram chasing, show that an = Hy(T), and that there is an exact sequence

Hy(T) = E3 o % B2, — H\(T) = E2 4 — 0.

(iii) Suppose that a spectral sequence converging to H, has qu = 0 unless ¢ = 0,1. Show that there is a
long exact sequence

2 4 g2
~~—>Hp+1—>E+10—>E g~ Hy = E = E, o7 > Hp1 — ...

(iv) (Mapping Lemma for E*) Let f : { q} — { q} be a morphism of spectral sequences such that for
some r, f": By = E”“ is an isomorphism for all p and ¢. Show that fy¢ : EJY & E'Oo as well.
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3.13 Applications of the universal coefficient theorem
Example 3.52. Singular Homology of a Topological Space X

Let S(X) € Ch(Ab) be the singular complex of X, then each S,,(X) is a free abelian group. For M € Ab,
define homology of X with coefficients in M:

Ho(X; M) := Ho(S(X) ® M)
By the Universal Coefficient Theorem for Homology, for each n, we have the following:
H,(X;m)= H,(X;Z)® M & Tor?(H,_1(X;Z), M).

Theorem 3.53 (Kiinneth formula for complexes). Let R be a PID, P, € Ch(modg), then each P, is free.
Let Qo € Ch(gmod). Then for each n there exists a split short exact sequence:

0= P H(P)9rH((Q) = Hi(PoRrQ) = P Torf(H,(P), Hy(Q)) — 0.
p+g=n p+g=n—1

Example 3.54. Let X,Y be topological spaces. Consider X x Y. Eilenberg Zilber Theorem gives the
following isomorphism:
Ho(S(X xY)) 2 Hy(S(X)®S(Y)).

Then by we have
H,(X xXY;R) =

P (H(X;R) @r Hy—i(Y;R) | @

i

@ Torf'(Hi(X;R), Hy—i—1(Y; R))

When R is a field, Tor groups vanish and we obtain the following isomorphism:

H,(X x Y R) = D(Hi(X; R) ®g H,—i(Y; R)).

%

Chapter 4. Spectral Sequences

Our goal is to compute homology groups in a systematic way. Generally, a spectral sequence is a sequence of
“pages”, and each “page” has a grid of objects that approximate homology. Move from “page n” to “page
n + 1”7 by calculating homology.

4.1 Introduction
Begin with the following example.

Example 4.1. Let E, o be a 15" quadrant double complex. To compute the homology of Tote(E), use the
following spectral sequence.

Define “page 07 as follows: EJ) = E), g, dY = (=1)Pd}

p,q°

q
(1,n)

(0,n)
e L]
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Each column is a chain complex, thus we can compute vertical homology at each point.
Then define “page 17 to be E} , := Hy(E},). For each p, d, : ES, — EJ_,, is a morphism of chain
complexes, then the morphisms in “page 1”7 are naturally defined to be d;,q = Hq(dzy,) : Hq(Eg),) —

HQ(Ezo)fl,o)'

o{—eo{—o

Each row is a chain complex. At each point, compute horizontal homology and define “page 2” as follows:
Ef,’q = Hp(Efyq).

Define morphism df,, as the first exercise in the sheet 8 or the exercise 5.1.2 in the textbook, so that each

line of slope —% is chain complex. Repeat this process and we can define “page n”.
To see why we are doing this, and how this spectral sequence is an approximation of homology of T'ot(E, ),
we will see another example.

Example 4.2. Suppose the only non-zero columns of F, o are Aq = Ey o and B, = E; .. Then the above
spectral sequence computes He (T0t(E)) up to extension in the sense that Vn there is a short exact sequence

0— Eg, — Hy(T) = Ef,_; — 0.
Proof. First, calculate Ef ,, and Ef ,,_;:
Eg,n = HO(E},n) = coker(din)
E12,n—1 =H, (Eol,n—l) = k’@T(d%,n—l)-
For each n, there is a short exact sequence:

in T
0— Eopn — Eopn®E1 1 — Eip1—0
N~~~ —

——
A, Tot(E), B[-1],,
and thus the short exact sequence of chain complexes:
0— AL Tot(E) & B[-1] — 0,

yielding the following long exact sequence:

o= Ho(B[-1)) 2% H,(A) = H,(Tot(E)) == H,(B[-1]) — ...
—_——— ————
Hn(B) Hp—1(B)
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Thus there exists an exact short sequence for each n:

Tn

0 — coker(dy) s H,(Tot(E)) = im(7) — 0

——
ker(On—1)

Now we claim 0, = Hy(d},). In fact, if [b) € Hy(B), then 7,1(0,[b]) = [b], and

del (0,b) = (d}f’n(b),din(b)) = (d?yn,O). Since zn(d}fn) = (d'fyn,O)7 therefore

On([b]) = [d},,] = Hy(d},)([b]). Hence the claim holds and we finish the proof. O

4.2 Homological and cohomological spectral sequences

Definition 4.3. A homology spectral sequence (starting with £%) in an abelian category A consists of the
following data:

(i) For each r > a, a family {E] ,}, 4ez of objects in A;

(ii) For each r > a, a family { dj, . : E} , — Ey_. .. } of morphisms in A, such that d"d" = 0, i.e. each
line of slope fr;rl is a chain complex;
(iii) For each r > a, Vp,q € Z, we have E} 11 = ker(dy, ,)/im(dy, ., o ri1)-
The total degree of E]  is p+ ¢. Each dj , decreases the total degree by 1.

Definition 4.4. Let E, E’ be spectral sequences over A, a morphism f : E — E’ is a family of morphisms
in A: fp . Ep, — E;,fq where r is suitably large such that d" f" = f"d" and f;fgl is induced by f; , on
homology.

Remark 4.5. There is a category of homology spectral sequences.
Dually we can define cohomology spectral sequence.

Lemma 4.6 (Mapping lemma). Let f : E — E’ be a morphism between two spectral sequences such that for

some fized r and each pair p,q, f, , s an isomorphism. Then for each s > r, f; . is an isomorphism.

Proof. We have the following commutative diagram:

By.q Zp.q Epa 0 0
o I N
/ l /r+1 \
Byq Zpq Epq 0 0.
By five lemma, f;’:gl is an isomorphism. By induction, for each s > r, f;  is an isomorphism. O

Definition 4.7. A homology spectral sequence E is bounded if for each n, there are finitely many non zero
terms of total degree n in Ey,.

Lemma 4.8. If E is bounded, for each p and q, there exists ro such that E, , = EJ°, for every r > rq.

Proof. First notice that if £ = 0 for some p, g, then by definition and induction we have for each r > a,
E},=0.

For each fixed p, g, choose r( large enough such that p+rq is sufficiently large and p —rg is sufficiently small,
such that for every r > ro, Epyrq—ri1=Ep_, qyr—1 =0, thusforeachr >ro, Ep, .y =FE; 4. 1 =0.
For each r > rqy consider the chain complex

.. BT

T T
p+rg—r+l 7 Em - Ep—w+r—1 ..

r+1 ~ r r o~ 0
we have B = E) . Thus Ej = E7o, for each r > rp. O
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We write £, for this stable value of Ej -

Definition 4.9. Let E be bounded. We say E converges to H, if we are given a finite filtration of subobjects
OZFang"'ng—lHn ngHnggFtHn:Hn

such that ES, = FpHpiq/F, 1Hpyg

We denote this by Ef | — Hpq.

Definition 4.10. A spectral sequence E collapses at E” if there is only one non-zero row or column in E".
If £ collapses and converges to He, we have H,, = E  where p+q = n.

Definition 4.11. (E* terms) Let E be a spectral sequence. There is a sequence:

_ a T r4+1 r41 T a __ a
O_Bp,qg"'ng,qup,q c---CcZ gZp,qg"'gZp,q_Ep,q

Slll)(?h that By /Byt = im(d"), Zy ,/Z; 4t = ker(d"), and E; = ZI' /B} .. Introduce the intermediate
objects:

o0 o0
By = U By, and 25 = m Zpq
r=a r=a
and define E35, = 755, /By, This definition is compatible with the bounded case.
Remark 4.12. In an unbounded spectral sequence we tacitly assume that BS°, Z>° and E>° exist. It is

p.a> “pa P.q
true for the category of modules.

Definition 4.13. We say a spectral sequence E is bounded below if for every n there exists an integer s(n),
such that p < s(n) implies Ef = 0. Dually change “<” into “>” for the cohomology case.

=P

Definition 4.14. We say a spectral sequence E is regular if for each p, ¢ there exists an integer 7y, such
that d, , = 0 for every r > rq.

Lemma 4.15. Bounded below spectral sequences are regular.

Proof. Let E be a bounded below spectral sequence. For each fixed p, ¢, choose r¢ such that ro > p — s(p+

q—1). Thus for each r > ro, Ey_, ., 1 = 0. Then for every r > ro we have E)_, . 1 =0, which implies

that the map dj, , : E) . — Ep_, 1, 1 =01s just 0. O

4.3 Exercises Week 8

(i) In this exercise we will show the snake lemma using the notion of convergence of first quadrant spectral
sequences. Recall:

Lemma 4.16 (Snake Lemma). Consider a commutative diagram in an abelian category A

A 2>+ B c’ 0
lf lq lh
0 A B 3 C

such that the rows are exact. Then there is an exact sequence
ker f — kerg — kerh — coker f — coker g — coker h

Moreover if o is monic, then so is ker f — ker g, and if B is epi, then so is coker g — coker h.
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For this, consider the first quadrant double complex with bottom left corner being

0 c’ B« A K
L
K Ces— B A 0

where K’ = ker a, K = coker 3, and define the associated spectral sequence as in Exercise 1 of Sheet
8. Throughout this exercise, we will assume the true fact that this spectral sequence converges to the
homology of the total complex H,(T') (see for example Section 5.6 of Weibel’s book).

(a) Show that every term of the E? page is 0 except for E§70 and Elz’1 which are isomorphic one to
each other.

(b) Show the snake lemma.

(ii) Let {£,,} be a regular upper half-plane spectral sequence, that is E}, = 0 whenever ¢ < 0, such
that for any p,q with ¢ > 0, EJf = Z/27Z. Show that E approaches H, and converges to H., where
H, :=7Z, H! := Z (the 2-adic numbers) for any n.

(iii) In this exercise we will construct the Wang sequence. Suppose that we have a fibration
F—'s Fp—T"s45n
where the base space is an n-sphere for n > 2.

(a) Show that we have an exact sequence

0 — B, — Hy(F) % Hyrpr(F) — BgSpppq — 0

for each ¢ > 0, where d" is a differential from the Leray-Serre spectral sequence.

(b) Show that for each ¢ > 0 we have a short exact sequence

0 B, Hy(E) — E,_, — 0.

(c) Use the last two exercises to show that there is a long exact sequence

= Hy(F) % Hy(E) — Hy_o(F) % Hy_(F) 5 Hy_(E) — ...

(iv) In this exercise we will calculate the homology groups of the loop space Q5™ for n > 2.

(a) Use the Serre long exact sequence to calculate H,(25™) for p <n — 1.

(b) Use  induction  and  the  Wang  sequence to  calculate H,(QS™) for
p=n.
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4.4 Notions of convergence of spectral sequences

The main goal of this lecture is to extend the notion of convergence of a spectral sequence to the unbounded
case. We first state the following example which will be relevant in the second half of these notes.

Example 4.17. Let E be a 1st quadrant spectral sequence, i.e. Ej = 0 whenever p or g is negative.
Suppose that Ej, = Hpi,. Then the filtration on H, is

0=F H,C---C F,H,=H,.

The morphisms (on the E” page) whose codomain is on the z-axis, or whose domain is on the y-axis must
be the 0 map, as a direct consequence of being a first quadrant spectral sequence. In particular this implies
Ejy C B and Ef, — Ep,. And so in particular we have for the E°°-page EJ§5 C Ef, and Ej, — Eg,.
By definition of convergence, this implies we have maps H,, — E;g C Ef, and Eg, — EgS C H,. These
morphisms are called edge homomorphisms. Because historically spectral sequences first appeared in the
case of fiber sequences of topological spaces we call the Eg, fiber terms and we call the EJ, base terms.

The terminology of fiber and base terms will be retroactively motivated in the next section. We now introduce
our first notion of convergence.

Definition 4.18. We say that a spectral sequence E weakly converges to H, if we are given H,, € Ob(A)
each having a filtration
-~ CF,1H, CF,H, C---CH,

such that for all integer p, q there are isomorphisms 8, : Epy — FoHpiq/Fp_1Hppq.

In order to introduce our second, better, notion of convergence, we introduce the following terminology on
filtrations.

Definition 4.19. Let H € Ob(A) with a filtration
- CF, tHCF,HC---CH.

We call this filtration ezhaustive if J, FH = H, Hausdorff if (), F, H = 0 and complete if H = l(inH/FpH
With this in hand, we are able to state the following notion of convergence.
Definition 4.20. We say E approaches (or abuts to) H, if it weakly converges to H, with filtrations

- CF, H,CF,H,C---CH,
that are exhaustive and Hausdorff.
Remark 4.21. If F weakly converges to H,, one can observe that it must abut to Up FpH*/ ﬂp F,H,.
The final notion of convergence is the following.

Definition 4.22. We say that E converges to H, if E abuts to H,, F is regular and the filtrations of H,
are complete.

We introduced the three notions of convergence from weakest to strongest, luckily for nice enough spectral
sequences we have results such as the following, which allows us to promote weaker notions of convergence.

Lemma 4.23. Let E be a spectral sequence that is bounded below. Then E approaches H, if and only if E
converges to H,.

Proof. (<) This is immediate as the definition of convergence includes “approaches to H,”.

(=) Bounded below implies regularity by a lemma from the previous week. For all n there exists s such
that Ej, = 0 for all p < s and such that p + ¢ = n by definition of bounded below. This implies that the
same holds at the E°°-page which by definition of approaching implies that F,H, /F,_1H, = 0. This in
turn implies that for all p < s we have that F,H,, = ﬂp F,H,,, which is equal to 0 because the filtration
is Hausdorff by assumption. This implies that H,, = @Hn /FpHy, i.e. that the filtration is regular. This
concludes the proof. O
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Even when a spectral sequence converges, it need not give complete information. Thus, it can be useful to
have other methods to relate the information on the pages of the spectral sequence with the abutment. In
line with categorical thinking, a first attempt at this is the following definition.

Definition 4.24. Let E,E’ be two spectral sequences that converge to H,, H. respectively with
isomorphisms By, : Epe — F,Hpiy/F, 1H, 4 and isomorphisms 3, : E°° — F,H, /F, 1H, .

We call a morphism A : H, — H| compatible with a morphism f : E — E’ if h preserves the filtration (i.e.
h(F,H,) C F,H]) such that the following diagram commutes

0o Pra
Epy —— FyHpyq/Fp1Hpig

f“l lﬁ
B,

Pq
B — Bl g/ FprHyy
The above definition is used in the following theorem to assist in spectral sequence computations.

Theorem 4.25. (Comparison theorem) Let E| E’ converge to H., H, respectively, and h : H, — H. be a
morphism which is compatible with f : E — E’. If for all p,q there is an v such that vq Epg — Eg:] is an
isomorphism, then the map h : H, — H. is an isomorphism.

Proof. By the mapping lemma f,7 is an isomorphism. Weak convergence and compatibility of & and f yields

(via a simple application of the third isomorphism theorem) that for all s, p we have a commutative diagram

0 — Fy_1H,/F.H, — F,H,/F.H, — EX,_ ——0

| | e

0 —— Fy_(H,/FH), — F,H,/FH], —— E>_ ——0.

Fixing s, we get by induction on p and by the 5 lemma that F,H,/F,H, = F,H, /FH, for all p. By
exhaustivity, this implies that we have an isomoprhism H,/FsH, = H! /F;H/, we conclude taking inverse
limits (with respect to s) by completeness of the filtration. O

Remark 4.26. A spectral sequence E may converge to two different limits, so H, can be difficult to
reconstruct from this data.

Example 4.27. Let E be a first quadrant spectral sequence such that EJ = Z /27,,¥p,q > 0. Then without
further information, we do not know whether Hj is Z/8Z or (Z/27)®3. The comparison theorem can help
us in situations such as these.

4.5 The Leray-Serre spectral sequence

The goal of this section is to define the Lerray-Serre spectral sequence and show how it can be useful for
computing homology groups of spaces.

Definition 4.28. Let Z be a pointed topological space and I = [0,1] the unit interval. We say that a
morphism f : X — Y of pointed topological spaces satisfies the homotopy lifting property for Z if given a
commutative diagram

zZ—9% 45X

Lo

ZXIT>Y

there always exists G : Z x I — X such that

z—% X

[eg

ZXIT>Y

commutes.
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Definition 4.29. We call a sequence of composable maps F = F = B in the category of pointed topological
spaces a Serre fibration if ¢ is the inclusion of 7=1(xp), the fiber of 7 over the base point of B, into E and
7 satisfies the homotopy lifting property for all CW-complexes.

Example 4.30. For B a pointed topological spaces we have a Serre fibration QB = B! £ B, where B! is
the space of maps I — B starting at the base point of B, with the compact open topology and ev; : B! — B
is the map given by evaluating at 1. We omit the proof that B! — B satisfies the appropriate homotopy
lifting property.

With the appropriate topological and homological language, we can now state the following theorem of Serre.

Theorem 4.31. (Serre Spectral Sequence) Let F - E =+ B be a Serre fibration. Assume further that B is
simply connected. Then there is a first quadrant spectral sequence

Ezaq = Hy(B, Hy(F)) = Hpyq(E).

Remark 4.32. The edge map H,(F) — Eg;, C H,(F) is the map H,(:) and if we also assume that F is
connected, the other edge map Hy(E) — E;$(B) is H.(r).

There are many application in homology computations of the above result, we present here a specific one

Proposition 4.33. With the assumptions of the theorem and further assuming that F is connected, if there
exist n1 > 1 and ny > 2 such that, for any abelian group A

H;(F,A) =0,Y0 < i< ny,

H;(B,A)=0,Y0 < j < ng,

then there is a long exact sequence
Hnﬁ*nz*l(F) L> Hn1+n2*1(E) L Hn1+n2*1(B) — Hn1+n2*2(F) —

Proof. We look at the Leray-Serre Spectral sequence in this case. On the y-axis we have
E§, = Ho(B,Hy(F)) = Hy(F) and similarly on the z-axis we have E2, = H,(B, Ho(F)) = H,(B) where
the isomorphisms follow from the fact that Ho(F) = Z and Hy(B) Z which are the homological
incarnation of the connectivity assumptions on B and F. The vanishing assumptions on the homology of F'
and B (with arbitrary coefficients) imply, by the universal coefficient theorem, that qu =0 for p < ny or
g < nq and one of them non-zero.

We get vanishing of the corresponding terms of the E°° page. In particular, this implies that the filtration
quotients of Fj,Hy, are trivial for 1 < k <mnj + ny — 1, as under these conditions, when k =p+ ¢, p < ng or
g < ny and at least one of p and ¢ is non zero, thus F,Hpyq/Fp_1Hpyry = Ep; = 0. This in particular
implies that in this range we have isomorphism FoHy(E) = EgS and ERS, = Hy(E)/EgS, which follow
from definition of convergence. This gives the following short exact sequence

el

0 — Egy — Hp(E) — Ep5y — 0.

Looking at the kth page, we have a differential E’,jyo — E(’i t—1, by turning the page and recalling that we
are working with a first quadrant spectral sequence we see that this map fits in the following exact sequence

k+1 k k k+1
0— Ela0 — Ek’o — EO,,C,1 — Eo,kq — 0.

For first quadrant spectral sequences, one can notice that E’,j:gl = Ep and E[’f",’;lﬁl & Ef5._, because
all the differentials that can modify these groups live on earlier pages. Similarly, one can notice that
Hy(B) = E,%’O o E,’;O and Hy_1(F) = E§7k71 = E(’)“’kf1 by using that Ef,q =0 for p < ny or ¢ < ny and one

of them non-zero. This allows to rewrite the above exact sequence as

0— E,;’?O — Hy(B) = Hp—1(F) — ngk_l — 0.
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We can splice this exact sequence with the following short exact sequence
0 — Egy — Hy(E) — By — 0
in order to obtain the desired long exact sequence
Hyypny—1(F) =" Hpyinp—1(E) —— Hpyiny—1(B) —— Hypypny—o(F) —— -+ .
O

Remark 4.34. We can of course extend the above long exact sequence “naively” by
0 — ker(Hy, 4y 1(F) 25 Hyyyiny—1(E)). Tt would be nice to have a more direct understanding of how to
extend the above long exact sequence. Inspecting the spectral sequence once more, we see that a potential
obstruction comes from the image of EJ! , in Hy, 1n,1(F). By the universal coefficient theorem, we have
in general

By = Hy(B, Hy(F)) = Hy(B) © Hy(F) & Tor{ (Hy1(B), Hy(F)).
In particular, due to vanishing assumptions, in the context of interest to us the first obstruction to a long
exact sequence in homology should be related to Hy,, (B, Hp, (F)) & H,,(B) ® H,, (F).

Remark 4.35. We resume the example of the path space fibration QB — B! — B. Recall that B is simply
connected, so that, ignoring differentials and only making explicit the terms we are interested in, the Ey
page will look like

H,(QB) E, E3, E3, E3,
H,(QB) H,(B, H,(02B)) Hy(B, H,(02B)) Egl EZl
Z E3, Hy(B) H3(B) Hy(B)

We know that this spectral sequence converges to the homology of a contractible space. This in particular
means that Ho(B, H1(2B)) has to vanish after turning to the E5 page, in particular we have an exact
sequence

Hy(B) — Hy(B, Hi(QB)) — Hy(QB).

The cokernel of the last map is Ej3, and we see, due to lack of space for further differentials, that it must be
killed upon turning to the 4th page, so that it must be isomorphic to E3,. However, by the universal coefficient
theorem and because B is simply connected we have Hy(B, H1(QB)) = 0, so that E3, & E3, = H3(B). This
gives us an exact sequence

Because the term Hs(B, H1(2B)) is a bit awkward we would like to make it a bit clearer. We first do this
via an application of the universal coefficient theorem. Before writing out what this yields, we notice that a
combination of the Hurewicz isomorphism and the isomorphism 7;(2X) = 7,41 (X) gives us

H,(QX) =71 (QX)™ = my(B) = Hy(B).
Now an application of the universal coefficient theorem gives
Hy(B, H1(2B)) = Hy(B, Hy(B))
> H,(B) ® Hy(B) @ Tor{(Hy(B), Hy(B)) = Ha(B) ® Hx(B).
Putting all of this together gives us an exact sequence
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4.6 Exercises Week 9

Throughout the sheet we fix abelian categories A and B, assumed to have enough projectives. We let
A, € Ch(A), and fix a Cartan-Eilenberg resolution P, ¢ — A, with augmentation € : Py g — A,.

(i) Recall that by definition we have that B,(¢) : B,(P,d") — B,(A) and H,(¢) : B,(P,d") — H,(A) are
projective resolutions.
(a) Show that Z,(g) : Z,(P,d") — Z,(A) and ¢, : P, s — A, are projective resolutions.
(b) Suppose that A, is bounded below. Show that ¢ : Tot® (P, o) — A. is a quasi-isomorphism.

(¢) Show (b) but now supposing that A satisfies axiom (AB4) (ie A is cocomplete and arbitrary direct
sums of monics are monics). If you cannot show that e gives a quasi-isomorphism, show via a
spectral sequence argument that Tot® (Ps.o) and A, have the same homologies.

(ii) Let B € Ch(A), and f : Ay — B, be a chain map. If Qs — B, is a Cartan-Eilenberg resolution,
show that f induces a map of double complexes f : P, o — (.o (as mentioned in class, this map is
unique up to homotopy).

(iii) Fix a right exact functor F : A — B

(a) Suppose A, is concentrated in degree 0. Show that L;(F(A)) = L, F(Ayp).

(b) Let Ch>o(A) be the subcategory of chain complexes in A trivial below degree 0, ie Aq € Ch>((A)
if A, =0 Vp < 0. Show that the hyper-left derived functors L;F, when restricted to Chxq(A),
are given by the ordinary derived functors of degree 0 homology, L;HoF (observe that HoF is a
right exact functor).

(c) Show the dimension shifting formula L; F(A[n]) = L;1, F(A)
(iv) Let Ao be the mapping cone complex of f, 0 — A3 N Ap — 0. Show there is a long exact sequence
LiF(f)

(v) Let f: X — Y be a morphism of ringed spaces and F be an Ox-module.

(a) Suppose that RYf,F =0 for ¢ > 0. Then show that H?(X,F) = HP(Y, f.F) for all p.

(b) Suppose that HP(Y, R?f.F) = 0 for all ¢ and p > 0. Then show that HY(X, F) = H°(Y, R1f.F)
for all q.
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4.7 Hyperhomology
Let A be an abelian category with enough projectives.

Definition 4.36. Let A, be a chain complex in A. A (left) Cartan-FEilenberg (C-E) resolution is an upper
half-plane double complex P, o (i.e. P,y = 0 if ¢ < 0) consisting of projective objects of A, together with a
chain map (“augmentation”) € : Pyyg — A, such that

(i) If A, =0, then the column P,, =0,

(ii) The maps on boundaries and homology
By(e) : By(P,d") = By(A)
Hy(e) : Hy(P,d") — Hy(A)

are projective resolutions. We recall that B, (P,d"), = Im(d}',, ) where d'\ | , : Ppy14 — Ppq, and

similarly for H,(P,d"),.
Remark 4.37. Here are some remarks that are proven in Exercise 1 of the exercise sheet 10.
(i) The induced maps Z,(¢) : Z,(P,d") — Z,(A) and € : P, s — A, are also projective resolutions.
(ii) The augmentation e : Tot® (P, 4) — A is a quasi-isomorphism in A.

We have seen that any object in A admits a projective resolution in Ch(A). Similarly, we will prove in the
following lemma that any chain complex in Ch(A) admits a Cartan-Eilenberg resolution.

Lemma 4.38. Every chain complex As in Ch(A) admits a Cartan-Eilenberg resolution € : Py o — Aa.

Proof. For each p, we consider Z, := Z,(A.), B, := By(A,) and H,, := Hy(A,). Select projective resolutions
P[ of B, and Pl of H,. Since we have a short exact sequence

0 B, Zy H, 0,
by the Horseshoe lemma, there is a projective resolution PpZ. of Z, such that

B Z H
0 Ph Pz PH 0

is a short exact sequence of chain complexes. Now since

0 Zp Ap Bp—l — 0

is a short exact sequence, by the Horseshoe lemma, there is a projective resolution of Pzﬂ of A, such that
the sequence

Z A B
0 PZ PA P, ——0

is a short exact sequence of chain complexes. We define P, o to be the double complex whose p-th column is
Piﬁ. Using the sign trick, we define the vertical differentials to be dj = (—1)pd§‘.. We define the horizontal
differentials dZ 11 as the following composition

A B z A
Pp-i-l,- Pp' Pp- Ppr

By construction of P, o, the maps ¢, : P, o — A, assemble to give a chain map, and each B,(¢) and H,(¢)
give projective resolutions. O

Remark 4.39. If f : A, — B, is a chain map and P, ., Q. are Cartan-Eilenberg resolutions of A,, B,
respectively, then there is a double complex map f : Po o — Qoo Over f.
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Definition 4.40. Let f,g : Dy o — FEo . be maps of double complexes. A chain homotopoy from f to g
consists of maps
SZq :Dpqg = Ept1gs Spg - Dpg = Epgia

such that
g—f:(Shdh—l—dhsh)—f—(dvsv-i-svdv)

and
sUdh + dlst = shdY + dvs" = o0.

Note that this definition is set up so that the collection {s := s" + sV : Tot(D),, — Tot(E),+1} forms an
ordinary chain homotopy between the induced maps Tot(f) and Tot(g) from Tot® (D, e) to Tot%(E, ), i.e

Tot(g) — Tot(f) = sd + ds
where d denotes the differential of the total complex.

Remark 4.41. Let f,g : Ae — Be be maps of chain complexes and € : Po o — Ao, : Qoo — Be be
Cartan-Eilenberg resolutions.

1) One can show that if f, g are chain homotopic maps of complexes, then f , g are chain homotopic maps
of double complexes.

2) Any two Cartan-Eilenberg resolutions of A, are chain homotopy equivalent, i.e if we have

A.TA.

then poq and Idg, , are homotopic, as well as gop and Idp, ,. In particular, for any additive functor
F, the chain complexes Tot® (F(P, o)) and Tot®(F(Qs.)) are chain homotopy equivalent.

Definition 4.42. Let F' : A — B be a right exact functor, A be a chain complex in A and P, , be a
Cartan-Eilenberg resolution of A,. We define

L;F(As) := H;Tot®(F(P, 4)).

One can show that this definition does not depend on the choice of P, ,.
If f: Ae = B, is a chain map and f : P, ¢ = Qe,e a map of Cartan-Eilenberg resolution over f, we define

Li(f) := H;Tot®(f) : L; F(As) — L;F(B,).

Then, L;F defines a functor from Ch(A) to B if B is cocomplete (otherwise Tot®(F(P,,)) and L;F(A,)
may not exist for all A, in Ch(A)). In this case, we call L, F' the left hyper-derived functors of F.

Lemma 4.43. For 0 — Ay — Be = C¢ — 0 a short exact sequence of bounded below chain complezes, there
is a long exact sequence

oo = L1 F(Cy) =5 LiF(A) — LiF(B,) — L;F(Cy) 25 -+ .

For the proof, we need the two following results that will be proven in the exercise sheet 10.

Lemma 4.44. Let Chso(A) be the subcategory of complezes Aq with A, =0 for p < 0. Then for any A,
in Chxo(A), we have
L;F(A,) = L;(HoF)(A,).
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Lemma 4.45 (Dimension shifting). For any n, we have
LiF(Au[n]) = Lot i F(AL)
where we recall that A[n]; = Apys.

Proof of Lemma[f-43 Let p := min{p | A, = B, = Cy = 0 Vg < p}. Consider Aq[p|, Be[p], Ce[p]. Then,
using the two previous lemmas, we have

Lit1F(As) = Liy1 5F(As[p]) = Liy1-HoF(As[p])

and similarly
Li+1F(B.) = Li-‘,—l—ﬁHOF(B. [ﬁ])

and
Li+1F(C.) = Li+lfﬁH0F(C° [ﬁ])

Thus, we may assume, without loss of generality, that As, Be,Ce belong to Ch>o(A). Therefore, the
sequence from the lemma becomes the long exact sequence for the derived functors of the right exact functor
HyF. O

In view of a further theorem (Theorem [4.47), we need the following result that we are not going to prove.

Theorem 4.46. Let C,o be a double complex. If Co 4 is zero in the second quadrant, then there is a
convergent spectral sequence
'E2, = H}H!(Cao) = Hpiq(Tot®(Cs)).

If instead, C, o is zero in the fourth quadrant, then there is a convergent spectral sequence
h
"E2, = H)H}(C4 o) = Hpyq(Tot®(C)).
Now we can state the following result.

Theorem 4.47. Let A, be a chain complex and let F' : A — B be a right exact functor. Assume that A has
enough projectives. Then, there is always a convergent spectral sequence

"E2, = (LyF)(Hy(Ad)) = Lyt F(AL).
If A, is bounded below, then there is a convergent spectral sequence
"B, = Hy(LgF(AL)) = Ly g F(Ad).

Proof. For the second spectral sequence, if A, is bounded below, consider ’ qu arising from the double
complex F'(P, o) where P, , is a Cartan-Eilenberg resolution of A,. Then by definition, H,(L,F(A.)) =
H}H?(F(P,,)). Thus, by Theorem we have the desired convergent spectral sequence.

For the first spectral sequence, choose the Cartan-Eilenberg resolution P, o of A, that we have constructed
in the proof of Lemma[£.38] Then it follows from the construction of P, o that for any p, the chain complex
P,e is split. In particular, since F' is an additive functor, we have that H,F(P,,) = FHy(P,.) for any
non-negative integers p, n. From Theorem |4.46] we have a convergent spectral sequence

"E2, = Ly(H}F)(As) = Ly o F(A,).
Since, H,F(Ppe) = FHy(Pya), it follows that "E2, = (L,F)(Hy(A,)), allowing us to conclude. O
Corollary 4.48. Let A, be a chain complez.
(i) If Ae is exact, then L;F(A.) = 0.
(i) Any quasi-isomorphism f : Aq — Be induces an isomorphism L F(f) : L,F(As) — L.F(B,).
(ii) If (Eacgt A)p) is F-acyclic (i.e. LyF(A,) = 0 for ¢ # 0) and A. is bounded below, then L,F(A,) =
H,(F(A,)).
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Proof. (i) If A, is exact, then Hy(A,) = 0 for ¢ # 0. Hence "E7, degenerates and is equal to 0. Then
Lp+qF'(As) = 0.

(ii) The isomorphisms Hy(f) : Hy(As) — Hy(B.) induce isomorphisms
LpF(Hy(As)) = Ly F(Hy(Bs))
which induce isomorphisms Ly ,F(As) = Ly F(B.).

(iii) If each A, is F-acyclic, then 'E? = H,(L,F(A,)) = 0 for any ¢ # 0. At ¢ = 0, we recover H,F(A,).
O

Example 4.49 (Hypertor). Let R be a ring and B a right R-module. The hypertor groups Tori*(A,, B)
of a chain complex A, are the hyperderived functors L, F'(A,) where the functor F' = — ®g B.
Applying Theorem we have the following convergent spectral sequence

"EZ, = Tor,(H,(As), B) = Tory, ,(A., B)
and for A, bounded below, we obtain
/Ef)q = H,Tor,(A.,B) = T0r§+q(A.,B)_

4.8 Cohomology variant

Let A be an abelian category that has enough injectives. A (right) Cartan-FEilenberg resolution of a cochain
complex A® in A is an upper half-plane double complex I°® consisting of injective objects of A, together
with an augmentation map € : A* — I*0 such that

(i) If A? =0, then the column I?* =0,
(ii) The maps on coboundaries and cohomology
BP(e) : BP(A) — BP(I,d")
HP(e) : HP(A) — HP(I,d")
are injective resolutions.
For F': A — B a left exact functor, we can define the right hyper-derived functors of F' as
REF(A®) := H'Tot" (F(I°*))

for A® a cochain complex in A and I*® its Cartan-Eilenberg resolution.
Similarly as in Theorem [£:47] if A® is a cochain complex, we have a convergent spectral sequence

"By = (RPF)(H(A%)) = RPHIF(A®),
and if A® is bounded below, we have

'EY! = HP(RIF(A®)) = RPTIF(A*).

4.9 Grothendieck spectral sequence

Let A, B,C be abelian categories such that both A and B have enough injectives. We are givent left exact
functors G : A — B, F : B — C. We assume that G sends injective to F-acyclic objects. Fix A an object in
A.

Theorem 4.50 (Grothendieck Spectral Sequence Theorem). With this setup, there exists a first quadrant
cohomological spectral sequence

'EPY = (RPF)(RIG)(A) = RPTI(FG)(A).
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Proof. Consider an injective resolution A — I*. We build a Cartan-Eilenberg resolution of G(I*). By the
cohomological version of Theorem [£.47] we get two convergent spectral sequences. The first one is given by

'EY? = HP(RF(GI®)) = (RPTIF)(GI®).
By hypothesis, each G(I?) is F-acyclic, so R1F(G(IP)) = 0 for ¢ # 0. By Corollary we have that
(RPF)(GI®) = HP(FG(I®%)) = RP(FG)(A).
Now the second convergent spectral sequence is given by
"E = (RPF)(HY(GI®)) = (RPTIF)(GI®).

Since RPTI(FG)(A) = (RPTIF)(GI®) and RPG(A) = H?(GI®), we have found the desired convergent
spectral sequence. O

Let us apply this theorem to two different examples. But in view of the following examples, we still need
the following proposition.

Proposition 4.51. Let L : A — B, R : B — A be additive functors between abelian categories such that L
is the left adjoint of R.

e If L is exact, then R preserves injectives, i.e. for any injective object I of B, R(I) is injective.
e Dually, if R is exact, then L preserves projectives.

Proof. We only prove the first case, as the second one is dual. Let I be an injective object of B. We want
to show that Hom4(—, R(I)) is exact. Let f: A — A’ be an injection in .A. We want to show that the
map f* : Hom4 (A, R(I)) — Hom4(A, R(I)) is a surjection. Since L is the left adjoint of R, we have the
following commutative diagram

Homg(L(A'), I) 25 Homg(L(A), )

: E

*

Hom_ (A", R(I)) —— Hom_(A, R(I))

As L is left exact, the map Lf : L(A) — L(A’) is an injection. Moreover, since I is injective, the map Lf*
is a surjection. Therefore, the map f* is also a surjection, proving that R(I) is an injective object in A. [

Example 4.52 (Base Change Spectral Sequence). Let R, S be rings and ¢ : R — S be a ring homomorphism.
Let B be an S-module. Consider the composite

Hom (S, ~) Homs (B, ~)
—_ —_—

R — Mod S — Mod Ab.

Note that Homp(S, —) and Homg(B, —) are both left exact. The left adjoint of Hompg(S,—) is given by
the functor ¢ : S — Mod — R — Mod which sends an S-module M to the same group M but seen as an
R-module via the map ¢. Note that ¢ is exact. By Proposition we have that Hompg(S, —) preserves
injectives. Since injectives are Homg(B, —)-acyclic objects, we can apply Theorem and we get for any
R-module A the following convergent spectral sequence

EY? = Ext% (B, Ext%(S, A)) = Ext? (B, A)
where, in the RHS, B inherits to the R-module structure induced by the map .

Example 4.53 (Leray Spectral Sequence). Let f : X — Y be a continuous map of topological spaces.
The direct image sheaf functor f. : Sh(X) — Sh(Y') has the inverse image functor f~! as a right adjoint.
Moreover, f, is left exact. By Proposition since f~! is exact, we find that f. preserves injectives.
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Now let F be a sheaf of abelian groups on X. We observe that
DY, fF) = £LF(Y) = F(f7H(Y)) = F(X) =T (X, F),
that is we have the following commutative diagram

Sh(X) —— L & Sn(Y)

\/

Define H? := RPT the right derived functor of I'. Then, Theorem [£:50] provides the following convergent
spectral sequence
EYY = HP(Y,R1f,F) = H"(X, F).

This spectral sequence is called the Leray spectral sequence.

4.10 Exercises Week 10

(i) (Mapping cylinder) Let A be an abelian category and consider a morphism f : B — C between
cochain complexes in B. We define the mapping cylinder of f to be the cochain complex cyl(f) given
by

o cyl(f)*:=B"® B"' ¢ C",
o differential map d = cyl(f)™ — cyl(f)"*! given by the matrix

dp idp 0
0 —-dg O
0 —f dc

(a) Show that cyl(f) is a well-defined cochain complex.

In the following, we denote by cyl(B) the mapping cylinder of the identity map idg on the object B.
(b) Given f,g: B — C, show that f and g are chain homotopic if and only if there exists a family of
maps {s" : B"T! — C"} such that (f,s,g) : cyl(B) — C is a morphism of cochain complexes.

(c¢) Consider the maps o : B — cyl(B), given by a(b) = (4,0,0), and 8 : cyl(B) — B, given by
B, b, b) = b +b. Show that the map s(¥,b"”,b) = (0,b,0) defines a chain homotopy between
idcy1(p) and af. Deduce that « is a chain homotopy equivalence.

(d) Now consider o/ : B — cyl(B), given by o/(b) = (0,0,b). Using the universal property of the
category K(A), deduce that o' is also a chain homotopy equivalence. Find an explicit map s
defining a chain homotopy between id.y gy and o’f. (Hint: consider F': Ch(A) — K(A) in the
universal property diagram.)

(ii) (Examples of exact triangles) Consider an abelian category A and objects A, B and C in A.

(a) Find exact triangles for the maps 04 and 14. (Hint: use the mapping cones in the category
K(A).)

(b) Given an exact triangle (u,v,w) on A, B, C, show that the rotates

‘“[% \ TN

are also exact triangles.
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(iii)

(vi)

Show that there is no morphism w : Z/2Z — Z /27 making the short exact sequence

0— Z/27 3 7)AZ. 5 7./27. — 0
into an exact triangle (2,1, w).

Let D be a triangulated category and let the two rows below be two exact triangles, and g : B — B’ a
morphism. Show that if v"gu = 0 then there exists f : A — A’ h : C — C’ such that (f,g,h) is a
morphism of triangles (i.e. the diagram below commutes).

A—-B—""5C—">TA

f sﬂ h f
A B s o s T

Hint: consider cohomological functor Hom(X, -).

Let A”Z be the category of graded objects in an abelian category A (i.e. {A,},ez with A, an object
in A), a morphism form A = {A,,} to B = {B,} being a family of morphisms f, : A, — B,,. Define
T(A) to be the translated graded object such that T'(A4),, = A,—1 and call (u,v,w) an exact triangle
on (4, B, C) if for all n the sequence

A, 5 B, 5C, 5 Ap1 = By

is exact in A.

(a) If A= Ab the category of abelian group, show that axiom (TR1) and (TR2) hold but (TR3) fails
for A%. Hint: consider group extension.

(b) If A is the category of vector space over a field, show that A” is a triangulated category.

Show that in a triangulated category, every commutative square in the upper diagram below can be
completed to the lower diagram, in which all the rows and columns are exact triangles and all the
squares commute, except the bottom right corner anticommutes.

A—5 B

S

A —— B

A—*t sp—1 Lo _—* 74

u lTu

A B ' T(A)
v J{Tv
A B ol T(A//)

w lTw

o T(C) T T2(A)

Hint: use (TR1) to construct everything except the third column, and construct an exact triangle
on (A, B’, D), then use (TR4) to construct exact triangles on (C,D,B"), (A”,D,C"), and finally
cc,0).
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Chapter 5. Derived Categories

5.1 The category K(A)

Let A be an abelian category. We consider Ch(A) the category of cochain complexes in .A. We start by
defining the category K(A).

Definition 5.1. The category K = K(A) is the quotient category of Ch(.A) defined as follows: the objects
are the cochain complexes in A, and the morphisms are the chain homotopy equivalence classes of morphisms
of chain complexes. In the sense that

HOIHK(A7 B) = HomCh(A, B)/ ~
where f ~ g <= f— g =ds+ sd for some s: A"t — B",

By exercise 1.4.5 in Weibel’s book, this category is well defined. It also is additive but is not abelian in
general. The additivity follows from the fact that if we have chain homotopy equivalences f1 ~ g1, fo ~ g2
then the sum is also an equivalence i.e. f; + fo ~ g1 + go. Furthermore, this construction is closed under
taking full subcategory in the sense that if C is a full subcategory of Ch(A) and K is the full subcategory of
K(A) with ObK = ObC, then

Homy (A, B) = Hom¢ (A, B)/ ~ .

Lemma 5.2. Cohomology induces well defined functors
H :K(A) — A.
Proof. If f ~ g, we have f — g ~ 0. In particular H*(f — g) = 0 so we conclude that H*(f) = H'(g). O

Proposition 5.3 (Universal property). Let F' : Ch(A) — D be a functor that sends chain homotopy
equivalences to isomorphisms, then F factors uniquely through K(A):

Ch(A) —£= D
3!

>

K(A4)

To prove this proposition, we need to define the mapping cylinder of a morphism of cochain complexes.

Definition 5.4. Let f: B — C be a morphism of cochain complexes. The mapping cylinder Cyl(f) of f is
the cochain complex defined as Cyl(f)" = B" @ B"*! @ C", where the differentials are given by

dp dp 0
0= 0 —-dg O
0 —f dc

We will also denote by Cyl(B) := Cyl(idp) the mapping cylinder of the identity of B
We can now proof the universal property.

Proof. Let f ~ g: B — C and let s be the chain homotopy morphism, we want to show that F(f) = F(g).

Consider the morphisms
a:B— Cyl(B): b~ (0,0,b),

B:Cyl(B) = B: (V/,b",b) = b/ +b.

We have Sa = idp, af ~ idgy(p) by exercise lc of sheet 11. So by our hypothesis on the functor F, F(«)
is an isomorphism of inverse F(3). Now define o’ as

o' : B — Cyl(B) : b+ (b,0,0),
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this morphism is a left inverse of 3 i.e. Ba/ =idp, so
F(d') = F(a)F(B)F(a/) = F(a).

By exercise 1b of sheet 11, f ~ g implies that the map v = (f,s,g) : Cyl(B) — C is a chain complex
morphism. Moreover, va' = f, ya = g, so we conclude that

F(f)=F(y)F(d') = F(y)F(a) = F(g).
O

Definition 5.5. Let u : A — B be a morphism of cochain complexes. We have seen that this gives us a
short exact sequence

0 —— B —* cone(u) —2— A[-1] —— 0.
The strict triangle on w is the triplet (u, v,d) of maps in K(A) usually denoted as

COIle

/\

Definition 5.6. Let A, B and C be cochain complexes and u : A — B, v: B — C, w: C — A[-1] be
morphisms in K(A). We say that (u,v,w) is an exact triangle on (A, B, () if it is isomorphic to a strict
triangle, i.e. there exists some strict triangle

and chain homotopy equivalences (i.e. isomorphisms in K(A)) f,g,h such that the following diagram
commutes in K(A)(i.e v'f ~ gu, ...)

A—" 3 B—Y (0 —Y 4 A1
A
Ay B Uy cone(w)) — A[—1]

Definition 5.7. Let (u,v,w) be an exact triangle on (A, B,C), then we have a long exact sequence of
cohomology

. —— H'(A) - H{(B) -2 H(C) - H*1(A) — ...

Proof. We have already seen that the cone short exact sequence induces a long exact sequence, using the
”triangle isomorphism” diagram and the functoriality of H*, we get the long exact sequence for exact
triangles. O

Example 5.8. The morphisms 04 and 14 induce exact triangles

/A@A \ A/i\A

Example 5.9. If (u,v,w) is an exact triangle on (A, B, C), then so are

A[-1]
A /w[ A
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Remark 5.10. Given a short exact sequence

0 A B C 0

there may not be a cochain map w : C — A[—1] such that (u,v,w) is an exact triangle, even though the
long exact sequence in homology exists. The long exact sequence is induced by the exact triangle

cone(u)

w \

A Cyl(u)

5.2 Triangulated categories

The triangulated categories are additive categories equipped with an additional structure that allows us to
work on exact triangles in K(A) like we usually do with short exact sequence.

Definition 5.11. Let A be an additive category equipped with an automorphism 7' : A — A (e.g. the [—1]
functor for K(A)). A triangle on (A, B,C) is a triple (u,v,w), that we may denote (A, B, C)(u,v,w),

A—"~+B "5 C "5 TA.
A morphism of triangles is a triple (f, g, h) that makes the following diagram commutes

5 B——>C—>TA

bR

Uy Y SN Gy T}

A triangulated category K is an additive category equipped with an automorphism T : K — K (called the
translation functor) and with a distinguished family of triangles (u,v,w), called the exact triangles in K,
which satisfies the following axioms
TR1 For every morphism u : A — B in K, there exists an exact triangle (u, v, w).

The triangle (A, A,0)(id4, 0,0) is exact.

If (u,v,w) and (u/,v’,w’) are isomorphic triangles such that (u,v,w) is exact, then (u’,v',w’) is also

exact.

TR2 (Rotation) If (A4,B,C)(u,v,w) is exact then so are (T7'C,A, B)(-T 'w,u,v) and
(B,C,TA)(v,w,—Tu).

TR3 (Morphisms) Given two exact triangles

c c’
A——— B A— v p

with morphism f: A — A’, g : B — B’ such that gu = v’ f, there exists a morphism h : C' — C’ such
that (f,g,h) is a morphism of triangles

A
|
e

“5»B——C—>TA

lg 3h le

v B Yo T
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TR4 (Octahedral axiom) Given A, B,C, A’, B, C’ objects in K such that there exists three exact triangles
(A,B,C")(u,3,0), (B,C,A")(v,z,i) and (A,C, B")(vu,y,d). Then there exists a fourth exact triangle
(C',B', A" (f,g,(T7)i) such that in the following octahedron diagram, the four exact triangle form
four faces and the four other faces commute

C
>

Y

|
|
|
|
|
;
vu
=

B/.

Our goal will now be to prove that K(A) is a triangulated category.
Proposition 5.12. If (A, B,C)(u,v,w) is ezxact, then vu = wv = (Tu)v = 0.

Proof. Consider the diagram

A4 A 0 TA

o s Ji

A——+B"25C "> TA
The first square commutes, so by TR3, there exists a morphism f : 0 — C such that vu = fO = 0. The
other cases are similar. O

Proposition 5.13. Let X be an object in a triangulated category K and let (A, B,C)(u,v,w) be an ezxact
triangle. Then there is an exact sequence in Ab

.--Hom(X, A) —“— Hom(X, B) —— Hom(X,C) —“ Hom(X,TA)---

Proof. By TR2, it suffices to show the exactness at Hom(X, B). We have seen that vu = 0, so v*u* = 0.
Let g € ker(v*) i.e. vg =0, and consider the diagram

x 4, x TX

0
ar lg l ary -
;1 *twp s (C - TVA

(=)

The middle square commutes, so by using TR2 and TR3, there exists a map f such that uf = u*(f) =g. O

Lemma 5.14 (5-lemma). If (f,g,h) is a morphism of exact triangles such that two of the morphisms are
isomorphisms, then the third is also an isomorphism.

B——C—>TA

A u
Jf J{g J{h le
A ul ’ ’

B——C-—=—>TA

Proof. We do the case where f and g are isomorphisms, the other cases follow from TR2. By the last
proposition there exist exact sequences

Hom(C’, A) — Hom(C’, B) — Hom(C’,C) — Hom(C', TA) — Hom(C’, T'B),
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Hom(C’, A’) — Hom(C', B') — Hom(C’,C") — Hom(C',TA") — Hom(C’, TB")

There are vertical maps f*,g*, h*, T f* and Tg* between these exact sequences. By our hypothesis, the two
left maps and the two right maps are isomorphisms, so h* is an isomorphism by the 5-lemma on abelian

groups, and we can conclude that h is also an isomorphism by Yoneda’s lemma.

O

Corollary 5.15. Given a morphism u : A — B there exists an unique exact triangle (u,v,w) up to

isomorphism.

Proof. Assume there exists two exact triangles containing u, then by TR3 there exists a morphism C' — C’

and by last proposition, this morphism is an isomorphism.

A—B—"5C—>TA

A—“s By ,TA

O

Remark 5.16. We give another visualization of the octahedral axiom, we write the triangle as straight lines

omitting the morphism C — T A:

Cl

The octahedral axiom says that the line (C’, B’, A") is induced by the three other lines.

Proposition 5.17. K(A) is a triangulated category, with the translation being the [—1] functor and the

ezxact triangles being the class of triangles isomorphic to

A% B — cone(u) — A[—1]

Proof. We only prove the first axiom. By definition, every morphism u : A — B can be embedded in a
triangle A — B — cone(u), and the third property holds by definition of the exact triangles, so we just have

to show the second property. Consider the following diagram,

A9, A 0 Al-1]

A9 A — 5 cone(Ad) —— A[-1]

[

-~

we want to show that f = g~! in K(A). This is enough to show that gf ~ id, since fg = id. We have that

gf =0 ~1id : cone(A) — cone(A) with s = (:Cll 2>7 so g is indeed an isomorphism, and (id4,0,0) is an

exact triangle.
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5.3 Exercises Week 11

(i) The goal of this exercise is to complete the proof showing that K(A) is triangulated. Recall that to

prove (TR4) one needs to show the following diagram commutes and that (cone(u), cone(vu), cone(v))
is an exact triangle:

A - B cone(u) — A[-1]

| l |

A—=—C cone(vu) —— A[—1]
l L

|

—— cone(u[—1]).

| <

The only part remaining to show that (cone(u), cone(vu), cone(v)) is indeed a triangle. By definition
of triangles in K(A), it suffices to show the commutativity of the following diagram in /C(A), plus that
7 is a homotopy equivalent in Ch((.A)). We have defined the maps v @ id,id @ u, 7, in the lecture
and one may easily verify every required condition except for the following:

(a) v o (id ® u) is homotopic to ¢.
(b) ~ defines a homotopy equivalence between the two chain complexes.

Bo A-1] 2% cpAl-1] — 4%, ceB[-1] —— "2 B[-1]® A[-2]

H H p H
Ba A[-1] &Y% 0@ A[-1] — (C @ A[-1]) ® (B[-1] ® A[-2]) — B[-1] & A[-2]

As mentioned one may construct v as the natural inclusion and the homotopy inverse of v as
g:(c,d b a") = (c,u(a") + ).

By representing the morphisms as matrices, find the suitable chain homotopies and show (a) and (b).

Hint: You may need the matriz corresponding to the boundary map of (C' @ A[-1]) & (B[-1] ® A[-2]),
0 —vu —v 0
0 -0 0 id

which is given by 0 0 5 ul The other matrices you need should be rather trivial.

0 O 0 9

(ii) Let S be a locally small multiplicative system of morphisms in a category C. Let ¢ : C — S~1C be the
localization constructed in class.

(a) Let Z be a zero object in C. Show that ¢(Z) is a zero object. Deduce that for every X in C we
have

q¢(X) =0 <= S contains the zero map X %X,
(b) Assume that the product X x Y exists in C. Show that
(X xY) =q(X) xq(Y)
in S~IC.

(c) Assume now that C is an additive category. Show that S~1C is also additive and that ¢ is an
additive functor.
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(iii) Let R be a commutative ring and S C R be multiplicatively closed subset. Let mod-R be the category
of R-modules. Let ¥ be the collection of all morphisms A — B in mod-R such that the induced
morphism on localizations S~*A — S~!B is an isomorphism. Show that mod-S~!R is a localizing
subcategory of mod-R and

mod-S~'R = %" 'mod-R.

(iv) Let A be an abelian category. An abelian subcategory B of A is called a Serre subcategory if it is
closed under sub-objects, quotients, and extensions. In other words, this means that for every short
exact sequence

04 —5A—-A4"-0

in A, the object A is in B if and only if both A’ and A” are in B.

Suppose that B is a Serre subcategory of A and let 3 be the family of all morphisms f in A with
ker(f) and coker(f) in B.

(a) Show that X is a multiplicative system in .A. We write A/B for the localization ¥ 71 A (provided
that it exists).

(b) Show that ¢(X) =0 in A/B if and only if X is in B.

(c) Assume that B is a small category, and show that ¥ is locally small. This is one case in which
A/B = X1 A exists.

(d) Show that A/B is an abelian category and that ¢ : A — A/B is an exact functor.

(e) Let S be a multiplicative subset of a commutative ring R (in the usual sense), and let modgsR
be the full subcategory of R-modules A such that S~'A = 0. Show that modgsR is a Serre
subcategory of mod-R. Conclude that mod-S~!R = mod-R/modsR.

(v) The goal of this exercise is to show that K(Ab) is not abelian. Let K be a triangulated category.

(a) Let
A—-B—->C—>TA

and
A —-B -0 —-TA
be exact triangles in K. Show that there is an exact triangle
A A -BaeB -CaC' -T(As A).
(b) Let
ALSBSHCBTA
be a triangle in K and assume that w is zero. Deduce from (a) that
B=AaC.

Hint: Show that the triangles
AdAs05TA

and .
0-c8c-o

are ezact using (TR4), or any other way. Conclude using (TR3).
(¢) Let f: A— B be a monic in K. Deduce from (b) that

B2AagC

for some C in K.
(d) We now restrict to K = K(Ab). Show that K(Ab) is not abelian by considering the map

7.)p*7 — 7.)pZ.

70



From last time, we still need to prove the following :
Proposition 5.18. Let A be an abelian category. Then K(A) is triangulated.

Proof. Axioms (TR1), (TR2) and (TR3) were already discussed last time, so it only remains to prove
(TR4). Let A—— B ——(C'", B——C—— A and A "> C —— B’ be triangles, we
I,p 2, q 0 C'[—1] making the suitable

diagram commute. By construction of triangles in K(A), we may replace C’, B’, A’ by cone(u), cone(v),

need to show that there exists a fourth triangle C’

cone(vu). Note that & is determined by the morphisms A’ = B[—1] and B < cone(u) via h := j[—1]oi. A
natural guess for the maps f and g is f = v & 1d4 and g = Ide Gu[—1], as they fit into the commutative
diagram

on
B" & Antl rr c" @ Antl q" c" @ Bntl .
AnJrl

To prove (TR4), we just need to show that (f,g,h) is an exact triangle on (cone(u), cone(vu), cone(v)). In
turn, it is sufficient to construct a map v : cone(v) — cone(f) such that the suitable diagram commutes in
Ch(A) and ~ is an isomorphism in K(A). Set

" c" @ B+l (Cn o) An+1) ey (B”+1 e An+2)
T (eh) = (c,0,b,0), '

It can be shown that this choice makes the following diagram commutative up to chain homotopy equivalence:
§
cone(u) ——  cone(vy) ——— > cone(v) ———  cone(u)[—1]

~

v

cone(u) ———— cone(vu) ——— > cone(f) ——— cone(u)[—1].

It remains to show that v is an isomorphism in K(A). We define ¢ : cone(f) — cone(v) by

" (Cn D An+1) P (Bn+1 P A7L+2> - " D B7L+1
(¢,a,b,a’) = (c,u(a) +b),

It is immediate that ¢y = Idcone(v). Exercise 1 week 12 demonstrates that there is a suitable homotopy
showing that ¢ ~ Ideone(f), which means that ¢ = y~! in K(A).
O

Using this proposition, we can deduce the following

Corollary 5.19. Let C be a subcategory of Ch(A) and K the corresponding subcategory of K(A). Suppose
that C is full, additive, closed under translation and the mapping cone construction. Then IC is triangulated.
In particular, the quotient categories K'(A), K= (A) are triangulated.

Proof. The proof is essentially the same as the above, so we do not write the details. O

Definition 5.20. A morphism of triangulated categories F : K’ — K is an additive functor between
triangulated categories such that FTx = Tk’ F, and F preserves exact triangles.
We say that K’ is a triangulated subcategory of K if
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(i) K’ is a full subcategory of K.
(i) ¢ : K’ — K is a morphism of triangulated categories.
(iii) Any exact triangle in K consisting of objects in K’ is also exact in K'.
For example K’(A), K (A) are triangulated subcategories of K(A).

Definition 5.21. Let K be a triangulated category, and A be an abelian category. A covariant cohomological
functor ‘H : K — A is a functor sending exact triangles in K to long exact sequences in A. More explicitly,
for

X =Yy "> W2 TW
an exact triangle in K, the following sequence is exact in A :
o —— H(T'X) —— H(TY) —— H(TW) —— H(THTW) —— ...
Example 5.22. For X in Ch(A), it is not hard to see that Hompy4)(—, X) is a covariant cohomological
functor.

Similarly, one can define the dual notion of contravariant cohomological functor.

5.4 Localization of a category

In this section, we introduce the notion of localization of a category with respect to a collection S of
morphisms, which will all become isomorphisms in the resulting construction. This process is analogous
to the localization of a commutative ring with respect to a multiplicative set. In fact, as any ring can be
seen as a (locally small) preadditive category with a unique object, this construction will serve a as broad
generalization of the usual localization.

Definition 5.23. Let C be a category, and S a collection of morphisms of C' (not necessarily a set). A
localization of C with respect to S is a category S~!C together with a functor @ : C — S~!C such that the
following holds :

(i) For any s in S, Q(s) is an isomorphism.

(ii) Any functor F : C — D satisfying (1) factors uniquely through S~!C :

F
C———D
R
E[
Q e
S-1c

Remark 5.24. It follows from the above universal property that S~1C is unique up to unique isomorphism,
so that we may abuse the notations as usual and speak of “the” localization.

Example 5.25. (i) Let S be the collection of chain homotopy equivalences in Ch(A). As seen earlier,
K (A) satisfies the above universal property and is thus isomorphic to S~!Ch(A).

(ii) Let Q be the collection of quasi-isomorphisms in Ch(A). The localization Q‘lCh(A), when it exists,
is called the derived category of A. We denote it by D(A).

Definition 5.26. Let S, C be as above. The collection S is said to be a multiplicative system if the following
conditions are satisfied :

(i) S contains all identity morphisms of C, and for any s,¢ in S such that their composition makes sense,
we also have that to s isin S.
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(ii) (Ore condition) For¢:Z — Y in S, and g : X — Y any morphism, there exists W in C, s : W — X
in S and a morphism f: W — Z such that

w = >

Z
s ‘t
X —9 vy

commutes. Moreover, the symmetric situation

| N

is also true.

(iii) (Cancellation) Given f,g: X — Y, the following are equivalent :
(i) so f = sog for some s in S.
(ii) fot =got for some ¢ in S.

Remark 5.27. Note that the above definition recover the notion of a multiplicative set from commutative
algebra when C is the category associated to a commutative ring.

We now make the following construction : given S a multiplicative system, a fraction in S is a diagram of
the shape

X x, 1y,

where s is in S. We denote this by fs~!. We say that two fractions fs~' and gt~! are equivalent if there
exists a third fraction hr~! such that the three fit into a commutative diagram of the shape

X4
N
X<t X5ty

NIA

To show this is indeed an equivalence relation, note that reflexivity and symmetry are immediate. Transivity
follows by applying the Ore condition twice.

Let Homg (X,Y) be the family of equivalences classes of fractions X < X J, ¥ under the above equivalence
relation.

Definition 5.28. The collection S is said to be locally small if for any X in C, there exists a subcollection
Sx of S consisting of morphisms with target X satisfying :

(i) Sx is a set.

(ii) For any X; — X in S, there exists a morphism Xy — X; in C such that X — X; — X is in Sx.

73



Remark 5.29. This precisely means that every fraction X < X, Lyis equivalent to a fraction X L
Xy %Y with t in Sy :
X
S > f

X +— X5 — Y.

N

Proposition 5.30. If S is locally small, Homg(X,Y) is a set for any X,Y in C.

j

Proof. We give a sketch of proof. First we make Sx into a category by defining a morphism from X; > X
to Xo X X in Sx to be a morphism X5 — X, such that

X, —— X

A

t

X5

commutes.
Then using the Ore condition, one can show that up to enlarging Sx a bit, it is a filtered category. Fix Y
in C. We can then define the functor

F Sx — Sets
TS —  Set of fractions X & X, i) Y.

Now we claim that colti;m (s) = Homg(X,Y). Indeed, the colimit can be described as the quotient of
seSx

e s F' (s) by a certain equivalence relation, which by chasing definitions is exactly what we constructed
earlier. O

Given two fractions X & X' %Y and Y &£ V' 5 7 , we would like to find a suitable notion of morphism
between them. By the Ore condition, we have the existence of morphisms f, s such that following diagram

commutes :

f yY' — b 7

X a X' 2 Y.
We then define ht=! o gr=t = (hf)(rs)~L.

Proposition 5.31. (i) The composition constructed above is well defined.

(ii) STIC is a category with objects Ob S~'C =Ob C, morphisms given by Homg-1¢(X,Y) := Homg(X,Y),
and identities X = X = X.

Proof. We only show independence of the choice of W and the associated morphisms, the other cases being
similar. Assume we have another diagram

W ! Y — b 7

m




Applying the Ore condition, we get a commutative square :
w’ s W
VVV — X’

We compute that to fou = tOfOQ, so that there exists a morphism v : A — W' in S with fouov = fm]ov
by cancellation. The following diagram then shows that (hf)(rs)~! and (hf)(r3)~! are equivalent :

X/ s w f v
r wou h
X A Z
r aow h
X Wt Ly
The second point is clear. O

We are finally ready to show that the localizing category exists under the assumption that S is a locally
small multiplicative system.

Theorem 5.32. (Gabriel-Zisman)
Let C be a category, and S a locally small multiplicative system. Then the functor

C - S7c

T oxdy o x=x24y

(defined as the identity on the objects) is a localization.

Proof. We first check that ¢ is functorial. It is clear that identities are preserved. Moreover, the diagram

X f Yy h Z
X—- x5 .y

shows that the composition of X = X LyYadY =Y Zis given by X = X Moy,

We now need to check that g sends elements of S to isomorphisms. But this is rather clear, the inverse of
X=X 3Y being given by X 5> X =Y.

Lastly, we verify the universal property. Let F': C — D be a functor sending elements of S to isomorphisms.
Define S7'F : S7!C — D to be the functor which coincides with F on the objects, and sends a fraction
fs7tto F(f)F(s)~. Tt is clear that S~'F o ¢ = F, and that any functor satisfying this property must
coincide with ST1F, so we just have to check that S~!'F is well-defined and indeed functorial. But both
these properties follow from the functoriality of F' and the assumption that F'(s) is invertible for any s in
S. O

Remark 5.33. We could have constructed S~!C using right fractions instead, using the dual notion of
“locally small on the right” (i.e S° is locally small in C°P).
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Corollary 5.34. Two morphisms f,g: X — Y in C satisfy q(f) = q(g) if and only if there is some s in S
with so f =sog

Proof. Indeed, both conditions are equivalent to the commutativity of
X
X

~

/T\

Y
¥

5.5 Exercises Week 12
(i) Give examples of maps f, g in Ch(A) such that
(a) f=01in D(A), but f is not null homotopic, and
(b) ¢ induces the zero map on cohomology, but g # 0 in D(A).
Hint: For (i), try X :0 > Z 57— 0,Y :0 > Z 5 Z/3 — 0,9 = (1,2).

(ii) (Proof of proposition 10.4.1.(2)). Let K be a triangulated category and S a multiplicative system
arising from a cohomological functor. We prove that S~!K is triangulated. In the lectures,

e We defined the translation 7" by taking the translation T": K — K of K and set T as
T'(C)=T(C) for all C € ObK
and on morphisms

rx < x' Ly =1 &2 rixy I iy,

(Which is well defined because S arises from a cohomological functor and by functoriality of T'.)

e We defined the exact triangles as follows. Consider fractions
A& AL B
B B4 C
C &0 5 T(A).

Composition is given by the @re condition

A pr Y o T(A)

Lk

t2 B#O

t1 J/SZ
b
A
so that
vsy ' 2 s3u'ty T and usyt & tou/ty

We say that (usy',vs; ', wss!) is an exact triangle in S™'K just in case (uv/,v’,w) is an exact
triangle in .
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Verify that S~ satisfies the axioms TR1, TR2, TR3 of a triangulated category.

(iii) This is a follow up of Exercise 12.4. Let B be a Serre subcategory of A and let = : A — A/B be the
quotient map constructed in Exercise 12.4.

(a) Show that H = 7H® : K(A) - A — A/B is a cohomological functor, so that Ky (A) is a
triangulated category. (See exercise 10.2.5 in Weibel’s book).
(b) Show that X is in Kg(A) iff the cohomology H*(X) is in B for all i.

(¢) Show that Kg(.A) is a localizing subcategory of K(A), and conclude that its localization Dp(A)
is a triangulated subcategory of D(A).

(d) Suppose that B has enough injectives and that every injective object of B is also injective in .A.
Show that there is an equivalence
DT(B) = D (A).

(iv) Let R be a Noetherian ring, and let M(R) denote the category of all finitely generated R-modules.
Let Dgg(R) denote the full subcategory of D(Mod — R) consisting of complexes A whose cohomology
modules H*(A) are all finitely generated, that is, the category Dy g)(Mod — R) of exercise 13.3.

Show that D¢, (R) is a triangulated category and that there is an equivalence

D~ (M(R)) 2 Dy,

(M(R)).
Hint. By exercise 12.4, D(R) is a Serre subcategory of Mod-R.
(v) (Albelian derived category). The goal is to prove the following lemma.

Definition 5.35 (Semisimple abelian category). An abelian category is called semisimple if all short
exact sequence split.

Lemma 5.36. Let A be an abelian category. The derived category D(A) is abelian if and only if A is
semisimple.

(a) Show that if A is semisimple, for every morphism f : A — B, there is a morphism g : B — A
such that

fof =fand gfg=g.
(b) Prove the following lemma.

Lemma 5.37 (Verdier). A triangulated category K is abelian if and only if every morphism
f: A — B is isomorphic to

0 1;

0 0

Aol — 5 T B.

(c) Using Lemma[5.37] prove that D(A) abelian implies that A is semisimple.
(d) Prove that if A is semisimple, then D(.A) is abelian.
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5.6 Localization

Let B be a subcategory of C and S a multiplicative system in C. We may want to compare the localization
of B with S71C and, with this goal in mind, we introduce the following notion :

Definition 5.38. Let B be a full subcategory of C, and S a locally small multiplicative system such that
S N B is also a multiplicative system. Then, we write

S™'B:=(SNB)"'B
and we define S™1B to be a localizing subcategory of C (for S) if the natural functor
S™'B— s~ic
is fully faithful.

The following lemma gives useful characterizations of localizing subcategory :

Lemma 5.39. Consider the following statements : 1. VB, B’ in B, then
Homgng(B, B') = Homg (B, B)

where the left hand side is thought in B and the right hand side is thought in C.
2. Whenever C — B is a morphism in S with B in B, there is a morphism B’ — C in C with B’ in B such
that the composition

B'—-C— B
is in S.
3. Whenever B — C is a morphism in S with B in B, there is a morphism C — B’ in C with B’ in B such

that the composition
B—~C— DB

isin S.
Then we have that a full subcategory B of C is localizing if and only if 1. holds. If S is locally small of the
left 2. implies that B is localizing. And finally if S is locally small on the right 3. implies that B is localizing.

Proof. First, we prove that a full subcategory B of C is localizing if and only if 1. holds :
By definition B is localizing if and only if
S~ - s'c
is fully faithful, i.e. VB, B’ in S~'B
HOmS—IB = HoquB(B, B/) = HOms—lc<B, B/) = HomS(B, B/)

and we conclude by the Gabriel-Zisman Theorem.
Now since the second and third statements are dual, we only prove that if S is locally small on the left, 2.
implies 1.
Let
B« C— B

be a left fraction in S~*C. Then by 2., there exists B’ in B and a morphism B’ — C in C such that
B '-C—B

isin S, i.e. we have an equivalent fraction
B+ B'— B”

that must lie in B since it is a full subcategory. Thus, we conclude as desired that

HOmS—IB(B7 B/) = HoquC(B, B/) .
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Remark 5.40. In particular, we showed that if two fractions in B are equivalent via a fraction
B+ C— B

with C' in C, then they are equivalent via a fraction with C' in B.

Moreover, under some additional assumptions, we have the following strong properties of localizing
subcategories :

Lemma 5.41. 1) If B is a localizing subcategory of C such that for all objects C in C, there is a morphism
C — B in S with B in B, then
ST~ s-!ic

2) Suppose in addition that S N B consists of isomorphisms, then
B=s 'B=sTlc

Proof. 1) Since B is localizing
ST'B—STc

is fully faithful. Now by hypothesis for all objects C' in C, there is a morphism C' — B in S with B in B, i.e.
S'B— ST

is also essentialy surjective and we conclude as desired that
S~'B=s-Ic.

2) We prove that
ST'B=B.

By universal property of localization, we have the following diagram

1d
B —2—

3F
q -7

B

-
-
-

S—1B
i.e. there exists F' such that F o q = Idg. Conversely, again by the universal property, we have the following

diagram

B ,p_ 9,515

=
J{q /;G,/’/
S8~
And by unicity, we conclude that we also have

qOF:Ids—lg

which concludes. O
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5.7 The derived category

Let A be an abelian category and @ the class of quasi-isomorphisms in C(A). We recall that the derived
category D(A) is defined to be the localization Q~*K(A) of the triangulated category K(A).

The goal of this section is to prove the following results :

e D(A) is a triangulated category.

e DT (A) is determined by maps between bounded complexes of injective objects.
First, we generalize our framework of localization :

Definition 5.42. Let K be a triangulated category. Then the system S arising from the cohomological
functor H : K — A is given by

S := {s morphism in K : H'(s) is an isomorphism Vi }
Example 5.43. The quasi-isomorphisms @ arise from the cohomological functor H°.
The following proposition illustrates in what sense the definition is a generalization :

Proposition 5.44. If S arises from a cohomological functor, then
1) S is a multiplicative system.
2) If it exists, ST'K is triangulated and

g:K— S7IK

is a morphism of triangulated categories.

Proof. 1) The first axiom of multiplicative system is trivial to check by functoriality.
Now, to prove the second axiom, let f: X - Y in K and s: Z — Y in S. Since K is triangulated, we can
embed s in an exact triangle by axiom (TR1) :

IS QNN 4
Hence we have uf : X — C in K, and again by (TR1), we can embed it in an exact triangle
whx ot Tw
Putting everything together yields the following diagram using (TR3)

w—t.ox Y0 v W

- b
Y

z —= CINo QR /A

which is a morphism of triangles. Thus we only need to prove that ¢ is in S. Let H* be the cohomological
functor S is arising from. Then, by definition we need to show that H*(t) is an isomorphism. But since by
hypothesis s is in S, then H*(s) is an isomorphism, and thus the long exact sequence induced by H* on our
first triangle

( H* (u)

o HY(Z) HE), H*(Y) H*(C) — ...

yields H*(C) = 0. Therefore, similarly, the long exact sequence induced by H* on the second triangle

(uf)

~~~%0%H*(W)£*—@+H*(Y)£*——+O%...

shows that H*(t) is an isomorphism as desired.
We now prove that we have cancellation, and by duality we only prove cancellation on the left.

80



Let f,g: X — Y, such that there is s : Y — Y’ in S with sf = sg. Again, by (TR1), we can embed s in an
exact triangle

Z5%y Sy 517,
Similarly to the previous point, by examining the long exact sequence induced by H* and using that s is

in S, we deduce that H*(Z) = 0. Now using that, by (10.2.8), Homx (X, —) is a cohomological functor, we
have the following exact sequence

Homy (X, Z) % Homg(X,Y) 2 Homg (X,Y') .
Thus, by exactness, since
s(f—g)=0
there exists ¢’ : X — Z such that
f—g=ug
Using once again (TR1), we embed ¢’ in an exact triangle

X' 4LHx 4z rx

Finally, by commutativity of the next diagram

’

X —tex 9,7z v oTXx

(I

X =—X —0—TX',

we conclude that ¢’t = 0, and putting everything together

(f—gt=ug't=0

and hence f = g as desired. Checking that ¢ is indeed in S is done simiarly as the previous point by
examinating the long exact sequence induced by H*, and using that we remarked previously that H*(Z) = 0.
2) Suppose that S~1K exists. We give an explicit description of the translation functor and the class of exact
triangles, the proof that S™'K is indeed a triangulated category is left as exercise.

We define the translation functor as sending the fraction

x&ohy

to

T(X) < 1(C) L T(y)

where T is the translation functor of IC, or equivalently
T(fs~') =T(H)T(s)" .

We define exact triangles by making use of the Ore condition for S. Given

O~ T(A)
M
&
A% B
b
A

81



by applying the Ore condition for S two times, we get
t: A// — A

tg:BH—>B

in S, and
u A" — B"

v B

in C such that
usy b = tou'ty

and
1~ ooyl
VSy = 830"ty

Finally, we say that

1 -1 -1
, VS5, WS3 ")

(usy
is an eract triangle in ST just in case (u’,v’,w) is an exact triangle in K. O
This yields to fulfill our first goal :
Corollary 5.45. If they exist, D(A), D*(A), D+ (A) and D~ (A) are triangulated categories.

Moreover, in some ”concrete” contexts, we always have existence :

Proposition 5.46. Let R be a ring and X a topological space. Then if A = R-mod, A = Sh(X) or
A =PSh(X), then D(A) exists.

Remark 5.47. It suffices to prove that the multiplicative system of quasi-isomorphism @ is locally small in
theses cases.

Aiming towards our second goal, we prove the following useful lemma, :

Lemma 5.48. Let Y be a bounded below co-chain complex of injectives. Then every quasi-isomorphism
t:Y — Z is a split injection in K(A), i.e. 3s: Z — Y such that

st = Idy
Proof. First, since t is a quasi-isomorphism, we have that the mapping cone
Cone(t) =TY)® Z
is exact. Moreover, there is then a natural map
¢ : Cone(t) = T(Y)
By the comparison lemma of 2.3.7, since Y is bounded below, we have that ¢ is null-homotopic, i.e. there

exists v = (k, s) such that
p =vd+ dv

Hence, we compute
—y = ¢(y,2) = (vd + dv)(y; 2)
=v(—dy,dz — ty) + d(ky + sz)
= —kdy + sdz — sty + dky + dsz

—d 0
dCone(t) = ( _tY dZ)
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and we conclude that
y = (kdy + sty — dky) + (dsz — sdz)

Thus
ds = sd

i.e. s is a morphism of chain complexes and
st =Idy +dk — kd
i.e. st is chain homotopic to Idy. Hence st = Idy in KT (A). O

Remark 5.49. 1) The localization S~!C can be constructed using equivalence classes of right fractions
tlg:xLzLy

where t is in .S, provided that S is locally small.
2) By a corollary from last week, two parallel maps f,g: X — Y in C become identified if and only if there
exists s : W — X in S such that

sf=sg
Corollary 5.50. If I is a bounded below cochain complex of injectives, then ¥YX
Homp4)(X, I) = Homyc(ay (X, ) .
Stmilarly, if P is a bounded above cochain complex of projectives, then ¥YX
Homp4) (P, X) = Homyc(4)(P, X) .

Proof. By duality, we prove only the first statement.
By the previous remark first point, we realize Homp4) (X, I) as equivalence classes of right fractions. Thus,
we define the map
P HOHlK;(A)(X,I) — HOIHD(A)(X,I)
§o1dg
f—X=>I=1

and we prove it is the desired isomorphism.
Surjectivity:

Let t7lg: X % 74 I'in D(A). By hypothesis, we can apply the previous lemma and hence there exists a
section s : Z — I such that
st = Id[

Thus
Idy
(st)t 7 lg=s5g: X Y 2 Y

i.e. t71g is equivalent to ®(sg) and we are done.
Injectivity: Let f,g : X — I be parallel maps in K(A) that are identified in D(.A), i.e. by the previous
remark second point there exists s : Z — I in S such that

sf=sg
But then again, by the previous lemma, applied to
xLrez
there exists a section t : Z — I such that ts = Id; and we conclude that

f=tsf=tsg=yg

in K£(A) as desired. O
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Finally, assembling all our tools, we reach our second goal :

Theorem 5.51. 1) Let A be a category with enough injectives, then DV(A) always exists, because it is
equivalent to the full subcategory KT (I) of KT (A) whose objects are bounded below co-chain complexes of
injectives, i.e.

DT (A) =~ KH(I) .

2)Dually, if A is a category with enough projectives, then D~ (A) is equivalent to the full subcategory K~ (P)
of K~ (A) whose objects are bounded above chain complexes of projectives, i.e.

D~ (A) ~ K~ (P).

Proof. By duality, we only prove 1).
First, recall that any cochain complex X in Ch™(A) admits a Cartan-Eilenerg resolution X — I with Tot(I)
in KT (I). Moreover, since it is bounded below, this is a quasi-isomorphism and we deduce that

X — Tot(I)

is a quasi-isomorphism VX in Ch*(A). Thus, by Lemma 02 (3.), we deduce that Kt (I) is a localizing
subcategory of K1 (A), and hence by Lemma 0.3. (1.)

QT'IKH(I) = QKT (A) =D (A)
Therefore, now we only need to prove that
K*(I) = Q™' K™ (1)

to conclude. But by Lemma 0.3. (2.), it is enough to show that Q N (I) consists of isomorphisms :
Let X,Y be bounded below cochain complexes of injectives and ¢t : Y — X a quasi-isomorphism. Then by
Lemma 0.10, there exists a map s : X — Y in @ such that

st = Idy

However, since s is then also a quasi-isomorphism, again by Lemma 0.10, there exists a section u : ¥ — X
such that
us = Idx

Putting everything together leads to
u=ust =1

i.e. t is an isomorphism with inverse s which concludes. O

This means that, whenever A has enough injectives (resp. projectives), and we can reduce our work to
complexes of injectives (resp. projectives), then we can always bring it down to the homotopy category

Kt (A).
Remark 5.52. 1) Every short exact sequence
045 B* 5 C* =0

of co-chain complexes will fit into an exact triangle in D(A) that is isomorphic to the strict triangle on w.
Indeed, denote
¢ : Cone(u) — C*

the usual quasi-isomorphism. Then we have the following desired diagram

A o pe v o0 2 A0

d H

A* —“ B* —— Cone(u) —>— A®*[-1],

which leads the claim.
2) By construction of D(.A), we have two useful criteria for "being 0 in D(A)” :
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e A chain complex X is isomorphic to 0 in D(A) if and only if it is exact.

e A morphism f : X — Y in Ch(A) becomes the zero map in D(A) if and only if there is a quasi-

5.8

(iii)

(iv)

isomorphism s : Y — Y” such that sf is null homotopic.

Exercises Week 13

Suppose that F : Kt (A) — K(C) is a morphism of triangulated categories and B is a Serre subcategory
of A (see Exercise sheet 12 for definition and properties). If A has enough injectives, show that the
restriction of RTF to DZ.A is the derived functor REF.

In general we cannot get a unbounded derived functor by taking unbounded projective (injective)
resolutions. Here is a counterexample.

(a) Show that for the R = Z/4Z-module category, the following complex consists of projective objects
and is quasi-isomorphic to the zero complex.

P BZRERBR

(b) Show that P* ® g Z/27Z is not quasi-isomorphic to zero complex.

This shows that applying an exact functor on quasi-isomorphic unbounded complexes of projective
objects can give different result in derived category. Remember that in the bounded case, the result is
determined by Comparison Theorem.

Let F : A — B be an additive functor of abelian categories and suppose A has enough injectives (so
the usual derived functors exist). We let the cohomological dimension of F' be the first n such that
R'F = 0 Vi > n. We make a similar definition when A has enough projectives for the homological
dimension.

(a) Show if F' has finite cohomological dimension, then every exact complex of F-acyclic objects is
an F-acyclic complex.

(b) Show if F' has finite cohomological dimension, RF exists on D(A) (Hint: Consider K’ the full
subcategory of K(A) consisting of complexes of F-acyclic objects in A, and use the Generalized
Existence Theorem).

Consider the derived functor L Tot® (e® B) from D(R-mod) to D(Ab), where R is a commutative ring
and B a cochain complexe of R modules. Show that A®” B is naturally isomorphic to L Tot® (e ® B) A
in D(AD).

Show that the total tensor product may be refined to a functor
®% . D7 (R;-mod-R) x D™ (R-mod-Ry) — D~ (R;-mod-Ry)

in the sense that the diagram

L
D~ (Ri-mod-R) x D~ (R-mod-Ry) ——% 5 D~(R;-mod-Rs)

I L |

D~ (mod-R) x D~ (R-mod) On D~ (Ab)

commutes where the vertical arrows are the forgetful functors. For R a commutative ring, refine it
further to
®% . D7 (R-mod) x D~ (R-mod) — D~ (R-mod)

and show there is a natural isomorphism A ®% B =~ B @% A.
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(vi) If F: K" - K(D),G : K' - K" H : K — K’ are three consecutive morphisms of triangulated
categories, where K C K(A),K' Cc K(B),K"” C K(C) are localizing triangulated subcategories.
Assume all necessary derived functors exist and can be composed. Using the notation of the
composition theorem, show that as natural transformations from R(FGH) to RF o RG o RH we
have (¢.i o C(r.ar = (rc o CFra,H-
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5.9 Derived functors

The motivation behind this chapter is to explore the possibilities for inducing a functor D(A) — D(B)
from a left exact additive functor F' between two abelian categories A and B. The additive criterion
ensures that F lifts to a functor K(F) : K(A) — K(B). However, without exactness of F, we cannot
ensure that K (F') preserves quasi-isomorphisms, which means that D(F') : D(A) — D(B) might not exist.

We recall that we have already defined the right derived functors as follows.
Given an object A € A, and assuming that A has enough injectives, we can find an injective resolution
A — I°® of A, and we set . .
R'F(A)=H'(F(I*)).
In particular this made the right derived functor a universal cohomological §-functor, which is a concept we

will try to replicate in some sense in the following definition.

For the remainder of this chapter we will use K*(A) (resp. D*(.A)) to represent any of K1 (A), K~ (A), or
K(A) (resp. D*(A), D~(A), or D*(A)).
We will also write

a4 K*(A) - D(4)

for the universal functor.

Definition 5.53. Let F': K*(A) — K(B) be a morphism of triangulated categories. A total right derived
functor of F' is a morphism of triangulated categories

RF : D*(A) — D(B)
along with a natural transformation £ : qgF = RFq4

K*(A) —£ K(B)

""l /5/ l

)
D*(A) —=+ D(B)

[

such that if G : D*(A) — D(B) is another morphism with another natural transformation ¢ : ggF = Ggqu
then there exists a unique natural transformation 7 : RF' = G such that the diagram

gl

commutes (in other words, ¢ must factorise uniquely through ¢&).

This notion is similar to the notion of a universal cohomology dé-functor, where the universal property is
the existence and uniqueness of 7.

Mirroring this statement gives the definition of a total left derived functor LF : D*(A) — D(B) with its
natural transformation & : LFqq = qgF.

Remark 5.54. The total right and left derived functors, when they exist, are guaranteed to be unique up
to (natural) isomorphism because of the universal property.

Example 5.55. If ' : A — B is an exact functor, then it induces a functor F' : K(A) — K(B) which
preserves quasi-isomorphisms, so it extends to a functor D(F') : D(A) — D(B).

This gives us a natural isomorphism £ : ggF = D(F)qa. The fact that this natural transformation is
invertible means the universal property is given by ng4 = ¢ 0 =%, making D(F) the right (and left) derived
functor of F.
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Example 5.56. If KT (Z) is the full triangulated subcategory of K (A) of bounded below chain complexes
of injective objects, then we have seen that

qr : K¥(Z) - DT (T)

is an isomorphism.
If F: K*(Z) — K*(B) is a morphism of triangulated categories, we then have that gsFgq;' is the right
(and left) derived functor of F', because

asF = (q5Faz ez
so the universal property is satisfied as in the previous example.
In the following theorem we give a more general condition for the total right derived functor to exist.

Theorem 5.57. (Ezistence Theorem) : Given F : K+ (A) — K(B) a morphism of triangulated categories,
assume that A has enough injectives. Then the total right derived functor RYF exists on DV (A). For any
bounded below complex of injectives I®, we have

RYF(I*) = qgF(I°*).

Proof. We have seen previously that there is an equivalence of categories
T
KT(I) ———— D' (A).
U

where T is the inclusion of K*(Z) in K*(A) composed with the localisation K*(A) — D (A).
This means we have a natural transformation n: 1p+4) = TU.
We define RTF as the composition of the arrows

F|K+(z)

Dt(A) Y KT () K*+(B) - D*(B)

which allows us to use 1 to define £.
For each object X in K (A) we have a morphism 7y, (x) : g4(X) = TUqa(X).
In the previous chapter we have constructed a natural isomorphism

HOIHD(A)(X,I) %'HOH’IK(A)(X,I)
so from nx we obtain fx : X = Uqa(X). Setting
Ex = qsF(fx) 1 qsF(X) = qsFUqa(X) = RTFqa(X)

gives a well defined natural transformation, for which it can be shown that the universal property is satisfied.
O

In fact we can generalise this theorem. Since the proof is almost identical we will omit it.
Theorem 5.58. (Generalised Existence Theorem) : Let K' be a triangulated subcategory of K such that:
(i) for every X € K there is a quasi-isomorphism s : X — X' with X' € K';
(i1) every exact complex in K' is F-acyclic;
then RF : D — D(B) exists, and for every complex of F-acyclics A®, we have
RF(A®) = qF(A*).
Corollary 5.59. If F: A —> B is an additive functor of abelian categories and A has enough injectives,
then for all i and all X we have H'RTF(X) 2 R'F(X).
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Proof. We have R'F(X) = H!(Tot™(F(I))) for some appropriately chosen injective Cartan-Eilenberg
resolution of X, so the definition of RTF (and specifically that of the equivalence U) allows us to
conclude. O

Definition 5.60. For F': KT (A) — K(B) a morphism of triangulated categories, we say that X € KT (A)
is F-acyclic if F(X) is acyclic (quasi-isomorphic to 0), which is to say H*(F(X)) = 0 for all 1.

Example 5.61. Let K’ be a triangulated subcategory of K(A) such that every acyclic complex in K’ is
F-acyclic. If s : X — Y is a quasi-isomorphism in K’ then cone(s) and F'(cone(s)) are acyclic and F(s) is
a quasi-isomorphism since

F(s)* : H*(F(X)) = H*(F(Y))

is an isomorphism.

Since quasi-isomorphisms in K’ are mapped to quasi-isomorphisms in K (B), the universal property
guarantees that there exists a unique Q~'F : D’ — D(B) such that ¢sF|x' = (Q~'F|k/)qx:. This makes
Q~'F|x the right (and left) derived functor of F' restricted to K'.

5.10 The total tensor product

In this chapter we will consider a particular example of a left derived functor. We will consider a ring R and
write A, B to represent cochain complexes of R-modules.

The functor in question is F' : K (R — mod) — K (Ab) which sends B to Tot®(A ®r B).

Using the existence theorem and the fact that R-mod has enough projectives we have the existence of the
left derived functor L™ F : D~ (R — mod) — D(Ab), which we denote

A®1L%o.

Lemma 5.62. If A, A’, B are bounded above cochain complexes and d : A — A’ is a quasi-isomorphism,
then
Aok B~ A @k B.

Proof. The functor A ®§ e must send isomorphisms to isomorphisms, but isomorphisms in our derived
categories are quasi-isomorphisms in our homotopy categories, so we can replace B with any cochain complex
quasi-isomorphic to it.
Therefore we may assume without loss of generality that B is a cochain complex of projectives, because it
is quasi-isomorphic to the total complex of its Cartan-Eilenberg resolution.
Therefore we have

A®L B>~Tot?(4A®gr B)

and
A @k B~ Tot®(A' ®r B)

because exact and flat sequences are acyclic, so Example 1.9 may be invoked.
Now, since A, A’, and B are bounded above, the spectral sequences

EPY(A) = HY(A) ®p BY = HP"(Tot® (A ®p B))

and
EPI(A) = HY(A) @ B” = H""9(Tot®(A’ @R B))

converge.
Since d is a quasi-isomorphism, the induced maps

HY(A)®r B? — HY(A") @ B?
are isomorphisms for all p and ¢, so by the comparison theorem the map
HP*(Tot®(A ®g B)) — HP Y (Tot® (A’ ®r B))
is an isomorphism for all p and ¢, which allows us to conclude, given that we are working in the derived

category D(AD). O

89



Corollary 5.63. There is a bifunctor
e @k o: D™ (mod— R) x D™ (R — mod) — D~ (Ab)
which we call the total tensor product whose cohomology is the hypertor
H '(A®% B) = Torf'(A, B).
The negative index is being used because we have been working with cochain complezes.
If we have a morphism of rings f : R — S, then this induces a functor
f*:R—mod — S —mod,

that sends an R-module A to the S-module A ®p S.
As long as S has finite flat dimension, then f* has a derived functor

Lf*: D(R —mod) — D(S — mod),
for which we can show that there is an isomorphism
Lf*(A) ©§ Lf*(B) = LI*(A®§ B),

as long as R and S are commutative.
This argument involves replacing A and B with complexes of flat modules, and shows that the bifunctor
®1L3 in fact behaves better than ® g in some respects.

In particular, in what follows we will show that there is an isomorphism
Aok (BeLC)~ (Aek B) ok,
which we will do by considering the functors
F(e) = Tot?(A®p )

and
G(e) = Tot® (e @5 C)

and claiming that GF = FG.

Theorem 5.64. (Composition Theorem) : Let K C K(A) and K' C K(B) be localising triangulated
subcategories, and suppose we have morphisms G : K — K', F : K' — K(C). Assume that the right total
derived functors RF, RG, RFG exist, with RF(D) C D'. The following then holds.

(i) There exists a unique { = (p ¢ : RFG = RF o RG making the diagram

Er A

qFG(A) —————— (RF)(¢G)(4)

gFG,AJ/ lSG,A

R(FG)(qA) —aa (RF)(RG)(qA)

commute.

(i) Suppose there are triangulated subcategories Ko C K, K{ C K' satisfying the conditions of the
generalised existence theorem, and G(Ko) C K{. Then ¢ is a natural isomorphism

R(FG) = RF o RG.

Proof. (i) We directly apply the universal property of R(F'G), making £z 4 o p 4 factor through (g a.
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ii) We need to show that éx 4, g 4, EFc a are natural isomorphisms when restricted to Ky and K. This
(ii) Ay GGL A ) P 0
follows from the existence theorem, because if A € K, then

RF(A) = qF(A),

and the same argument goes for G, and FG.
O

Corollary 5.65. Let A, B, and C be abelian categories, A, B having enough injectives, and G : A — B,
F : B — C be additive functors. If G sends injectives to F-acyclic objects then

¢:RY(FG) =S (RYF)o (RTG)

is an tsomorphism.
Additionally, if acyclic complexes are sent to F-acyclic complexes, and F and G have finite cohomological
dimension, then R(FG) exists and

¢: R(FG) = RF o RG

is an isomorphism.
In both of the previous cases, for all A there is a convergent spectral sequence

ER: (RPF)(RIG)(A) = RPTY(FG)(A).
Proof. The spectral sequence comes directly from the hypercohomology spectral sequence
B} : (RPF)(H'(RG(A))) = (RPTF)(RG(A))

since on the second page we have
HY(RG(A)) =RIG(A),

and

RPH(FG)(A) = (R F)(RG(A)).

Consider again a map of rings f : R — .S, which induces the exact functor
fx: S —mod - R—mod

which sends a module B onto itself (to multiply by an element r € R we multiply by f(r)).
If A is a bounded above complex of R-modules, the composition theorem then implies that there is an
isomorphism

Lf*(A) ®% B = Ak f.(B).

Indeed, since we have
[1(A)@s B= A®g fu(B)

when A and B are individual modules (and not complexes), this means that
Lf*(A) ©§ B = L(Tot®(e @ B)) o L(f*)(A)
=~ [ Tot®(f*(e) ®s B)(A)
>~ [Tot? (e @r f.(B))(A)
=A ®é f*(B)

when A and B is are complexes of modules.
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5.11 Exercises Week 14

(i)

(i)

(iii)

Suppose that F : Kt (A) — K(C) is a morphism of triangulated categories and B is a Serre subcategory
of A (see Exercise sheet 12 for definition and properties). If A has enough injectives, show that the
restriction of RTF to DEA is the derived functor REF.

In general we cannot get a unbounded derived functor by taking unbounded projective (injective)
resolutions. Here is a counterexample.

(a) Show that for the R = Z/4Z-module category, the following complex consists of projective objects
and is quasi-isomorphic to the zero complex.

P 3RERLR -

(b) Show that P* ® g Z/27Z is not quasi-isomorphic to zero complex.

This shows that applying an exact functor on quasi-isomorphic unbounded complexes of projective
objects can give different result in derived category. Remember that in the bounded case, the result is
determined by Comparison Theorem.

Let F : A — B be an additive functor of abelian categories and suppose A has enough injectives (so
the usual derived functors exist). We let the cohomological dimension of F' be the first n such that
R'F = 0 Vi > n. We make a similar definition when A has enough projectives for the homological
dimension.

(a) Show if F has finite cohomological dimension, then every exact complex of F-acyclic objects is
an F-acyclic complex.

(b) Show if F' has finite cohomological dimension, RF exists on D(A) (Hint: Consider K’ the full
subcategory of K(A) consisting of complexes of F-acyclic objects in A, and use the Generalized
Existence Theorem).

Consider the derived functor L Tot® (e® B) from D(R-mod) to D(Ab), where R is a commutative ring
and B a cochain complexe of R modules. Show that A®” B is naturally isomorphic to L Tot® (e @ B) A
in D(AD).

Show that the total tensor product may be refined to a functor
®% : D7 (R;-mod-R) x D™ (R-mod-Ry) — D~ (R;-mod-R5)

in the sense that the diagram

L
D~ (R;-mod-R) x D~ (R-mod-R,) — % D~(R;-mod-R,)

I L |

D~ (mod-R) x D~ (R-mod) On D~ (Ab)

commutes where the vertical arrows are the forgetful functors. For R a commutative ring, refine it
further to

@k : D7(R-mod) x D~ (R-mod) — D~ (R-mod)
and show there is a natural isomorphism A ®% B =~ B ®% A.
If F: K" - K(D),G: K' - K'H : K — K' are three consecutive morphisms of triangulated
categories, where K C K(A),K' C K(B),K” C K(C) are localizing triangulated subcategories.

Assume all necessary derived functors exist and can be composed. Using the notation of the
composition theorem, show that as natural transformations from R(FGH) to RF o RG o RH we

have (¢.x o (r.cr = (Fr.c © CFG,H-
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Chapter 6. Exercise Solutions

6.1 Week 1 (by Eric Chen).

1(a). Let i : Z — Q be the natural inclusion. To show that 7 is epi in the category of rings, consider two
distinct morphisms of rings f,g : Q — R to some target ring R. Since f # g, there is some rational number
a/b € Q with a,b € Z such that
f(a/b) # g(a/b)

Suppose towards a contradiction that f and g agree on integers; then multiplying the previous inequality by
f(b) = g(b) gives

f(0)f(a/b) # g(b)g(a/b)
But the LHS of this inequality is f(a), while the right hand side is g(a), so we have a contradiction.
Let 7 : Q — R be the natural inclusion. To show that 7 is epi in the category of Hausdorff topological spaces,
consider two distinct continuous maps f,g : R — X to some target space X, and suppose z € R is a point
for which f(z) # g(x). Since X is Hausdorff, we can find disjoint open sets U,V C X such that f(z) € U
and g(z) € V. Considering their preimages under f o4 and g o i, we see that

(fod) M (U)N(god) (V) = f1(U)Ng~ (U)NQ

is nonempty, since f~1(U) N g~1(U) is an open set containing x, and Q C R is dense (by definition of R,
for every real number x and every open set W containing z, there is always a rational number inside W).
Thus, for any point g € (f 0i)~2(U) N (goi) (V) we have f(q) # g(q), hence foi # goi.
(b). Let f: A — B be a morphism in the category of groups. If f is an injective set map, then for any
two distinct morphisms g1, g2 : C — A we can consider an element ¢ € C' on which g1(c) # g2(c), and the
injectivity of f would imply

fg1(c)) # f(g2(c))

Thus, f is monic. For the opposite direction, suppose f is monic. To see that it is injective, for an arbitrary
nonidentity element a € A, consider the two distinct group homomorphisms

g1 :Z — A defined by ¢1(1) = a and g : Z — A the trivial homomorphism
Since f o gy # f o go, we see that there is some integer n for which f(a)™ # idp. In particular, f(a) # idp,

so f is injective.

2. To see that A’ is a category, the only nontrivial thing to check is that morphisms in A’ form a set.
For this, we consider two functors F,G € A!; by definition, the morphisms between F and G are natural
transformations from F to G, i.e., for every i € I the data of morphisms

n; : F(i) — G(1)
in A satisfying some compatibilities as ¢ varies. But such collections {n;};c; embeds into the set of functions
Fun(I,U;er Hom4(F(7), G(7))

so the collection of natural transformations from F to G is itself a set.
To see that the Yoneda embedding h : I — Sets!  defined by

i+ h; := Hom( -, 1)
is fully faithful, we need to show that the function
n: Homl(i,j) — Homsetszop (hz, hJ)

induced by h is injective, for every pair of objects i,j € I. For this, consider f,g € Hom;(i,j) two distinct
morphisms; then 7(f),n(g) are natural transformations from h; to h; and to show they are not equal it
suffices to present an object k € I such that

n(f) # n(g) as functions h;(k) = Homy(k,i) — h;(k) = Hom(k, j)
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For this, we consider k& = ¢ and the identity map id; € Hom;(4,4). Then
n(f)(idi) = f # g = n(g)(id:)

as we wanted.

3. We aim to show the adjunction between A : A — A! and lim;e; : AP — A, i.e., a bijection between the
sets
Hom 47 (A(a), F) = Hom 4(a, hIIIl F;) (13)
1€

natural in ¢ and F. By the universal property of lim;c; F;, morphisms from a to lim;c; F; is in natural
bijection with the set of morphisms from a to each F;, compatible with the arrows in I. But this is the same
as morphisms from the diagonal functor A(a) to F, hence we have (13).

Dually, we want to see an adjunction

Hom 4 (colim;er F;, a) = Hom 41 (F, A(a)) (14)

and the argument is identical. By the universal property of colim;¢;F;, morphisms from colim;c; F; to a is
in natural bijection with the set of morphisms from each F; to a, compatible with the arrows in I. But this
is the same as morphisms from F' to the diagonal functor A(a).

4. We need to produce an adjunction
Homp(Lz,y) = Hom 4 (z, Ry) (15)

natural in z,y, given the data of natural transformations 7 :id4 — RL and ¢ : LR — idp.
Starting from the LHS, we consider an arrow

(f: Lr — y) € Homg(Lx,y)
in B. Applying R to this arrow gives an arrow
(R(f) : RLx — Ry) € Hom 4(RLx, Ry)
Using 71, we have an arrow 7, : £ — RLx, which we can post-compose with R(f) to obtain an arrow
(R(f)ons : = Ry) € Homy4(z, Ry)

This procedure f — R(f)on, gives a function from the LHS to the RHS of . To see that it is a bijection,
we consider the analogous procedure in the reverse direction:

Hom(z, Ry) > g — €, o L(g) € Homp(Lz,y)
which we claim to be inverse to the first. To see this, we compute

ey 0 L(R(f) 012) = (Lx Y pRLe "B LRy © y>

f

= (Lx Y LRLz % La y) by naturality of € with respect to f
= Lx = y by assumption on 7n

Similarly, we have

R(ey 0 L(g)) o, = xﬂRLx%RLRy%Ry)

(a: Ry — Rny RLRy % Ry) by naturality of n with respect to g
T =

9 Ry by assumption on e

94



6.2 Week 2 (by Qian Yao).

6.2.1 Some properties of abelian category

Recall that in an abelian category (1) every map has kernel and cokernel,(2) monic is kernel of its cokernel,
epic is cokernel of its kernel.
(a) To prove f is monic when 0 — A is a kernel of f, take any object C, and take g1,90 : C — A
two morphisms that satisfy f o gy = f o gs. By abelian group structure of Hom and distribution law,
0=fogi— fogs=fo(g1— g2). By the universal property of kernel, there exists a unique k that satisfy
g1 —ga=hok =0, because h =0. So g1 — g2 =0, g1 = go which proves that f is monic.

0 = ker(f)

¢
k- lh

C ’/.:h —g2 A f B
To prove that f is epi, when B — 0 is a cokernel of f. Similarly take any object C, suppose g1,92 : B — C
two morphisms that satisfy g; o f = go o f, then the universal property of cokernel shows that there exists a
unique k such that g1 — go = ko h = 0. So g1 = g2 which proves that f is epi.

0 = coker(f)
e
C B A

91—92
(b)To prove isomophism, it suffices to construct g : B — A such that g o f = ida. First take coker,im of f

by property (1).

im(f) = ker(coker(f))

A ! B coker(f)

Then since f is monic, it is kernel of B — coker(f), im(f) is also kernel of B — coker(f), by universal
property of kernel, they are isomorphism, and the diagram commutes.

im(f) = ker(coker(f))

A / ]£ coker(f)

Finally, since f is epi and

A — B — coker(f) = A< im(f) = B — coker(f) =0

B — coker(f) =0

By adding idg : B — B, and universal property of kernel, there exists a unique h such that the diagram
commutes.

im(f) = ker(coker(f))

A B coker(f)
Take g =ioh, then go f =ida.
(¢)The induced morphism is given by the universal property of kernel.

im(f)
P £ 2
coker(f)

To prove epi, take any object C' and hy, hs : im(f) — C such that hy o g = hs o g, consider the difference
hy — ho.
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im(f) = ©
A
A~ . p coker(f)

Then take the kernel of h; — hg, since (h; — hy) o g = 0, by the universal property of kernel, there exists a
unique A — ker(hl — hg) such that the diagram commutes.

ker(hy — hg) —>zm )%C

i / l coker(f)

Since i, are both kernels7 they are monics (two morphisms aj,as : C — ker(f), then the uniqueness of
universal property shows that they are the same), and j o4 is monic (easy to check that the composition of
monics is monic by using the definition of monic twice). By property (2), j o4 is kernel of its cokernel. And
because A — B — coker(j o i) = 0, by the universal property of cokernel, there exists a unique

coker(f) — coker(j o i) such that the diagram commutes.

ker(hy — ha) —— im(f) —2=L2 ©

s

A

coker(j o)

Then im(f) = B — coker(j oi) = 0, since j o7 is a kernel, there exists a unique ¢’ such that the diagram
commutes, that is to say ¢ is an isomorphism.

ker(hy — hs) :> im(f) —2=2 5 ¢

coker(j o)
Finally, take idp(s), (h1 — h2) = (h1 — h2) 0 idm(s) = 0, this proves that g is epi.

6.2.2 Functor Category of Abelian Category is Abelian

First check that AZ is additive. For every set Hom 4z (C, D), its structure of abelian group is given by taking
I an object in Z, then (n; + ¢r)(c) :== nr(c) + ¢r(c), and the composition (¥ onr)(c) = ¥r(nr(c)), then the
abelian group structure and distribution law hold by the corresponding properties of A. The zero object is
Z : 1 — A, for any I an object of Z, Z(I) = 04. The product is ' x G(I) = F(I) x 4 G(I).

Then check that A% is abelian. For any map 7 € Hom4z(C, D), take the kernel ¢ € Hom 4z (FE,C) and
cokernel ¢ € Hom 4z(D, F) for any I an object of Z to be: E(I) := ker(nr : C(I) = D(I)),er : E(I) —
C(I) the corresponding kernel morphism, and F(I) := coker(n; : C(I) — D(I)),¢r : D(I) — F(I) the
corresponding cokernel morphism. They satisfy the universal properties of kernel and cokernel just by the
universal properties in .4, and similarly this gives the kernel and cokernel of every map. Monic (or epi) n
in A7 is just to say that for any I an object in Z, 77 is monic (or epi), so by the corresponding condition
of abelian category of A, each 7y is kernel of its cokernel (or cokernel of its kernel), so 7 satisfies the same
condition. So AZ is an abelian category.
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6.2.3 Exactness of Adjoint Functors

To prove that R is left exact, take exact sequence
0—+-A—-B—>C

For any M an object in A, act the exact sequence by functor Homg(L(M),-) which is left exact, this gives
an exact sequence
0 — Hompg(L(M), A) — Homg(L(M), B) — Homg(L(M),C)

Then act by the natural isomorphism 7, this gives an exact sequence
0 — Hom4 (M, R(A)) — Homy (M, R(B)) — Hom4 (M, R(C))

By Yoneda lemma, this shows that 0 — R(A) — R(B) — R(C) is exact. So R is left exact.
To prove that L is right exact, just to take everything in the opposite category. Take exact sequence

0—C?P?— B? — A"

For any M an object in B, act the exact sequence by functor Hom 40» (R°? M, -) which is left exact, this
gives an exact sequence

0 — Hom gon (R°P M, C°P) — Hom aes (R°P M, B°P) — Hom _sor (R M, A°P)
Then act by the natural isomorphism 7°P, this gives an exact sequence
0 — Homper (M, (LC)°P) — Homper (M, (LB)°?) — Homper (M, (LA)°P)
By Yoneda lemma, this shows that 0 — (LC)°? — (LB)°? — (LA)°P is exact. Take the opposite category
again, LA — LB — LC — 0 is exact. So L is right exact.

6.2.4 Five Lemma

To prove this result, it is easier to embed the abelian category in some R-module category to apply diagram-
chasing. This embedding can be realized by Freyd-Mitchell embedding theorem, as long as the category is
a small category.

To reduce to a small category, we try to construct a small abelian category containing all the objects in the
diagram. Take Cy the full subcategory of A which contains objects Sy = {0, A, B,C, D, E, A", B',C', D', E'}.
Then construct C,,41 as full subcategory of A which contains objects

Snt1 = Sp U{ker(f)|f € Homa(J,K), J, K € S} U{coker(f)|

f e Homu(J,K),J,K € S,y U{J x K|J,K € 8,}

Finally get the limit C., which contains objects S, = UnS,, and since S,, are all sets, S is also a set, so
C is a small category. And because C, is full subcategory of A, it is Ab-category, and by the construction,
it satisfies all the conditions of abelian category.

So without loss of generality, assume A is small, so by Freyd-Mitchell embedding theorem, there exists some
ring R, and a fully faithful exact embedding functor 7 : A — R — mod. By this embedding, the monic
(ker = 0), epi (coker = 0) and exact property is just the same to check in a full subcategory of R — mod,
where monic (or epi) equals injective (or surjective) morphism. For any morphism f : A — B, take its kernel
and cokernel, this gives an exact sequence

0 — ker(f) = A— B — coker(f) =0
and then apply i, which is exact, this gives the following exact sequence
0 —i(ker(f)) = i(A) = i(B) — i(coker(f)) =0

This shows that we can check kernel, cokernel and exactness in the full subcategory of R — mod.
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Check that ¢ is monic in R — mod. Va € ', ¢(z) = 0, take the image y of x in D', then d(y) = 0. Since d is
monic, y = 0.
zeC —— y=0
| |
00— 0
By the exactness of the first row, there exists w € B’ such that x is the image of w. Take @ = b(w), then its
image in C' is zero, so by exactness of second row, there exists v € A such that w is the image of v.
w——2zelC — y=0
[
v w 0 0
Since a is epi, the preimage v € A’ of ¥ exists, and the image of v in B equals w, and since b is monic, the
image of v in B’ is w.

v—w ——zelC —s y=0

I

v W 0 0

So x is the image of v, which is zero. This proves that c is injective.

Check c is epi in R — mod. Fix an element 2 € C, it suffices to show that there is a preimage of x in C’.

Take the images of x in D, E, since d is epi, there exists ¢y € D’ such that d(y’) = y, and since e is monic,
the image of ' in E’ is zero, so there exists 2’ € C’ such that its image in D’ is y’.

——y ——0
r——y ——0

Take u =z — ¢(z') € C, its image in D is zero by construction, so there exists w € B such that its image in
C'is u. Since b is epic , there existsw’ € B’ such that b(w’) = w, take its image v’ in C".

U}/—>Ul

|

w——u=z—c(z') ——0
Finally, the preimage of x in C’ is just w’' + z’.This proves that c is surjective.
When a, b, d, e are isomorphisms, by the previous proof, ¢ is monic and epi, so ¢ is an isomorphism.

6.3 Week 3 (by Brian Briod).

(i) Let us consider a sequence of chain complexes :

O e A. e B. Bo O. jo O

To show that the sequence is exact at B, in the abelian category Ch(.A), we need to show that
ﬁo o e = 0o

and that the induced map
Image(ae) — ker(fs)

is an isomorphism of chain complexes. But since

O in An Qp, Bn Bn Cn Jn 0
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(i)

(iii)

is exact in A Vn € Z, we have that
(e 0 Be)n =pofB,=0VneZ
Thus a, 0 Be = 0, Now again by exactness we get that
Image(e)n = Image(ay,) = ker(8,,) = ker(Bs)n, ¥n € Z

hence the induced map
Image(as) — ker(S,)

is an isomorphism.
We check similarly exactness at A, and C, and thus we conclude that the sequence of chain
complexes is exact.

Consider the following diagram :

Dn hn Bn fn Cn
el
hp—1 fn-1
. —— Dy B, 1 Cn,1 _— ...

where f, o h, = g, Vn € Z. Using that f, and g, are chain complexes morphisms we have that
frnei1odoh, =do fpoh,=dog,=¢gp-10d= fpn_10hp_10d
but since f, is monic we conclude that
dohy =hy,_10d
Thus h, is a chain complexes morphism such that fe 0 he = ge.

Without loss of generality we prove for exact rows. First we recall that since D, o is a bounded double
complex, we have

(Tot(Dee))n = @ Dy q

ptg=n

and maps d = d" + d° : (Tot(De e)n — (Tot(Dee))n—1. First we remark that
dod=(d"+d")o (d"+d") = (d"od") + (d* 0d’) + (d° od" +d" 0 d’) =0

by definition of a double complex.
Now by Freyd-Mitchell Embedding Theorem we only need to prove that

Image(d,,) = ker(d,,+1)
in the category of R-modules Vn € Z. We know that
Image(d]!) = ker(d, ) Vn € Z
by exactness of the rows. Also by the previous computation
Tmage(d,) C ker(d,+1)

Thus we only need to show that
ker(d,,+1) C Image(d,,)
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But notice that
a € ker(dp4+1) = a € ker(d; )

but since ker(d",,) = Image(d!) there exists a; such that d"(a;) = o Now using the
anti-commutativity d* o d¥ = —d? o d", we get

ni(a) =0 <= d; Odﬁ(al)zO — —dZOdZH(oq):O

which implies that
—dy 1 (1) € ker(dy) = Tmage(dy; ;)

i.e. again there exists ag such that
h
dn+1(0‘2) = *dz“(o@)

We iterate the argument to construct {oy};>1 such that
dh () = =dj 1 (en) Yn > 1
But since D, o is bounded there must exists m > 1 such that
dyym1(om) =0 = ap =0

Now observe that

dn(z ;) = Zd”(ai) + Zd”(ai) =, + Z d’(ay) + a4+ Zdh(ai)

Which means by definition of {o; }1<i<m
m m—1 m—1

d(Zai) =, + Z d’(a;) + o — Z d’(a;) =a+am =«
i=1 i=1 i=1

which shows that ker(d) C Image(d) and thus concludes.

(iv) (a) We define the double complex D, o with only two non trivial rows B, and C, by :

0 0 0

[ [

d d
e, —— Cp —2= Chy —5— Cpg —— ...

f’nT fn71T fn,72T

—d _
... —— B, ——> B,_1 —— Bp_o —— ...

1 |

0 0 0

where anti-commutativity of the non-trivial squares is given by f being a chain map.

100



Note that equivalently we could define D, , using more explicitly the sign trick :

0 0 0

[ [

d d
— Oy ——= Cy1 —— Cpg —— ...

(*1)"fnT(fl)"*lfn71T (0" fas |

. —— B, —%*sB,, —%5B, 5 —— ...

[ |

0 0 0

(b) Let Aq e be a double complex with maps d o Apg = Ap-1gand dy  + Ap g — Ap 4-1. Using the
sign trick we get a chain complex {A,, q}qu with boundary maps <p. t Ae g = Aq q—1, defined
by

Pp,qg = (- )pdz,q

Now applying again a sign trick to this chain complex {A, 4} ez We define a double complex Ay ,
with maps
v h h
dyy = (=1 epg  dpy=dy,
But
dyy = (=1)Pppq = ()P (=1)Pdy , = dy
ie. A,, = A.. and thus the sign trick is a one to one correspondence between objects of
Ch(Ch(.A)) and double complexes.

(c) We can consider C, (resp. B[—1]s) as a double complex with only one non trivial row in the
following way

0 0 0
SRR
—C, —— Cphqg —— Cp_g —— ...

E

| |

0 0

0 0 0
— B[Tl]n 4, B[Ln_1 4, B[ln_2 —_—
R S
Now for the exactness of the short sequence, we denote
0 Co =25 Dyo —*4 B[~1]s — 0

Setting the indices such that

Cl,n = Cn Dl,n = Cn DO,n = B[_l]n+1 B[_l]o,n = B[_l]n
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And te,e,Te,e are defined as

Idg, ifp=1
lp,q =

Idg, ifp=0
T =
P Idg ifp#0

From point b) this corresponds to a short sequence in Ch(Ch(.A)) using the sign trick. From
exercise 1, we only to check exactness at each non trivial rows i.e.

i.
lin = Ian : Cl,n = Cn — Dl,n = Cn

is an injective morphism of chain complexes.
il.
To,n = IdBn : DO,n = Bn — B[*l]n-i-l = Bn

is a surjective morphism of chain complexes.
iii.
LinOTin = 0 Lo,n © TTo,n = 0

i. and ii. are clear from the definitions of ¢1 ,, and mg .
Finally iii. holds since
o, =0Vn€Z and my, =0Vn € Z

Note that the mapping cone of f : D, := Tot(D, ) is given by :

Do = B[fl]o ¥ Co

_ _dB[fl],o 0
dD7. N ( f[_l]o de)

We check that it is indeed a chain complex :
—d—1jn 0 ) <—d3[1] n—1 0 )
dpnodpn_1= ) )
Din © 4D, ! ( f[_l]n dC,n f[_l]n—l dC,n—l

_ ( dB[-1],n ©dB[~1],n—1 0 ) —0
_f[_”n © dB[—l],n—l + dC,n © f[_]-}nfl dC,n o dC,nfl

with chain map

since fo : Be — C, is a chain map.

6.4 Week 4 (by Milo Nicolas Jacques Blum).
(i) Consider the commutative diagram of R-modules

v ’

A —— B (' 0
N
0 A—tsB-—L,C

We want to show that the sequence

ker(f) = ker(g) LR ker(h) LN coker(f) 2> coker(g) 2, coker(h)

is exact, where a, 8, o, and v are respectively induced by i/,p’,7 and p. These morphisms are well
defined by commutativity of the diagram. Let ¢ € ker(h), by surjectivity of p’, there is b € B’ with
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p'(b) = c. By commutativity of the diagram, pg(b) = hp/(b) = 0, so g(b) € ker(p) = im(i), thus there
exists some a € A such that i(a) = g(b). In order to define d(c) = a, we have to verify that this is well
defined, the only non-canonical choice we made is the choice of the preimage b € B’. Let b,b' € B’ such
that p/'(b) = ¢ = p/'(V'), and a, d’ such that i(a) = g(b),i(a’) = g(b'). Then b — b € ker(p’) = im(i’),
so there exists @ € A’ such that i'(@) = b — b'. We have that g(b — b)) = if(a), so by injectivity of i,
a—da = f(a) € im(f), so 9 : ker(h) — coker(f) is well defined.

We start by showing that ker(8) = im(a). We know that p’i’ = 0, thus Sa = 0 so we just have to prove
that ker(8) C im(«). Let x € ker(8) C ker(g), in particular, x € ker(p’) = im(¢’), i.e. there exists
some y € A’ such that i'(y) = . We know that if(y) = gi'(y) = g(x) = 0, and since ¢ is injective,
y € ker(f). By definition of a, a(y) = x, so the sequence is exact at ker(g).

We will now show that ker(9) = im(8). Let = € ker(g), then
9f(x) = 0p'(x) =i~ gp'~'p(2) = i g(x) = 0,

so im(8) C ker(9). Let x € ker(9) C ker(h), by surjectivity of p’, there exists some y € B’ such that
p'(y) = x. Since pg(y) = hp'(y) = h(z) = 0, y € ker(p) = im(4), so there is some z € A such that
i(2) = g(y). By definition of 9, z 4+ im(f) = 9(x) + im(f) = 0 + im(f), that means that z € im(f), so
there exists a € A’ such that f(a) = z. Moreover, g(y —i'(a)) = g(y) — if(a) = g(y) — i(z) = 0, thus
i'(a) —y € ker(g) and By —i'(a)) = B(y) —p'i'(a) = B(y) = . Therefore, x € im(8), and we conclude
that the sequence is exact at ker(h).

We prove that ker(p) = im(9). Let € ker(h), then pd(z) = gp~!(z) = 0 +im(g) i.e. im(9) C ker(¢p).
Now assume x € ker(p), and let & € A be a residue of x, then (%) € im(g), so there is some y € B’
such that ¢g(y) = i(&). We see that hp'(y) = pg(y) = pi(Z) = 0, thus p'(y) € ker(h), and by definition
op'(y) = x, so x € im(d).

Finally, we prove that the sequence is exact at coker(g). By exactness of the second row, 1y = 0.
Let z € kery and & € B a residue of z, then p(&) € im(h), so there is some y € C’ such that
h(y) = p(&). By surjectivity of p’, there also is some z € B’ such that p’(z) = y. We can see that
p(Z) = h(y) = hp'(2) = pg(z), so T — g(z) € ker(p) = im(7). Let a € A be such that i(a) = T — g(z),
then p(a) =z — g(z) = x + im(g), thus z € im(p). We conclude that the sequence is indeed exact.
Moreover, if ' : A — B’ is injective, its restriction to ker(f) is also injective. If p : B — C' is surjective,
the quotient map coker(g) — coker(h) will also be surjective by definition.

(ii) (a) By the long exact sequence theorem , there is a long exact sequence
coo —— Hpy(C) —— Hu(A) —— Hp(B) —— H,(C) —— Hpq1(A) —— -+

Recall that a complex A is exact if and only if H,,(A) = 0 for every n. If two of the three complexes
are exact, the sequence is of the form

0 0 H,(I) 0 0

where I € {A, B, C} depending on our assumption. By exactness of the long sequence, H,,(I) =0
for every n, which implies that the complex I is exact.

(b) The long exact sequence induced by the short exact sequence
0 — ker(f) — C —= im(f) —— 0

shows that « is a quasi-isomorphism, and the long exact sequence induced by the short exact
sequence

0 —— im(f) ——— D —— coker(f) —— 0

shows that g is a quasi-isomorphism. Thus f = 8 o « is a quasi-isomorphism.
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The converse is false. Indeed consider the following morphism of chain maps

0 0 7z 4,7 0
Ll ol |
0 z 4,7 0 0

The rows are exact, so this is a quasi-isomorphism. The complex of the kernel of this morphism
is given by
0 0 0 Z 0,

which is not acyclic.

(iii) We can easily see that the kernel and the image of the morphism Z/47Z 2 Z/4Z are both Z /27, thus
the homology groups are 0 and the complex is acyclic. Let ¢ : Z/4Z — Z/AZ, the image of -2 is {0, 2},
©(2) has to be even, and -2 sends even number to 0, so -20po-2 = 0, thus this sequence does not split.

(iv) We show that a chain map {s, : C,—1 — D,,} makes the following diagram commutes i.e. f extends
to a map (—s, f) : cone(C) = D

cone(C)py1 —2— cone(C),
J=o) |-
Dn+1 d Dn

if and only if it satisfies f = ds+ sd i.e. f is null homotopic. We recall that the differential of cone(C)
is given by 0(cp, cnt1) = (—d(cn),d(cnt1 — ¢n)). Let ¢, € Ch, a1 € Chryq, then

flen) —ds(en) — sd(cn) = df (ent1) — fd(ent1) + f(en) — ds(epn) — sd(cy)
= d(f(cnt1) — s(cn)) = (fd(cnt1) — flen) + sd(cn))
= (do(=s,f))(cn,cnt1) — (=5, f) 0 8)(Cns Cng1)-
6.5 Week 5 (by Deborah Righi).
Let us consider A, B two abelian categories.

(i) Let S be the category of short exact sequences in A, and § a homological §-functor with additive
functors {7} : A — B};>o.
For i > 0 we call F; the functor S — B which sends the short exact sequence

0>A—-B—-C—0
onto the object T;(C), and the morphism f,

0 A B C
lf2 lfl lfo
A ! o

0

onto the morphism T;(fo) in B.
Similarly we define the functor G; : S — B which sends the short exact sequence

0—-A—-B—-C—=0

onto the object T;(A), and the morphism f,

A B C
lf 2 lf 1 lf 0
A ’ C

0
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onto the morphism T;(f2) in B.
These are both well defined functors since each T; is a functor.
Since for each ¢ > 0, §; assigns to each object

0—-—A—B—-C—=0

in § a morphism T;(C) — T;_1(A), for §; to be a natural transformation F; = G;_; it remains to
show naturality, which is to say that for all morphisms of short exact sequences

0 A B C 0
J{f2 J{fl J{fo
0 A ! c’ 0
the diagram
T(C) 4;(0—+A—B—C—0) T 1(14)
Ti(f2)=Fi(fe) l liHAUM=GFMﬁ)
: N — T /
Tz(C )61'(0—>A'—>B/—>C"—>0)Tz 1(A )

commutes. This is the case because § is a homological d-functor which allows us to conclude.

Suppose first that P, is a projective object in Ch(A).
We then have that P,[—1] is also projective because for any diagram

Po[-1]

|

Ae — B,

the projectiveness of P, means we have a morphism which makes the induced diagram

ngs l

Ag[+1] — Bo[+1]
commute. Taking the induced morphism P,[—1] — A, makes the diagram

PJ-1]
k///

Ay ——» B,
commute.

We can then consider the diagram

T

Cone(P,) —» Po[—1]
where the morphism 7} is projection onto the first element

7y : Cone(Py)y = Py 1 ® Py — Py_1 = Py[—1],,
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and similarly 72 as used below is projection onto the second element.
The projectiveness of P,[—1] means we have a morphism of chain complexes

e : Po|—1] = Cone(P,)
such that m} o ¢y = Idp,[_y).

This identity and 1 being a chain morphism yield the following equalities for all n € Z:

1
ﬂ-n © wn = IdP”71
P Cone(P
wn o dn = dn+1 7 o djn—i-l-

Using the definition of the chain maps for the cone of P, and plugging in the first equation gives

2 P 2 _ sCone(P)
Ty © "/}n o dn =T, ° dn+1 o ¢n+1

P

= 7T72L ° deir: dﬁO—H} © Ynt1

= [Idp, dy 1] 0tnts

= 7771L+1 0 Ypy1 + dfﬂ o 7772;+1 ° P41
= Idp, +d5+107r721+1 0 Ypi1

SO
Idp, = (773 0ty) o df - dfﬂ © (7772L+1 °Yny1)

which means that the identity is nullhomotopic, and P, is split exact.
To show that each P, is projective we fix n € Z and consider any diagram
P,
I
A—T"- B

where 7 is epi, and then construct the morphism of chain complexes

» 0 A Ty 4 0 >
Il
> 0 B Tdn B 0 >

where the chain complexes on top and bottom have non-zero elements only in the (n + 1)-th and n-th
positions, noting that it is epi since 7 is. We also have a morphism of chain complexes

d;, dy, dy,
4 Pn+2 = Pn+1 = Pn Pn—2 4
I e b
> 0 B Tdn B 0 >

which allows us to use the projectiveness of P, to obtain a morphism of chain complexes g, such that
the diagram

ar ar,, 3
4 Pn+2 o2 Pn+1 s Pn & Pn—2 4
l / J{9n+1 f/ J{Qn l
> 0 — A IdA\ A 0 >
J{ fody 1y - - J{
N
> 0 B, p 0 >




commutes. This directly implies the commutativity of the diagram

Py
o
A—— B

and the arbitrary choice of n € Z allows us to conclude.

We have now shown that

P, is a projective object in Ch(A)
= P, is split exact and each P, is projective in A

and go about about proving the converse.
Let P, be a chain complex in Ch(A) which is split exact and such that each P, is projective in A.

Option 1:
P, being split exact means we have morphisms v, : P, — P,,4+1 such that

Ynor0d), +df, o, = Idp,

for all n € Z.
Let us consider two chain morphisms f, and 7,
dt g
>y Al —— Ag —— A4 >
B
» By —— By —— B_ >
1 a8 0 b 1
Tfl Tfo Tffl
y Pp —— Py —— P_ >
1 ar 0 ar 1

where 7, is epi.
The projectiveness of each P, means we have morphisms h,, : P, — A, which make the diagram

P,
V lf
A, —— Bn

commute for each n € Z.
We claim that setting

gn = dﬁ+1 Ohn—i—l Own'i_hnown—l Odf:Pn _>An
for each n € Z will give the identity
fo = Tle O Je-
This is easily verified since for all n € Z we have
Tn © Gn = 70 © (dit1 0 hy1 0 + iy 0 Yy 0 dF)
=d 1 0Mny10hng10Pn + frnothp_10df
= df—u © fat10%n + fnoPp_10 ds
= fn © (¢n71 o drlj + drly,)Jrl o wn)
= fpoldp,
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by using the fact that 1, ¥,,_1 are homotopy maps.

Additionally, ge is a well-defined chain morphism because
d;? O gn = dﬁ o (dﬁJrl o hn+1 o wn + hn o ¢n71 o df)
:dﬁohnown_lodi
= (d;? o hn o 1/Jn71 + hnfl o wn72 o difl) o drlj
= 9gn-10° df:
for all n € Z.

Since the chain complex A, was chosen arbitrarily we conclude that P, is projective.

Option 2:
P, being split exact means we have morphisms ¢, : P, — P,,4+1 such that

Unorodl +dl,, o, = Idp,

for all n € Z.
The existence of such morphisms means that the chain complex is exact and also allows us to construct
the isomorphism

P
|:dn+cllpo ¢":| P, — ker(df) S lm(dvlj)

with inverse
[tn Yn—1] ker(d?) @ im(df) — P,

for all n € Z.
We would like to show that

P P
4 Pn+1 Tt Pn a Pn—l
l |:df+2°wn+1:| l l:df+1°1/’n:| l |:df°wn1:|
dy 1y d;, dy_,
» ker(dh ) ®im(dl, ) —— ker(dl) @ im(d}) —— ker(dl_,) @ im(dl_,) >

is an isomorphism of chain complexes, where the differentials of the chain on the bottom are all of the
0 ¥n
0 0
This is the case because by choosing the ¢,, appropriately, we can use Freyd-Mitchell’s embedding
theorem and suppose that ¢,, is the identity, which then means

form } , with ¢, being isomorphisms given by the exactness of the chain complex P,.

df 0 Yn_1 odP = _dﬁ 0 tPp_1 Odf
. " dy_yody

_ _dﬁ o(Idp, — d§+1 o 1y)
I 0
P

p— i 0 ]

_ [enodl

o | 0

:_0 Pnl g df_,'_loq/)n
0 0 dﬁ ’
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(iii)

Finally, there is an isomorphism between the chain complex on the bottom row and the direct sum
over every n € Z of the chain complexes P(n)

>0 im(d%) o ker(df ) —— 0 >

because the former satisfies the universal properties of the product and coproduct.

This means that it is enough to show that the direct sum is projective, for which it is enough to show
that each individual element in the direct sum is projective.

To this end, fix n € Z and suppose we have morphisms of chain complexes

P(n)
I
A—7— B

where 7, is epi.

Since P, = ker(dl) @ im(dl) is projective, im(dX) must be as well, so there exists a morphism
gn @ im(df) — A, such that 7, 0 g, = f,. Now setting g,_1 = d? o g, o ¢!, and completing
ge : P(n) — A, everywhere else with zero morphisms we have that ge is a well defined morphism of
chain complexes by definition of g,_1, and satisfies e © go¢ = fo. At every index other that n — 1 this
is immediate, and at n — 1 we have

A -1
Tp—199n—1 = Tp—1© dn O gn © @Y,
_ B -1
—d" O7rn097Lo<)O7L
_ 4B -1
_dn Oan(pn
:fn—l

because me and f, are both morphisms of chain complexes.

We therefore have that each P(n) is projective which allows us to conclude.

Suppose that A has enough projectives, and let A, be a chain complex in Ch(A).
For all n € Z we have a projective object P, in A and an epi f, : P, — A,.
These projective objects define a chain complex

>P2@P14>P1€BPO*>PO®P_1 »
0 Id
0 0
Setting @, := P41 @ P, we may call this chain complex Q., and we claim that setting

gn = [dﬁ-&-l ° fnt1 fn} tQn — Ay

with differentials

for all n € Z defines a chain morphism g : Q¢ — As.
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This is the case because

dﬁ ogn = dﬁ o [dﬁle o fn+1 fn}
= [dp o dilyy © far1 dpy o fu]
=[0 difo f]
=

0 Idp,
dote faloly Ti]

= gn-10° dg

Moreover, each map g, is epi, because its second component, f,, is epi. Using Freyd-Mitchell it is
easy to see that any map from a direct sum of two objects to a third object is epi if either of its two
components are epi. Therefore g, is epi in Ch(A).

The maps ¥y, : Qn = P19 P, = Poi2o® Ppy1 = Qny1 given by {Iod 8} are homotopy maps between
the identity and 0 on @,, because

0 _[1d 0
dn+1 o wn - |:O 0:|
and
0 O
Q _
Yn-10diy = [o Id}
S0,

g, = s 0d + %, o .

Finally, using the result of the previous exercise, it remains to show that each

Qn = P,+1 ® P, is projective for us to have defined a projective chain complex @}, and an epi
Go : Qo — A,

This is immediate since each P, is projective.

(iv) Suppose we have the following diagram in A

> Pj Py

=

X
m

— o
o

b

%
3
S

o
=
(en)

» PJ Py Py

O —

where the column is exact and the rows are projective resolutions.
We set P; := P! @ P!’ and use the canonical injection and projection associated to the direct sum to
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extend the diagram

0 0 0 0
LD

> P} P Py A 0
bl
P2 Pl P() A
b bl

> Py P! N 0
|
0 0 0 0

noting that the columns are all exact because A is abelian.
We will now construct the chain maps for P, by induction such that 1s becomes a chain map P, — P,
and m, becomes a chain map P, — P), and P, is a projective resolution of A.
In fact we only have to guarantee the first two conditions because by the long exact sequence of
homology groups of

0— P,—Py— P/ =0

any such chain maps would make the sequence exact.

At step zero we define € : Py — A by setting e = [f} f{/], where f§ =14 0¢€, and f{ is given by the
projectiveness of P, making the diagram

A
foa
0 e lﬂA

-
-

P(S/ 1" A//
€

commute (74 is epi because the column is exact).

f/ f//
For n > 1, we write df] = [7 7,]
In  9n
Considering the diagram
ar’
Pvg, n—1

L,LJ J{Ln— 1
aP

Pn%Pn—l

ﬂnJ/ J/ﬂ'n—l
p

n

/! /!
Pn Pn—l

/

we observe that the top square commutes if and only if f; = d?" and g/, = 0. If this is the case then

the bottom square commutes if and only if g/ = dF”. This means that the diagram commutes if and
"

P/
only if df = {dg dﬁu] for some morphism f,’.
n

We define the morphisms f/ by induction such that dZ o df’_; = 0.

If n =1 then we have df odl_, = [fiod]" fiofi + food]"]. Given that

’ . . . . .
fo=1a0¢€ and that ¢ and df" and consecutive maps in a projective resolution, we need f/ such that

foofn=—f3edi .
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We notice that by definition of f} we have

" P " P
mao(—fgody )=—ma0fyod
"
=" odl

=0
so by exactness of the column in our very first diagram we have a diagram

/"
Pl

1" pl’
//1 _fo Odl
fo
v

that is completed by a morphism f/ by projectiveness of Pj’, since the bottom morphism is epi

because € is.

Suppose now that the morphisms f”_,, ..., f{’ have all been constructed, for n > 1.

P o P —
We have d;, od,_, = S0 we

n—1
0 dP" o d?” 0 0 ’

iy odf dyly o 4 fl g o dﬁn} _ {0 dy_yo fil 4+ fiyodf”
want to find f such that

dt’

n—1

1"
Of//:_// odP.

n n—1 n

By the inductive argument we have that

d o (—fi_yodl)y = —(d yo fi_y)od”

= —(~flp0d ) ody”

n—1
= fr/ffz 00
=0
if n > 2, and if n = 2 we have
vao(dy o(=flody")) = —(taodf o fi)ods”

:_(_ //od{),,)odg,,
= 6100
=0

. ’ 1" . .
which means df_, o (—f/_; 0dr") = 0 since ¢4 is mono.

Therefore by projectiveness of P/ we can complete the diagram

/!
n

" 124
} —fn-10d,
"
ful
~

Py TP, ker(d,lf,_z)

n—1

with a morphism f/’ such that it commutes.

This way we can define all the chain maps, which allows us to conclude our proof of the Horseshoe
Lemma.
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6.6
(i)

Week 6 (by Zichun Zhou).

Use Baer’s Criterion to show that Q/Z is an injective Z-module, and then give an injective resolution
of Z.

Baer’s Criterion: An R-module M is injective if and only if for every ideal J C R, every R-morphism
J — M can be lifted to a morphism R — M.

Solution: By Baer’s Criterion, it suffices to prove the above result for R = Z, J = (n) and M = Q/Z.
= = 1

Given f : nZ — Q/Z, one may construct a Z-linear map f : Z — Q/Z by setting f(1) = —f(n). The
n

linearity can be easily verified as Z is generated by 1 element and it is clear that f = f on nZ. As a
result, Q/Z is injective and one can apply a similar argument to show that Q is also injective, hence

0-Z2—-Q—-Q/Z—0

an injective resolution of Z. O

For A an abelian group, we define its Pontrjagin dual as : A* = Homy(A, Q/Z). Show that when A
is finite, we have (A*)* =2 A, and deduce that there is an equivalence of categories FAb = FADb°P,
where FAD is the category of finite abelian groups. However, find an abelian group such that (4*)* is
not isomorphic to A.

Solution: By classification of finite Abelian groups, we may write A as A = @, Z,. Since
Homp(—, M) commutes with the finite direct sum for R commutative, A* = P Zj_ and it suffices to
prove (Z:)* = Zy,.

First, we show that Z! can be viewed as a finite subgroup of Q/Z, identified with H,, defined as
follows:

H, = {g €Q/Z: qn}

Through direct computation, one can verify that this is indeed a subgroup with respect to addition.
Now consider a linear map ¢ : Z,, — Q/Z. ¢ is uniquely determined by (1) and ne(1) = 0, thus
©(1) € H, and one can check that each element of H, defines a such ¢. As a result, we have an
isomorphism ¢ <> ¢(1).

Next we show that H} = Z,. For each b € H,, one may define an endomorphism
q

. (Py_ kP
k() ik ()= € HaCQ/Z

which is clearly equal to & -id, the sum of k identities in H,,. While k- (—) = (kK mod n) - (—), we may
define a homomorphism F': Z,, — H;: by sending 1 to id.

1
n
is assumed to be a rational in Q in [0,1) instead of an element in Q/Z. G is well-defined as each

equivalent class of Q/Z contains exactly one element in [0,1) and G(0) = 0 trivially. For linearity of
G, pick «, 8 € H*, we have

1
To construct the inverse, for ¢ € H*, consider a map G : ¢ — ni(—) mod n. Notice that here (=)
n

G(a+ B) = n(a+ 5(1/n)) = na(l/n) + nf(1/n) = Gla) + G(B)

Hence G is well-defined. One can easily check that G o F' = idz, and for F o GG, notice that a map
v € H* is uniquely determined by t(1/n) and through direct computation one can see that
©(1/n) = F o G(1/n). This shows that Z,, = H*.

To show that (—)* defines an equivalence, notice that Hom(—, M) defines a contravariant functor,
hence (—)* is a functor from FAb°P onto FAb. However, it also defines a functor from FAb to
FAbL®P: for amap f : A — B, it is sent to Hom(f,Q/Z) : Hom(B,Q/Z) — Hom(A4,Q/Z). By
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(iii)

inverting the arrows, we get a map Hom(f,Q/Z)°P : Hom(A,Q/Z) — Hom(B,Q/Z) in the opposite
category. Thus (—)* defines an equivalence between FAb and FAb®® and (—)* is equivalent to
(=)*°P as (A*°P)* =2 A, which also implies Hom(A4, B) = Hom((A*°P)*, (B*°P)*) on the category of
abelian groups. The isomorphism between ((—)*)*°P and idpaper can be proven analogously hence
we are finished.

To give a counterexample of non-finite abelian groups such that (A*)* # A, we may consider Z. It is
clear that Z* = Q/Z, however Hom(Q/Z,Q/Z) # Z, since otherwise Hom(Q/Z,Q/Z) is generated by
id as a Z-module, yet there exists a Z-linear map that sends g to £, for n an integer. This morphism

nq’

is not generated by the identity since all maps generated by the identity takes the form
p/a—n-p/q O

Let F: A — B be a right exact functor andU : B — C be an exact functor.If A has enough projectives,
show that we have a natural isomorphism :

Li(UF) = U(Li(F))
Solution: Let X € A be an object and P, I X be a projective resolution, then we first show that

It suffices to show that U(ker F'f;) & kerUF f; and U(im F'f;11) = im UF f;11, since then we have
Uker Ff;/im Ffi11) 2 kerUF f;/im UF f; 11 . As the proof is similar we will only prove the case of
kernels. Let f: Y — Z be a morphism in B. Consider the following rows of exact sequences:

0—— 0 —— Ukerf vy Uz
I T
Uy Uz

0—— 0 —— kerUf

The first row is exact by exactness of U and the second row is exact by definition of kernel. The map
g is induced by universal property of kernels and one can verify that the diagram is commutative. By
5-lemma we have ker U f = U ker f. Now we may assume that f = f; and replace Y, Z by FP;11, FP;.
This finishes the proof.

To show that there is a natural transformation between the two functors,given P, Lo X , Qe b—'> Y and
amap f : X — Y(notice that this induces a morphism between the projective resolutions),one needs
to show that the following diagram is commutative:

UL FX) "Dy (L, )

lTX lry

LiFx)" " wFy)

Where 7x, 7y are isomorphisms obtained previously.To do this one may consider the following diagram:

Uker F'f,, 2kerUFf, { L,(UFX)
UF o, i UL, (Fy) L, (UFp)
Uker Fg, = ker UFg, ] Lo(UFY)
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The map UL, (F¢) can be viewed as the natural map induced by UFp,, between the kernels and all
sequares,triangles are commutative except the pair (L,(UF¢) o 7x,7y o U(L,F¢)). But since
q(respectively ¢) is the natural quotient morphism, it is an epimorphism and to verify that
L,(UFyp)orx =71y oU(L,F¢), it suffices to verify that L,(UF¢)oTx oq =Ty oU(L,F¢p)oq. This
can be done through diagram chasing:

L,(UFp)orxoq=L,(UFyp)oi

=joUFyy,

=71y opoUFyp,

=1y oU(L,Fp)ogq
This finishes the proof. O
Let R be a commutative ring, and N an R-module. Show or recall that

—~®pr N : R—Mod — R — Mod is right exact. We denote by Tor’s(—, N) the associated left derived
functor. Find a projective resolution of Z/nZ, and use it to compute Tory(Z/nZ,Z/mZ) for every
1>0and meZ.

Solution: we show that — ® N is right exact. Consider an exact sequence
0= M5 MI M —0
pass this sequence by the functor — ® N, one gets

0=MeN2Y veN 2N "o N =0

To prove the exactness, one may use the following two lemmas:

Lemma 1: For M, N, P arbitrary R-modules, one has Hom(M & N, P) = Hom(M, Hom(N, P)).
Proof: One may construct a pair of isomorphisms between the two Hom modules as follows: for
©: M ®N — P, there is an induced map F(p) : M — Hom(N, P),such that Fp(m)(n) = o(m @ n).
Conversely, given a map @ : M — Hom(N, P), there is an induced map G(v) : M ® N, P such that
G()(m @ n) = ¥(m)(n).One can easily check that the two are well-defined R-homomorphisms that
are inverse to each other.[]

Lemma 2: A sequence M’ Lo M T M7 = 0 is exact if and only if for all R-module N the following
sequence is exact:

0 — Hom(M", N) & Hom(M, N) L5 Hom(M’, N)

Proof: =: The proof is trivial by definition of right exactness.

<: Surjectivity of m: Suppose that m is not surjective then let N = M”/im m, and let ¢ be the
projection onto N, then clearly 0 o m = g o w, hence 7 is not injective, giving us a contradiction;

ker f = im 7: We have im 7 C ker f and it suffices to check that kerm C im f. To do this, first let
N = M/im f and let ¢ be the natural projection, then ¢ o f =0 = ¢ € ker f = im 7. Hence there
isat: M" — M/im f, such that ¢ o™ = . As a result, one has ker 7w C kert) = im f. O

By Lemma 2, to show the right exactness of tensor product, it suffices to show the exactness of the
following sequence for every R-module P:

Hom(M"” @ N, P) = Hom(M ® N, P) = Hom(M' @ N, P) — 0
By Lemma 1, this sequence is equivalent to
Hom(M",Hom(N, P)) — Hom(M, Hom)(N, P) — Hom(M’,Hom(N,P)) — 0

Yet the last sequence is naturally exact since Hom(—, Hom(N, P)) is a left exact functor.
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For the following part the tensor product — ® — is always tensor product of Z-modules unless
specified. Consider the following projective resolution of Z,:

0-2%72—7,—0
Pass it by — ® Z,,,, one gets
0= Zy = Loy — Loy @ Ly — 0

Suppose that m,n are not coprime. Using M/IM = M R/I, one can show that
Ly @ Ly = Lon,/ MLy, = Z)gcd(m,n)Z. As a result, for i > 2, Tor;(Z,,, Z,) = 0; By right exactness we
have Torg(Zn, Zm) = Zged(n,m)- Moreover Tory(Zy,Zy) = ker(-n) ® Z,, More explicitly, we may
write this kernel as {z € Ly, : nx = 0
mod m} = (sem(m,n)/n)Zy, = (m/ged(m,n))Z,, =2 Z/(ged(m,n))Z.

For m,n coprime, since gcd(m,n) = 1, we have mZ, = Z,, hence Z, ® Z,, = 0 and the
multiplication by n is invertible on Z,,. Thus -n is an isomorphism and Tor*(Z,,,Z.;,) =0,Vi >0 O

6.7 Week 7 (by Virgile Constantin).
(i)
o We will prove (a) = (b)) = (¢) = (a).
(a) = (b): Let A be aleft R-module and P, — A a projective resolution of A. By definition the complex
o= P> PPy —>A—0
is exact, so by flatness of B the tensored complex
(Po®B)=---—P,®B—-P®B—FP®B
is exact as well. It follows that the homology groups of this complex are zero and so
Tor®(A, B) = H,(P. ® B) = 0 for every n > 0.
(c): immediate.
(a): Let 0 = M; — My — M3 — 0 be an exact sequence of R-modules and consider its associated
long exact sequence (Tore(—, B) is a homological §-functor)

-+ = Tor1(M3,B) > M1 ® B — My®B — M3® B — 0

where we used that Torg(A4, B) = A® B for all A. Since Tor; (M3, B) = 0 by hypothesis, the
functor — ® B is exact, as desired.

e Using that Tore (M, —) = Le(M ®—)(—) and the long exact sequence for this homological §-functor
associated to the mentioned short exact sequence, we obtain directly from the first part of the
exercise that 0 — Tory (M, B) — 0 is an exact sequence for all R-module M, i.e. Tor;(M,B) =0
for all M. We conclude by the first part.

(ii) Let 0 - M — P — A — 0 be a short exact sequence where P is F-acyclic.

(a) Using the long exact sequence for LJF associated to the above short exact sequence, using that
L,F(P) =0 for all n > 0 and that LoF(B) = F(B), yields directly the statement.

(b) Consider the exact sequence

0 M, 2% p, I p, Doty B g oy g o (16)
and split it into short exact sequences
05K - P 5 K10 (17)
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for all 0 < j < m, where K; = ker f; = imf;11. Note that K_; = A and K,,, = M,,. Using this
and the previous point, we obtain by induction that

LiF(A) = Li—o1F(Ko) 2 Li-1 1 F (K1) = ...
>~ Liom1F(Kp) = Li—m_1F(My,)

for i > m + 2, as desired. When i = m + 1 we use the same sequence of isomorphisms, but use
the previous point in the last step to get:

L1 F(A) 2 2 L1 F(Kyo1) = ker(F(My,) = F(P))-

(¢) Let P, — A be an F-acyclic resolution of A. Split this exact sequence in short exact sequences
of the form for all j > 0 (with the same notations). For ¢ > 1, let m = i — 2 and set
M,, = M;_o = K;_o = ker f;_5 and consider the exact sequence . Applying the previous
point yields that

LiF(A) = L1 F(K;—2) = ker(FK;—1 — FPi_1) (18)

Since F is right exact it preserves cokernels, hence we obtain that
FKiy = F(imf;) = F(P;/ ker f;) = F(P;/imfi11)
= F(coker fit1) = coker(F fiy1)
Continuing the sequence of isomorphisms, it follows that
L;F(A) = ker (FP; /im(F fiz1) = FPi_1) = Hy(FP,)
as desired.

(iii) We use induction to prove that Tor, (A, B) = H,,(F ® B) for all n. For n = 0, we have that F; ® B —
Fy® B— A® B — 0 is exact since ®B is right exact. Therefore we have that

Torg(A,B) = A® B2 (Fy® B)/Im(F, ® B) = Hy(F ® B)
For n =1, let Ky := Ker(Fy — A) and consider the following exact sequences

0—-Ky—Fy—A—=0 (19)
F, - F,—Ky—0 (20)

Using the long exact sequence for Lo(— ® B) on the short exact sequence and using that
Tory (Fy, B) = 0 by the first exercise, we have that

TOI’l(A,B) = KGT(KO ® B — Fy® B)

Using that the image of under the functor — ® B is still exact, the right hand side of the above
equation is
Ker(Fl ® B/Im(Fz ® B) — F() ® B) = Hl(F. & B)

as desired. For n > 2 notice that Fey1 — Kj is a flat resolution of Ky. Hence by induction and using
the dimension shifting exercise on (this makes sense since Fy is flat, thus (— ® B)-acyclic by the
first exercise) we find that

Tor, (A, B) = L,(— ®g B)(A) 2 L,_1(— ®r B)(Ky)
= TOI‘nfl(Ko, B) = anl(F.Jrl X B)
=H,(Fe® B)
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(iv) (a) Since Cp 4 = 0 whenever ¢ < 0 we have isomorphisms at each level

Tot!(C) = [[ Cng0 = ] 2/42

q=0 q=0

Through these isomorphisms, the differentials at each level are all the same and are given by

(aq) 0 (204 + 2%+1)q>0'

Let us show that im(d) = [[ 5, 2Z/4Z. Clearly the left hand side is included in the right hand
side. Now let (aq)q>0 € Hq>0 2Z/47Z. We can build (by)4>0 inductively with ones and zeros by
setting by = % and

b 0 ifag1=0b—1=00r (a1 =2Abyg—1 = 1);
1 if (aq,1 =0Aby—1 = 1) or (aq,1 =2Nbg—1 = 0)

This element is mapped to (aq)q>0 by construction which shows the hint.

Moreover we can easily observe that (a4)q>0 is a cycle if and only if it is a boundary (a, € {0, 2}
for all ¢) or if it is of the form a, € {1,3} for all ¢. Since any two cycles that both fall in
the second case differ by a boundary (an element of [[2Z/47Z), we obtain that the quotient
ker(d)/im(d) = Ho(Tot!1(C)) has two classes (generated by a boundary and by (1,1,...) for
example), i.e. it is isomorphic to Z/27Z.

(b) Since the rows of C are exact, the acyclic assembly lemma shows that that Tot®(C) is acyclic.
Another way of seeing this directly is by observing that the cycles in TotII(C) are either
boundaries, either sequences of elements in {1,3}. Since the latter are not elements of the direct
product total complex Tor®(C), the boundaries are equal to the cycles.

(¢) The same formulas hold in this case, except that the products are indexed by ¢ € Z instead of
positive integers. Again the element z = (...,1,1,1,...) is a cycle, but can’t be a boundary since
those are precisely [, 27/47. Hence the total complex of D is not acyclic. Moreover there is a
chain map Totll(D) — Totll(C) given at each level by (a,)4ez + (aq)g>0- It induces a surjective
map on the 0-th homology groups

Ho(Totll(D)) = Ho(Totll(C)) = 7,/27.
Indeed, the class of the cycle (1)4ez is mapped to the class of the cycle (1)4>0, which corresponds
to the non-trivial element of Z/27.
Lastly, the element (aq)qez defined by a, = 0 for all ¢ # 0 and ag = 2 is a cycle, but can’t be a
boundary. The only preimage of such an element in Totll(D) are of the form
(...,b3,b2,01,0,0,0,...) or (...,0,0,0,b9,b_1.b_3,...) for b; € {1,3}. Those possible elements
are not in Tot®(D), so (a,) is not a boundary and the homology groups are non trivial.

6.8 Week 8 (by Runchi Tan).
(1)(2)

Proof. Through out the exercise, we use d¥, , to denote a horizontal /vertical differential leaving EZ , on page
p. And we’ll apply Freyd-Mitchell Embedding, making each F, an R-module to perform an element chasing
argument. On page 0 we have the following diagram

0 0 1 1
Eyo «— Ei, Eyy ¢« Ej,
0 0 1 _ 0,v 0,v 1
E0,1 <d0‘h, E1,1 E0,1 = Kerdo,1/1mdo,2 A— E1,1

1,1
ldﬁ:‘f ld‘f:‘f l l
0 0 1 1
%
Eyo ‘TM Eio Eq o Ei
1,0
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For example, pick an element o := a2 y € E?

z,y» We can express it as

a=a,,+Im alIJrl y
where a} , € Ker(d} ) Recall that d” is induced taking homology as d" = H.(dg”Z), then
__ gl,h/ 1 0,h (.0 0,v
0= dw,y(aw,y) = dw,y(aw,y) € Im dz,y—Q—l

where o) , = af , + Imd>" i1 for ag € EY . While %" (a2 )

BY_1,11 such that

C ngl’yﬂ, we can find some element

dgfl,y-;-l(ﬁg—l,yﬂ) dOh( xy)

We can define a := o y and b= BY_, y+1- They satisfy the equation by construction. In summary, we’ve
defined a map
Vi E;, = {(a,b) € Ey_1yp1 X Epy | ..}

0 0
@€ Byry « Eoyn

0,
dyy y+1J/ l

0 0
Eaf—l,y o Ex,y 30
T,y

Notation: the three requirement given in the prompt (a) as ~q, ~a, ~s.
We wish to construct a map from

¢ :{(a,b) € Bp1,g11 X Epg | .}/{~1, ~2, ~3) = Ep .

We proceed by picking up an element (a,b) such that 0 = db = d"b + d”a. More precisely, since d’b =
dyv(b) =0, then b € Kerd” and by, , := b+ Im d> i1 € EL . And we notice that b , € Kerd}; " because

T,y

d%,}';(b) dz 1 y+1( ) € Im(da: 1 y+1)

= dyi(b,) =dih(b+Imdyy, ) =0€EL .

Hence b} , € Ker(d}f”Z), then b} , + Im(derl y) € E2 . Hence we can simply define ¢ by

ngl,y+1 X Eg,y > (a?b) (b + Im(d;v y+1)) + Im(d;v+1 y) € E2

According to First Isomorphism Theorem, we’ve constructed a map ¢. It’s surjective by the first part of
the proof. It remains to compute the kernel. Through explicity computations, we can show elements in
~1,~g,~3 will be 0 for each element will either lie in Im(dm’zﬂ) or Im(dIJrl ,)- Hence ¢ induces a map ¢
mapping

(p:{(a,b) € Ep—1,441 X Epyg | ...}/ ~1,~2,~3) = Eg,q‘

Denote 7 as the natural projection from ¢ : {(a,b) € Ep_1 441 X Epq | ...} = (¢ : {(a,b) € Ep_1 g+1 X
Epq| ...}/ ~1,~2,~3), then we can check

ey = id, TP =
And this finishes the proof of identification. O

(b)

Proof. Here I assume the pair (a,b) € E,_; ;1 X qu has properties given by previous part. Since Fe, is
in first quadrant, then on degree n :=p —|— g we have Tot(Fs) is a finite direct sum

P Eo

z+y=p+q
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dO,h
0 a—2,b+2 0
E, 5pi0 E, 5pio D €a—2bt2

0,v
| 20

0 0
<7
Ey_sp1 By 941

a

On E,_1,p+1 we pick a, on E,; we pick b. Because dh(a) = 0, then for E,_5 42 we can pick an element in

€p—2,q+2 € Ker(dg’flb +2) ﬂKer(dg’;?b +2)- Inductively, we can choose a sequence of elements in EY , such that

r+y=p+qand z <a—1. Similarly we can choose some element in another direction where z > a and
+y = p+ ¢. Denote this sequence of elements as | = (eg,ptq; -, @, b, ..., €pyq,0), by construction we have

Ayt (1) = 0(eopq)s -+ 1 d"(a) + d"(b), ., 0(eprq0) =0€ B,

ety=p+q
So I+ Im(d}°) € Hpi4(T), and then (a,b) can determine an element of H,4(T). O
(c)
Proof. We can check (0,d"(a)) € E2_, ,,, by verifying that

d®(0) + d"d"(a) = 0,
d’(d"(a)) = —d"d"(b) = —d"(0) = 0.

It remains to check that all elements given by ~q,~49, ~3 will be mapped to 0 under d defined in prompt.

e For (a,0), notice that d’a + d"0 = 0 implies d’a = 0 while a € E,_1,411, then ~3 implies that
(0,d"(a)) =0 € Ey_5 441-

e For (d"z,d"r) where © € E, ,41. Recall that vertical chains form complex and the square is anti-
commutative, then we have the following

d°(d°(x)) = 0, d*d"(z) + d"d"(x) = 0.

e For (0,d"c) where d'c = 0 for ¢ € E, 114, we have d(0,d"c) = (0,0).

Therefore the formula is well-defined.

(2)

Proof. As usual we’ll apply Freyd-Mitchell to enable us to interpret EJ, as some object in the category of
R-module so that we can perform diagram-chasing arguments. By the result of the first exercise, we can
identify an element of Ef , as a pair of element

(a,b) e E_11 x Epp

such that a = 0 and d(b) = d"(b) = 0. Therefore, the element (0,b) € Ker(dg"'). Any two representative
of the element, (0,b1) = (0, b2), will differ by three equivalent relations. We can easily check their difference
will be mapped to 0 € Hy(Ts o). Therefore we’ve obtained a well-defined map

E§ o — Ho(T).

Conversely, an element of Hy(7T') can be expressed by (a) + Im d{"' where a € Ey is arbitrary. This is
because we're working in the first quadrant and KerdOT"' = Fy,. And we can define a map conversely by

(a) +Imd;** = (0,a) € B3,
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We’ll verify well-definedness: assume a; —as € Im le"’7 then (0,a;1)—(0,a2) = (0, a1 —az) = d*(z1)+d"(z3).
We can express a; — ay as a sum of d¥(az) + d"(a4) where a3 € Ey1 and a4 € Eq . Then apply equivalence
relations ~3, ~4 in first exercise we know (0, a; — a2) will be mapped to 0 and hence the map is well-defined.
We can check either compositions yield identity, therefore

E§ o = Ho(T).
We can obtain the second result by applying Exercise 3 below. O
(3)
Proof.
° E'&l E%,l °

2 2
° E070 E(}30
3,—1

Since on page 2, we only have two nontrivial rows, then:
e differential on page 3 that lands in Eg,b is d2+3’b72 10— Es’b
o differential on page 3 that leaves from E, j is dib tEqp — 0.

And this forces E; , = Ker(d3,)/Image(d3, 5, o) = E2,. Therefore the sequence stablize for any page
r > 5. Assumptlon states that (bounded) spetral sequence converges to H,, therefore we have a finite
filtration

0=FH,C..CF,H,CF,H,C..C F;H,=H,

such that the following holds:
consider H, where a +b = p and b # 0,1. We have 0 = Ef’b = F,H,/F,_1H,. Therefore F,_1H, = F,H,
for all a # p — 1, p. While the filtration is of finite length,

0CF, 1H, C F,H, = H,.

In summary, we have E3 = H,/F, 1H, and E3 |, = F, 1H,. So we have a short exact sequence
0—E} | — H, = E}; — 0. We'll define the maps E} ; | — H, and H, — E}  as the composition of
the trlangle above and below them respectively.

E§_1,1 = E§—1,1/Im(dg,-)

B, = Ker(d2,)/0
And we can verify that

Image(E> |, — Hy) =E,

= Ker(H, — EJ ;) = Ker(H, — E2 ).

Hence the map is exact at H,.
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Hp ~ommmmmee- r Epo = Ep 2. / Hp1

E§72,1/Im(d;27,0) = E372,1 =Fp oHp 1

Again we can obtain similar results for filtration of H,_;. And we can verify that
Image(H, — EIQ,_’O) = Ef;,o = Ker(df)yo)/Image(df,Hﬁl) = Ker(df,_ro)/O = Ker(df,yo),
Image(dio) = Ker(Eg_Q,1 — E§_271/Image(d§,o)) = Ker(Ei_l1 — Hp_q).

Hence we’ve check exactness at Eﬁ’o, E;2772,1~ By induction we can checked exactness at any spot, therefore
we’ve proved the statement as desired.

O

(4)
Proof.

Imdy,, .., — Ker(d) ) —— E}3! —— 0 —— 0

ld;+nq7r+1|h: J/d;vq‘.7§ J{fT J{ J{

, — Ker(dy,) — (E’);:zl ——0——0

Us
Im dp+anr+

Here the isomorphism of first two columns implies the isomorphism of the third column. And apply induction

gives us EpS, ~ (E')>,. O

6.9 Week 9 (by Benoit Cuenot).
(i) Consider the first quadrant double complex C' given by

0 c’ s R — K’
h g f )
K C 3 B A 0

where the rows are exact, and K = coker(f), K’ = ker(«). We know that there exists a spectral
sequence whose 0" page is given by the above diagram (with vertical differentials), and who is
converging to the homology of the total complex H,.(T). Notice that since C has exact rows, the
total complex of C is acyclic by the Acyclic Assembly Lemma. We now compute the pages E}’., Ei.
of our spectral sequence. The first page is given by:

0 «— ker(h) «— ker(g) «+— ker(f) «+—— K’

K <——— coker(h) «——— coker(g) «— coker(f) «— 0
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(i)

Taking homology, we get the second page :

0 \271 E12,2 KE%A
Ef o Efy E3, E3, 0

Now notice that except for E%l and Eg,o, the differentials leaving and arriving at E;q are 0, and
this will remain the same for every page after. Since the sequence converges to 0, this means that

E? = Ex, =0 for (p,q) not (1,1) or (3,0). But this implies that the sequences
ker(h) «—— ker(g) «——— ker(f)

and
coker(h) «——— coker(g) +——— coker(f)

are exact.

We now investigate the map E3 — E7 ,. Its kernel (resp. cokernel) is given by the object Ej , (resp.
E:fQ) of page 3. However, we can argue as before that these are the infinity terms, as no non zero
differentials are ever going to reach or leave them in the later pages. This implies that E;O — EiQ is
an isomorphism. Denote by o : ker(g) — ker(h) and 7 : ker(f) — ker(g) the maps obtained before as
differentials of the first page. We have that coker(o) = E3 ; = E} , = ker(7), so we can glue our two
sequences into the following exact sequence :

coker(o) «———— ker(h) +——2—— ker(g) +———— ker(f)
%)
coker(h) «———— coker(g) +———— coker(f) ¢———= kerr

Denote by ¢ the compositum € o ¢ o 7. Note that ker(§) = ker(n), as €, ¢ are monic (for example
using Freyd Mitchel’s embedding theorem), so that ker(d) = coker(o) by exactness. Similarly, we have
that coker(d) = coker(e€) as 7, ¢ are epic, which in turn implies coker(d) = ker(7). It follows that the
sequence

ker(h) +— ker(g) +— ker(f)

)

coker(h) «———— coker(g) +———— coker(f)
is exact, which is exactly the Snake Lemma.

Let {E},}p.q € Z be a regular upper half-plane sequence with Ep¢ = Z /27 for any p,q with ¢ > 0. Let
H, be the family of objects defined by H,, = Z. Note that for p € Z and F,, = 2PZ, we have a filtration

.. C "H, C FyH, = Hy,

which satisfies F,H,,/Fp+1H, = 2PZ/2PT'7 = 7,/27, = Epg for any p,q with ¢ > 0. In other words,
{E},} weakly converges to H.. Moreover, we see that this filtration is both Hausdorff and exhaustive

UFpHn = U 7, =7, ﬂFpHn = ﬂ 2?7, = 0,
P p=>0 P p=>0
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(iii)

so that {E],} approaches H..
Now we set H], = Zg, where Zy is by definition lim Z/2PZ. Letting F, = 2PZy for p > 0, we find
«—

as before that {E;q} approaches H.. Now it is a classical computation in number theory that we
have an isomorphism Zo/2PZ, = 7,/2P7. Alternatively, it is a consequence of Proposition 10.15 in
Atiyah-McDonald, Introduction to commutative algebra. It follows that our filtration is also complete

lim H,/F,H, = lim Z/2°Zy = lim Z/2"Z = 7.
— — —
As {E},} is regular, we deduce that { £} } converges to H, as wanted.

Let n > 2, and suppose the following is a Serre fibration

F L B u Sn.

We saw in class that there exists a first quadrant spectral sequence whose second page is given by
E2 = Hy(S™, Hy(F)) and which converges to H,14(E). We first compute these E , more explicitly.
First, it is a classical result from topology that the p** homology group of the n-sphere is given by :

Z p=0,n

(s = sz = { ¢ 0

By the Universal Coefficient Theorem for Homology, we deduce that for p > 1 :

HQ(F) pZO,TL

0 else. ’

Hy(S", Hy(F)) 2 Hy(S™) @ Hy(F) @ Tor{(Hy-1(S"), Hy(F)) = {

where we have used that the Tor term is always 0, as H,,(S™) is either 0 or Z (which is a free Z-module,
and thus in particular flat). On the other hand, when p = 0, we have

HO(Snqu(F)) = Hq(F)NO(Sn) = Hq(F)-

We have just proven that the p** homology group of S™ with coefficient in any abelian group G is given
by G when p =0 or n, and 0 otherwise. We deduce that the only now zero entries of the second page
of the Serre spectral sequence are located in the 0" and the n'" columns, where E§ , = E2 | = Hy(F),
for ¢ > 0. Inspecting the shape of the differentials in the next pages, we see that the only differentials
whose domain and codomain are both non zero are located on the nt" page :

dy g By g =He(F) = Hypqa(F) = Efp, 40

Since 0 and n are the only two non zero colums and the differentials on the later pages are always the
zero map, we see that

n _ n+l __ oo n \ _ n+l _ 100
ker(qu) =B =E7, coker(dnq) =Egnig-1= Eomiq-1-

It follows that the sequence

0 Es?q Hq(F) — Hn+q71(F) — Eg?n+q,1 Emd 0

is exact.
Now since our sequence converges to the homology groups of E, we have isomorphisms :

Ezzoq = FpHp+q(E)/Fp—al+q(E)a

for some filtration
e © FpHpyq(E) C Fypp1Hpig(E) C© ... C© Hpyq(E)

of Hptq(E). We will now use the convergence of our spectral sequence to deduce some information on
this filtration. Indeed, for p # 0,n, we know that

FpHp+q(E)/Fp—1Hp+q(E) = E;g,oq = Eﬁ,q =0.
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Now by definition of convergence, the filtrations (F,) are Hausdorf, so that
F,H,,,(E) = F_1H,.,(F) for all ¢ < 0 implies that all these terms are zero. Since it is also
exhaustive, we deduce that F;Hp,(E) = Hpie(E) for every ¢ > n. Using additionally that all
F;H,,(FE) are isomorphic for i =0,...,n — 1, we deduce that the filtration is of the shape

0= F—al+q(E) < Fal-i—q(E) = F2Hp+q(E)~-~ = n—al+q(E) < Fan-i—q(E) = Hp-i-q(E)'

In particular,
Ex = H,(E)/FoHy(E), Eg, = FoH,(E)

n,g—n

so that

0 Eg, Hy(E) — E, ., —— 0

is exact. Combining these two sequences with the“edge map” ¢, : Hy(F) = Ej§ , - Eg°, € Hy(E) (see
Addendum 1 to Theorem 5.3.2 in Weibel), we get the Wang sequence. The construction is summarized
by the following diagram, where the Wang sequence is given by the middle row :

0

I

o H(F) B 0 — BX, , — Hy 1 (F) =2 Hy y(F) — B35, —— 0

n,g—n

| I | |

Hy(F) = Hy(E) —— Hqa(F) —— Hy1(F) =

H J H

2 fe'e) 2
Eqq Egy Eq

|

0

q—1

Let n > 2. As seen in class, the following is a Serre fibration :

Qsm PS" Ty 5,

We then have the following long exact sequence (see paragraph before Theorem 5.3.2 in Weibel) :
o — 1 (S") —— m(QS") —— m(PS™) —— m(S™) —— ...

Since PS™ is contractible, we have that m(PS™) = 0 for every k > 0. By exactness, this implies that
7 (Q2S™) & 741 (S™) for every k > 0. On the other hand, we have that

Ho(Q8™) =2 775" =2 zm(5") = 7,

We will now recall a fundamental theorem of topology due to Hurewicz (Theorem 4.32 in J.Hatcher,
Algebraic Topology) :

Theorem 6.1. Let X be a path-connected space satisfying m,(X) = 0 for every k <mn. Then H;(X) =0
for every 0 < i < n, and m,(X) = H,(X).

Now it is a classical result from topology that the homotopy groups of S™ are zero for k less than n.
Combining Hurewicz theorem and the last exercise, we deduce that m,(S™) = Z. This means that
e (2S™) is 0 for 0 < k < n — 1, and m,_1(25™) = Z. Applying Hurewicz theorem, we have obtained
so far that

Z k=0, n-—1

Hi(025 ):{ 0 0<k<n-—1
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For higher dimension, we use the Wang sequence. Once again, we have that H(PS™) = 0 for every
k > 0. This implies that for £ > n — 1, we have

Hp(28™) = Hy_(,—1)(Q25™).
We deduce immediately from this that the k£ homology group of the loop space is isomorphic to the
k& one, where kg is the unique integer 0 < ko < n — 1 satisfying kg = k mod n — 1. By the first part,
we deduce that

" Z if (n—1 k
Hk(QS):{O els(e )|

9

which concludes.

6.10 Week 10 (by Héloise Mansat).

Throughout, we will abreviate Cartan-Eilenberg resolution as CE-resolution.

(i) (a) Consider the commutative diagram with exact column

- —— By(P,d"); —— B,(P,d")y ——— im(d}, ) = B,(A)

- —— Hy(P, d"y, —— H,(P, d"yy — Zp(A)/Bp(A) = Hp(A)
0

where the rows are projective resolutions of B,,(A) and H,(A). By the Horseshoe Lemma (Exercise
5.4), we can assemble a projective resolution of Z,(A)

By(P,d")e ® Hy(P,d")e = Z,(A)
where the right hand column lifts to an exact sequence of chain complexes
0 —— By(P,d")e —— B,(P,d")e ® Hy(P,d")e —— H,(P,d")e — 0 .
On the other hand, for every n, the SES in A
0 —— By(P,d"),, — Z,(P,d"),, —— H,(P,d"), —— 0
is split, because H,(P,d"), is projective. Therefore, Z,(P,d"), = B,(P,d"), ® H,(P,d"),. We

conclude that
Zy(P,d")e = Zy(A)

is a projective resolution.

Similarly, since Z,(P, d")e — Z,(A) is a projective resolution for every p, we apply the horseshoe
lemma to the commutative diagram with exact columns
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- — Zy(P,d")y, ——— Z,(P,d")y ——— ker(d;‘) Z,(A)
AP
dy)
- —— B, 1(P,d"); —— B,_1(P,d")y — im(d,) = B,_1(A)

A similar reasoning allows us to conclude.

(b) Provided that A is a small abelian category, we may assume by Freyd-Mitchell’s embedding
theorem that A is the category of R-modules for some ring R. We apply a similar reasoning as
in the proof of theorem 2.7.2.

Consider A, = A, viewed as double complex concentrated in degree 0. We start with the CE-
resolution P, ¢ — A, and consider the augmented double complex C’ by adding the shifted double
complex A[—1], in the row ¢ = —1.

A

d
Poo ¢ e P10 Ppo Ppir0 ¢—— -
| S
Ao Ay A, Apis

We notice that € : Tot® (P, o) — A has mapping cone
Cone(e) = Tot(C").

Using corollary 1.5.4, € is a quasi-isomorphism if and only if Cone(e) is exact. But by the Acyclic
assembly lemma (Lemma 2.7.3), since C” is a right half plane complex with exact columns (since
there are projective resolutions by part (a)) we conclude.

(ii) We construct the induced map f : Poo — Qo0 as follows. We begin by constructing chain maps
f i Ppe —+ Qpe between the p-th columns of P, 4 and Q. . then verify that they assemble to a double
chain complex map f. Consider the following commutative diagram

0 —— Z,(A) —— A4, N By,_1(A) — 0

Lo b
0 —— Zy(B) —— By, —— Bp-1(B) —— 0

where g = fplz (a) and h = f,_1|p,_,(a). By the Comparison theorem (Theorem 2.2.6), the maps h
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and g can be lifted to chain complex maps (red arrows in the diagram below).

dh
0—— Zp(P, dh). P, e Bp,l(P, dh) — 0
H.l l(;.
0 —— Z,(Q,d") Qp.e o B,—1(Q,d") —— 0
P

We build a lift F, of f, out of He and G,. Recall that since Z,(P,d")s and B,(P,d")s are projective
resolutions, the rows of the commutative diagram above are split exact so that

Py = Zp(P, dh) ® Byp-1(P, dh) and Qp.e = Z,(Q, dh) ® Bp-1(Q, dh)~

Since se work in the ¢ direction, we will alleviate notations by writing
z¥ .= 7,(P,d") and Z° := Z,(Q,d")
B? .= B, 1(P,d") and B? := B, 1(Q,d")
Claim 6.2. We can construct a maps 7, : Bf — Zg) so that the following maps assemble to a chain
map F, := {F,},
=y Gq.q@qeq@q.

In other words, for any (z,b) € Z(f @ Bf,

Fy(2,0) = (Hy(2) +74(b), G4(b))-

Sketch of proof. The proof is similar to the inductive construction of v, in Theorem 2.4.6. Simply
replace P, with ZF P! with BY and the maps F!, with H,,, F! with G,,. A

Uisng the claim, we get a collection of maps Fj, : Ppe — (pe. It remains to prove that we can
assemble them to a double chain complex map. Recall that we have shown in Exercise 10.1.(a) that
e Ppe — Ap and 1, 1 Qpe — B are projective resolutions, this yields the following commutative
diagram,

=Zp-1(P,d")e
gh ———
- Zpy(P,d")e = Pye 5 By 1(P,d")e & Py_1.6 = Zp o(P,d")e » ---

N O N P

e Zp(Qadh) - Qp,o (7; Bpfl(Qadh)o - prl,o - Zp72(Qudh>o -
P N——
=Zp_1(P,d")e

This allows to conclude that f = {Fp}p : Poe = Qe is a double chain complex map that lifts
f:P—=Q.

(ili) (a) Suppose that A is concentrated in degree 0. Then the CE-resolution of A is supported on the
single column p = 0. In particular,

L;F(A) = Hi(Tot®(F(Ps))) = Hi(F(Pye)) = LiF(Ap).

where the last equality follows from the fact that Py — Ao is a projective resolution.
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(b) Let Ay € Ch>((.A). On the one hand for all ¢, by definition
L;F(As) = H;(Tot®(F (P, 4))
where P, o — A, is a CE-resolution of A,. On the other hand,
LiHoF(AJ) = HI(HSF(Pa2)) % HNFHY(P,)).

The equality & follows from the fact that F is right exact and P, ¢ — As is a resolution. Indeed
this implies that Ho(F'(Pe,e)) = F'(A.). On the other hand, Hy(P, o) = A,. We conclude by
unicity of the cokernel.

Henceforth, we write P := P, ,.

Claim 6.3. Tot®(P) is chain homotopy equivalent to Hy(P).

Proof. Consider the spectral sequence associated to P
I v
E, =HIHY(P) = Hpyq(Tot®(P).

Since P is a CE-resolution, it has exact columns and in particular, HZ}}H(}’(P) =0 for all ¢ > 0.
Therefore page 2 of the above spectral sequence collapses on the single row ¢ = 0 and we conclude
that Vi > 0

HMHY(P) =" E2) = TEy = Hy(Tot® (P)).

This shows that Tot®(P) is quasi-isomorphic to Hy(P). But since Tot®(P) and Hy(P) are chain
complexes of pointwise projective objects, there are in fact chain homotopy equivalent (see for
example Lemma 10.4.6).

A

It follows from the claim and the fact that F' is an additive functor (as it is right exact) that
F(Hy(P)) and F(Tot®(P)) = Tot®(F(P)) are chain homotopy equivalent. This latter conclusion
yields the desired isomorphism
L;HyF(A) = H;(FHy(P))
= H,(Tot® (F(P)
=L'F(A).
(c) Let A € Ch(A) and let P, o be a CE-resolution of A. Consider the shifted complex A[n]. Then

the double complex obtained by shifting the columns of P,,, denoted P[n,0l,, is a
CE-resolution of A[n].

On the other hand, note that for all &
(Tot®(P[n,0))), = €D Pln. 0l

i+j=k
B Piin;
i+j=k

D r
i'+j=k+n
= ((Tot® P)[n])

P

We conclude by dimension shifting

L;F(A[n]) = H; (Tot® F(P[n,0])) = H; ((Tot® P)[n]) = Hitp (Tot® P) = Ly, F(A).
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(iv) Consider the short short exact sequence associated to the cone A

0 AO A Al[—l] — 0.

Using Lemma 5.7.5, there is a long-exact sequence

But,

by Exercises 10.3.c then 10.3.a, for any integer k,

L1 F(A[~1]) = L F(Ay) = L F(Ay).

Similarly

Lo F(Ao) = LiF(Ag).

Substituting these in the above long exact sequence yields

(v) For the morphism of rings f : X — Y and the Ox-module F, consider the associated Leray spectral
sequence

(a)

EY = HP(Y,RIf. F) = HPTY(X,F).

The condition that R?f,F = 0 for every ¢ > 0 implies that page 2 of this spectral sequence is
supported in the single row ¢ = 0.

0| H(Y,R°f.F) H'(Y,R'f.F) H*(Y,R°f.F)

Using bounded convergence, we conclude that for every p > 0
HP(X,F) = 20 = E20 = HP(Y, f.F).

Remark 6.4. In algebraic geometry, the condition that R?f,F = 0 holds for example when f is
affine.

Remark 6.5. We correct the assumptions in the statement of the exercise. We assume that
H?(Y,R1f.F) =0 for all p > 0. In algebraic geometry, these condition is satisfied for Y an affine
scheme for example.

The condition that HP(Y, R1f.F) = 0 for every p > 0 implies that page 2 of the Leray spectral
sequence is supported on the single column p = 0.
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2| HO(Y,R*f.F)
1| HYY,R'£F) 0 0

0| HYY,R°f.F) O 0

Since at each pages, the differentials going in and out of the complexes in the single column have
either 0 source or target, we conclude that for every ¢ > 0, by bounded convergence

HY(X,F) = FE% = By* = HO(Y, R f,F).

2| HO(Y,R2f.F)
1| HO(Y,R'f.F) 0 0

0| H(Y,R'fF) HYWY,R'f.F) H*(Y,RIf.F)

where Qo o — A is a projective resolution of A.
Consider the spectral sequences E, E’ associated to F(P, o) and F(Qa ) respectively:

'E} = HYHY(F(P)) = Hyyq (Tot® F(P))

"B = H'H!(F(Q)) = Hpiq (Tot® F(Q)).
We construct a morphism of spectral sequences f : E — E’ as follows. On page zero, a morphism fqu :
F(Py4q) — F(Qp,q) is given by lifting the identity id4, : A, — A, which produces a morphism f, o : P, o —
Qp,e- We then set, [0 = F(fyq).
On the next pages, functoriality of H(_) yields morphisms from the ones contructed on page zero.
As P is a CE-resolution, the columns of P are projective resolutions of A. Since the columns of @) are also
projective resolutions of A Lemma 2.4.1 implies that H;(F(P)) = H,(F(Q)). In particular, on page 1 we
get an isomorphism

P Ezlhq = Ezlil,q

for all p, q.

Therefore, by the Comparison Theorem (Theorem 5.2.12)
h: H;(Tot® (F(P))) = Hy(Tot® (F(P))).
Now consider the following claim.

Consider the following claim.
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Claim 6.6.
HY(F(P)) 2 FH"(P).

Proof.

Now consider the spectral sequence associated to the double complex F(P, o)

"E2 — H,, (Tot®(F(C)).

p.q

Using the lemma, we get that for any p and ¢ > 0,

H'HY(F(P)) = H)FH!(P) = H,F(0) = 0.

Therefore, page 2 of the spectral collapses on the single row ¢ = 0. This yields
Consider the following claim.

Claim 6.7.
HY(F(P)) = FH"(P).

Proof.

Now consider the spectral sequence associated to the double complex F(P, o)
I
E}, = Hpyq(Tot®(F(C)).
Using the lemma, we get that for any p and ¢ > 0,

H'HY(F(P)) = H)FH}(P) = H,F(0) = 0.
Therefore, page 2 of the spectral collapses on the single row ¢ = 0. This yields

LHoF(A) = B2,
="E%
~ {,(Tot® (F(C))
=L'F(A).
Proof of Claim[6-3 We construct v inductively via successive lifts.

Write
Py, :=PF,..

Qe :=Qpe-
n:=FPyo— A4,
€ = Z,(e) : Zy(P, d")o — Zy(A)
¢’ := By(€) : By_1(P,d")o — B,_1(A)
€:=Qpo— By
n' = Zy(e) : Zp(deh)O — Zp(B)
1" = By(e) : Bp-1(Q, d")o — By_1(B)
f=1p
Construction of 7. In order for F' to be a chain map, we need on level 0 that (nFy — fe) =0

(nFofe) = 0.

The only obstacle is on Bf coordinate. Cosnider the following restrictions:
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6.11 Week 11 (by William Ballard and Dév Vorburger).

(i) (a) It suffices to show that d?;{ ld?yl = 0 for any integer n. The matrix of this composition is given by

dgtt idge+: 0 | [dE idgesr O
0  —dit? 0 0 —dyt o
0 _fn+2 d7é+1 0 7fn+1 dg
e
- B B
0 fn+2d%+1 _ dTCLr+1fn+1 dTCLrJrldgv

The matrix in the second line is 0 because B and C' are cochain complexes and f : B — C is a
morphism of cochain complexes.
(b) The chain maps f,g : B — C are chain homotopic if and only if there are maps {s" : B"*! —
C"} ez such that

dTCL;Sn 4 SnJrld%Jrl _ fnJrl o gn+1

for all n € Z. Meanwhile, (f, s, g) : cyl(B) — C is a morphism of cochain complexes iff

(f"+1, Sn+17gn+1) ?yl _ dg(f?l,’ sn,gn)
dn  idgess 0
[fn—&-l Sn-i—l gvn+1] 0 —d%+1 0 —_ [dg} [fn " gn]
O —idBn«l»l d%

1 T T
fnJr d%l dréfn
1 1gn 1 —
fn+ _ Sn+ dB _ gn+ — dgsn
1.jn
gn+ d% dgg7b

for all n € Z. The first and third components of this matrix equation hold because f and g are
morphisms of cochain complexes. Thus, there exists a family of maps {s" : B"*! — C"},¢z such
that (f,s,g) : cyl(B) — C is a morphism of cochain complexes iff there exists a family of maps
{s": B"*! — C"},cz such that

dgsn + 8n+1d%+1 _ fn+1 _ gn+17

i.e., iff the maps f,g: B — C are chain homotopic.

(¢) We have fa = idp, thus to show that « is a chain homotopy equivalence, it suffices to show
that af8 is chain homotopic to id.y ). For each integer n, we define s™ : cyl(B)" ™ — cyl(B)™ by
s™(b',0",b) = (0,b,0), i.e., s can be represented by the matrix

0 0 0
s =10 0 idBn+1
0 0 0
We just have to confirm that df,; )s" + s"‘*‘ld?;{(lB) = ot —id gy (pyn+1 for any integer n. Since

aB(t',b",b) = ad +b) = (' +b,0,0), we can represent a”T!3"+1 by the matrix

idBn-f-l 0 idBn+1

amtlgntl—1 0 0 0
0 0 0
Thus
0 0 id gt
"B —idy gy = |0 —idgnse 0 ) (21)
0 0 —idgn+1

133



Also, we have

n n n+1 jn+1
dcyl(B)s ts * dcyl(B)
[d}  idgntr O At idgese 0
=10 —dy' o|s"+s"T] 0 —dpt? 0
| 0 —idgnt1 df 0 —idgnt> di™!
(0 0 idgnis 0 0 0
=10 0 —djt" |+ [0 —idpus2 dpT!
0 0 —idgn+ 0 0 0
= an+1/6n+1 — idcyl(B)n«i»l,

by (21), as needed.

(d) As before, we have Sa’ = idpg, thus to conclude that o is a chain homotopy equivalence, it suffices
to show that o’f is chain homotpic to idcy(py. Since K(A) is a category, we know that composition
of morphisms is compatible with chain homotopy. Thus:

O/B ~ idcyl(B)O/ﬁ ~ (aﬁ)alﬁ ~aff ~ id—cyl(B)v
as needed.

Now we wish to find maps {t" : cyl(B)"*! — cyl(B)"},ez such that

d?yl(B)tn + tn+1d?;q(1B) = (O/)n-"_lﬂn-H — idcyl(B)"+1- (22)

Define a chain map ¢ : cyl(B) — cyl(B) by ¢"(z,y,2) = (—2,y, —) for ¥,z € B" and y € B"™!. This
is in fact a chain map because

[dn idgas 0 0 0  —idgn
diype" =10 —dgt 0 0  idgnn 0
0 —idpen dy| |—idge 0 0
[0 idgrny1  —dB
=0 —dgt 0
—dn —idgaa 0
[0 0 —idgnt1] [dy  idgntr O
= 0 id gn+e 0 0 —ditt o
__idBn+1 O 0 0 _idBn+l d%
= "2 By
We also note that (i) wp = idey(p), (i) pa = —a’, and (iii) By = —B. Recall that the maps
{s™ : cyl(B)" ™! — cyl(B)"} ez from the previous subexercise of this problem satisfy for all n € Z:
deyim)s” + 8" A () = T — idep
dgyuB)(‘PnSn@nH) + (SﬁnHSnHSﬁnJrQ)d?;T(lB) = (a/)"Hipntt — ideyy(Byn+1-

Thus if for each integer n we define t* : cyl(B)"*! — cyl(B)" by t" = ¢"s"p" ! then the desired
equation is satisfied. Specifically, for z, z € B"*! and y € B"*2, we have

tn(zvyvz) = @nsn(i'zayv 793) = (pn(o, 71770) = (Oa 711770)'

(ii) (a) We first determine the mapping cone cone(04) of 04 : A — A. The object in degee n of the complex

cone(04) is A" @ A", and the differential d" : cone(04)™ — cone(04)""! is defined to be

d" = (~dyH ). (23)
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Recall that the translate A[—1] has nth object A[—1]" = A"*! and nth differential —d’;*'. Thus
cone(04) is precisely the cochain complex A[—1] @ A. Tt follows that we have a strict (and therefore
exact) triangle

Al-1 oA
o N

Next, we find an exact triangle for the identity morphism 14 : A — A. The mapping cone cone(14) of
the identity on A is by definition the cone cone(A) of the complex A. In Week 4 (cf. Proposition 3.9
of Week 4’s lecture notes), we saw that cone(A) is split exact and therefore contractible. Hence there
is a homotopy equivalence h : cone(14) — 0°, where 0° is the zero cochain complex. Thus we have a
diagram

A A.

A4 A 0° A[-1]

b b

A2 A —— cone(1y) —— A[-1],

in which the vertical maps are homotopy equivalences and each square commutes up to homotopy. We

conclude that the triangle
0.
A ta g

is exact.

(b, i) We first assume that the triangle (u,v,w) on A, B,C is the strict triangle on u : A — B, i.e.,
C = cone(u) and v : B — cone(u) and w : cone(u) — A[—1] are the usual maps. We want to find a
homotopy equivalence 3 : A[—1] — cone(v) such that we have a diagram

—

1 lﬁ ll (24)

)

B—vs 0 v A1 U gl
B —25 C —*“ cone(v) —— B[-1]

that commutes up to homotopy, where the bottom row is the strict triangle on v : B — C. We first
clarify what the complex cone(v) is. Its nth object is

cone(v)” = B"" @ C" = B"*! @ cone(u)" = B"*' @ A" ¢ B™,
and its nth differential is

gt 0 —dgtt 0 0
ar = |:U7§+1 :| = 0 —dz+1 0

n
dcone(u) —idgn+1 _ynt1 d%

Define 3 : A[—1] — cone(v) by letting 8" : A"+ — cone(v)™ be the morphism 8% = (—u"*!,id ynt1,0)
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for each n € Z. This is a chain map because for any n:

By = —pr T
r, n+2 n+17
U df1
_ n
= _dA
L 0 -
_d%+1un+1_
_ n—+1
= 7dA
0

[ —dtt 0 07 [—urt?
= 0 —d%t 0| |idgen
_—idBn+1 _un+1 d% 0

= d::Lone(v) Bn .

Next, define «y : cone(v) — A[—1] by letting ™ : cone(v)™ — A™*! be the morphism 7" = (0, id gn+1,0).
This is a morphism of chain complexes because

)" = (0,—d%*,0)

—dytt 0 0
= (O’ idA7l+2, O) 0 _dz+l O
—id3n+1 —u”“‘l d%
_ n+lgn
=7 dcone(v)'

Moreover, we have 3 = ida[—1), thus to show that § : A[~1] — cone(v) is a homotopy equivalence,
it suffices to show that 8y is homotopic to the identity on cone(v). For each integer n, define s™ :
cone(v)" ™ — cone(v)"™ by (x,y,2) — (z,0,0). Then:

n n n+1 jn+1 _
dconc(v)s +s dcone(v) -
—digtt 0 07 [0 0 idgnn
0 —d%™ o]0 0 0
—idgnt1  —u™t! dg] |0 0 0
0 0 idgas] [ —dp™ 0 0
+10 0 0 0 -dit? 0
00 0 | |-idgez —u? dptt (25)
[0 0 —di™ ] [—idgnre —u"t? dpt?
=10 0 0 + 0 0 0
_0 O —idBn«l»l_ 0 O O
[—idgniz —u"t? 0
= 0 0 0
|0 0  —idgnn

On the other hand, we have 3"y"(z,y, z) = B"(y) = (—u""1(y),y,0), thus:

n+1_n+1 :
/B Y - 1dcone(v)"+1

_0 —unt? 0 idB71+2 0 0
= {0 +idgn+2= 0O — 0 id gn+e 0
0o 0 0 0 0 idges
__idBn+2 —u"+2 0
= 0 0 0
0 0 —idgnn
_ +1 n+1
- d?one(v)sn + 5" dcone(v)’
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by 7 and we conclude that $v is homotopic to ideone(r). Thus 3 : A[—1] — cone(v) is a homotopy
equivalence. It remains to show that the squares in commute up to homotopy. We first note that
for z € A[-1]" = A"! we have

56" ) = 07 (—u" (@), 2,0) =~ (2) = —u[-1]"(z),

thus 68 = —u[—1], and the right square in commutes. Since the left square commutes trivially,
it remains to check that the central square commutes up to homotopy, i.e., fw ~ w’. Recalling that
w : cone(u) — A[—1] is the usual map from the mapping cone of u : A — B to A[—1], we find yw' = w,
thus yw’ ~ w. But « is a homotopy equivalence and its inverse is (3, thus w’ ~ Sw, as needed. This

completes the proof that
A[-1]
B z C

is exact when (u,v,w) is a strict triangle on A, B, C. Since an exact triangle is by definition isomorphic
to a strict triangle, the rotate in (26)) remains exact when (u, v, w) is an exact triangle on A, B, C.

(b, ii) Once again, we assume that the triangle (u,v,w) on A, B, C' is the strict triangle on v : A — B,
i.e., C'is the mapping cone of u. We let 6 be the map —wl1] : C[1] — A, and want to find a homotopy
equivalence o : B — cone(d) such that the diagram

Cll] 54— 3B—"C

bbb

Cl] —— A v, cone(d) ',

commutes up to homotopy. We first demonstrate that cone(d) = cyl(u). For any integer n, we have

cone(d)” = C[1]"* @ A" = C" @ A" = A1 @ B" @ A™ = cyl(u)".

Moreover, the differential df,,, . ) : cone(d)" — cone(8)"+1 is
_gn+1
n — _dgﬁl 0 _|de& 0 _ dﬁﬂ dgz 0
cone(d) — 76n+i arl T |w™ dn| T —u B 0
A A idAn+l 0 d’r}‘

It is straightforward to verify that the maps ¥* : cone(d)* — cyl(u)* given by ¥*(z,y, 2) = (z,7,y)
define an isomorphism ¥ : cone(d) — cyl(u) of chain complexes. Our task thus becomes to find a

homotopy equivalence ¢ : B — cyl(u) such that the diagram

[ 25 A—"5B—5C

|

Ol —2» A —" cyl(u) —2

is commutative up to homotopy, where @ : A — cyl(U) is the inclusion of A in cyl(v) and @ : cyl(u) — C
is the projection.

Before continuing, we note that subexercise (d) of Problem 1 holds in a more general context (cf.
Exercise 1.5.4 in Weibel): if u : A — B is a morphism of chain complexes, and we define a map
o : B = cyl(u) by o/(b) = (0,0,b) and a map 8 : cyl(u) — B by B(a’,a,b) = f(a’) + b, then o’ is a
homotopy equivalence with inverse 5. In particular, we may define & : B — cyl(u) to be the map o’ to
obtain a homotopy equivalence such that the diagram in commutes up to homotopy. Indeed, we
have v = v4, so the right square in commutes. As for the central square, we have S4 = u, thus

fu~u = U~ ou,
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(iii)

since ¢ is the inverse of the homotopy equivalence 5. This completes the proof that given a strict
triangle (u,v,w) on A, B, C, the rotate

B
1) —— 4

is an exact triangle, and by the same reasoning as before, we conclude that this remains true when
(u,v,w) is only an exact triangle on A, B, C.

We let Z/2[0] and Z/4[0] be the cochain complexes concentrated in degree 0. The claim is that there
is no morphism w : Z/2[0] — Z/2[—1] such that

7./2[0]
- N

is an exact triangle. We suppose toward a contradiction that there is such a w.

Let ¢ : Z/2[0] — Z/4[0] be the extension of the map Z/2 2 Z/4. Then the exactness of (¢, 1,w)
on 7/2[0],Z/4[0],Z/2[0], the exactness of the strict triangle on ¢ : Z/2[0] — Z/4[0], and the the
TR3 axiom of the triangulated category K(A) yield a morphism ¢ : Z/2[0] — cone(t)) such that the
following diagram commutes

7,/2[0

Z/4[0]

7.)2[0] —— 7./4]0] —— 7./2[0] —“— Z/2[—1]
! ! B s
7.)2[0] —— 7./4[0] —— cone(p) — Z/2[—1].

The 5-lemma for exact triangles tells us that 1 is in fact a homotopy equivalence. Thus we have a
quasi-isomorphism between Z/2[0] and cone(p). But H~1(Z/2[0]) = {0}, whereas

 ker(Z/2 5 7/4)

H™ (cone(p)) = = 0SS - ker(Z/2 2 7./4) # {0}.

This contradiction tells us that there is no morphism w such that (2,1,w) is an exact triangle on
(2/2,2./]4,72./2).

Let D be a triangulated category, and suppose we have a diagram

A——B—"-C—">TA

Js ,

’ ’

A B o s T

where the rows are exact triangles. We assume that v'gu = 0, we want to show that there are maps
f:A— A" and h: C — C' which assemble with g to get a map of exact triangles, i.e. fit into the
commutative diagram

A——B—"-C—"">TA

A N

A B o s T
To do this, recall that for all X € D, we have that Hom(X, —) : D — Ab is a cohomological functor.
In particular the following is an exact sequence of abelian groups

Hom(A, A") HCRIN Hom(A, B’) HCRIN Hom(A4, ") LCRIN Hom(A,TA") .
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The assumptions imply that gu € Hom(A4, B’) is mapped to 0 in Hom(A, C"). By exactness this gives
amap f: A— A’ such that post-composing with v’ yields the composition gu. Now axiom (TR3)
gives us a map h : C — C” such that

B——C—">TA

ij u ls | | |71

’

A B Y o s T

commutes, which is what we wanted to show. This concludes the proof of this exercise.

Let A be an abelian category, and consider the category of graded .A-objects viewed as the functor
category A%, where Z is the set Z viewed as a discrete category. There is an obvious automorphism
A% — A?” given by precomposing a functor Z — A by the the “+1” map, so that T/(4,), = A,_; for
some Z-graded object in A. We call a triangle (A,, Be, Ce, u,v,w) exact if for all n the sequence

A, B B, 5 C, S Ay

is exact in A.

Consider the case A = Ab, we claim that in this case the category of graded objects with the degree shift
automorphisms satisfies (TR1) and (TR2), but not (TR3). The fact that satisfies (TR2) is immediate,
and as such we omit the details. Now suppose we have a morphism A, — B,, we want to fit it in
an exact triangle. For this, the graded object C,, = coker(u,) ® A, —1 will do the job. Indeed, for the
map B, — C, in degree n take the composite B,, — coker(u,) — coker(u,) ® A,,_1, and for the map
Coe — Ae_1 in degree n take the obvious projection map. It is now clear from the fact that exactness in
a functor category can be checked objectwise that the image of By — Cl, is the kernel of Cy — Aq_1.
We now show that this category doesn’t satisfy (TR3). Notice that exact triangles (Ao, Be, Ce) with
A, concentrated in degree —1 and both B, and C, concentrated in degree 0 correspond to short exact
sequences of abelian groups in an obvious way, and under this correspondence, if our category A% were
to satisfy (TR3) then any partial map of short exact sequences of abelian group

0 By Cy A4 0
0 B cl AL, 0

could be completed into a map of short exact sequences

0 By Co Ay 0
0 B, cr A 0

This would in particular enable us to obtain a commutative diagram

0 7.)2Z. ZJAZ 7.)2Z. 0
| | e
0 7.)2Z. 7./27 x 7). 7.)2Z. 0

which would by the 5 lemma imply that Z/47 = 7Z./27 x Z/27Z, which is obviously false, thus yielding
the desired contradiction.

We will now show that if instead A is the category of vector spaces over a field, then the category of
graded objects with the shift automorphism is in fact a triangulated category. The fact that axiom
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(TR1) and (TR2) are satisfied follow by a reasoning perfectly analogous to the abelian group case.
Now let us show that (k — Vect)? satisfies (TR3). Assume we have a partial map of exact triangles

U. V. W. Uo—l
U Ve w, Uerr

We need to find a map W, — W/ making the above diagram commute. This is equivalent to defining
maps wy, for all n € Z fitting in the following commutative diagrams with exact rows

Un Vn Wn Unfl
Uy, v, Wy, o1

The fact that there exists a map w, : W,, — W/ making the above diagram commutes follows from
basic linear algebra.

Finally, we show that this category satisfies the (TR4) axiom. To do this we introduce a different
perspective on this axiom than the one seen in class, coming from the stacks project [stacks-project].
We want to insist on the fact that this is nothing more than a shift in perspective.

Suppose D is a category with an automorphism 7" : D — F'D and collection of distinguished triangles.

We say that it satisfies (TR4) if given two composable morphisms A ENY;JEN C and distinguished
triangles (A7 B7 le fvplv dl)v (Av Ca Q27 go fa b2, d2) and (Bv 07 QSV 9,P3, d3)a then there exists a fourth
distinguished triangle (Q1, Q2, @3, a,b, T(p1) o d3). And furthermore we require that the triple

(Idng7a) : (Xaleafvplvdl) — (X7 Za Q2ago f7p27d2)

is a morphism of triangles and

(f)IdZ7b) . (Xa Z7Q27gofap27d2) — (KZ7Q3ag7p37d3)

as well. When using (TR4), we will allow ourselves to only refer to the morphism f, ¢ as input, leaving
the rest of the input as implicit.

We now prove that the category of graded vector spaces with the degree shift automorphism satisfies
(TR4). First notice that by the (standard) 5-lemma and (TR2), up to isomorphism any exact triangle
(Ve, VI,V a,b,c) of graded vector spaces can be identified with (V,, V/, coker(ae) @ Ve_1,a,10 g, 7),
where ¢ : coker(as) — coker(as) @ Vo_; is the obvious inclusion, ¢ : B — coker(a,) is the canonical
map and 7 : coker(as) ® Vo—1 — Ve_1 is the obvious projection. With this in hand, we see that we
may start with a diagram of the form

f

Uo ‘/o ‘/;/Uo @ Uofl — U.71

gof
We —— Wo/Ug ®Ug_1 —— Ue—1

Wo/Vo ©® Vofl I Vofl

where we denote the cokernel of a map by the quotient of the codomain by the domain and where the
sequences of composable moprhisms which look like exact triangles are exact triangles. If we construct
an exact triangle on the second to last column, along with some moprhisms of triangles, we will be
done. This will be given by the following triangle, where we will detail the definitions of the morphisms
but will leave the verification of exactness to the reader

‘/Q/Uo © U.—l ﬂ WO/U. %) Uo—l ﬂ Wo/vo S>) Vo—l ‘1‘3—7") Vo—l/Uo—l &) Uc—2-
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So as to not overclutter the notation, we have omitted placeholder subscripts in our notation. We now
detail all the maps: the map g is the map induced by g on the quotients; the map ¢ : Wo /Us — W, /V,
is the obvious quotient map; the map 7 : Wo/Ve @ Vo1 — Va_1 is the obvious projection map; and
q: Ve—1 = Ve_1/Ue—1 is the obvious quotient map. As we stated above, we leave the verification that
all of these maps make (Vo /Us ® Ug—1, Wo/Uq ® Ug_1, W, /Ve ® Vo_1) an exact triangle.

It only remains to verify that

(Idhg’g@ld) : (U.,V.,‘/./U. @ U.—l — (U07W0;W0/U. @ U —1)

and
(f,1d,q® f) : (Us, Wa,Wa/Us @ Uqs_1) = (Vo, Wa,Wa/Ve & Va_1)

are moprhisms of exact triangles (we have allowed ourselves the abuse of notation of only referring to
the objects of the exact triangles). But of these are completely obvious from our choice of maps.

Let D be a triangulated category and consider a commutative square in this category

A—"s B

A —— B’
We want to show that we can always extend such a square to a diagram

A—t sB_—Jd ok .74

T R

A B o’ TA
N
A B" " TA"
N AR T
TA — TB —— TC — T?A

where all the rows and columns are exact triangles and all the squares commute except the bottom right
one which anti-commutes. We will allow ourselves the abuse notation of suppressing the morphisms
when specifying a triangle. First, we use four applications of (TR1) to extend our square to the
commutative diagram

A—t sB_—Jd ok .74

o | |7

A B’ c’ TA
L] [
A B" TA
J ] Jro
TA ——TB ; TC —F T?A

The commutativity of this diagram follows from the fact that the composite of two morphism of an
exact triangle are 0. To conclude, we want to use axiom (TR4), and to do this, we add a temporary
object, which will be useful in constructing the remaining morphisms, but won’t appear in our final
diagram. This object is obtained by applying axiom (TR1) to the map A — B’, yielding the following
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diagram (where we have also added names to all of our maps for convenience):

A—t . B_J ,(C k TA
IO D I
A S B 7 '~ TA
1)l X‘ lT”
A g D TA" -
w B’ TA Tw
h
2

TA — TB — > TC — T2A

We will use the variant on axiom (TR4) mentionned in the previous exercise, which we do not recall

here. First we have two applications of (TR4). One on the composition A % B L B’ and one on
[e3

the composition A % A’ % B’. The first of these gives us an exact triangle (C, D, B”,t1,s1,T(j) o h)
along with the maps of triangles

(Id7fat1> : (A7B’C) - (AvB/aD)

and
(i,1d,s1) : (A, B',D) — (B, B’, B").

The second application of (TR4) gives us an exact triange (A", D, C’, ta, $2,Tv o 7) along with maps
of triangles
(Id, o, t2) : (A, A", A”) — (A, B, D)

and

(u,1d,s2) : (A, B, D) — (A", B',C").
Now considering the composite s; oty : A” — B”, and applying (TR1) to get an exact triangle
(A", B",C" sy o ty,0,7) and (TR2) on (C,D,B" t;,s1,T(j) o h) to get an exact triangle
(D,B",TC,s1,T(j) o h,—Tt1), we have the necessary set up to apply (TR4) to the composition
s1 0ty. This gives us an exact triangle (C',C”, TC,p,q,Tss 0 (—Tt1)), and two morphisms of triangles

(Id, s1,p) : (A", D,C") — (A", B",C")
and
(ta,1d,q) : (A", B",C") — (D, B",TC).

We can rotate the triangle (C', C”,TC, p,q, Tsa0(—Tt1)), to obtain the triangle (C,C’,C", sa0t1,p, q).
We can use all of this to construct the following diagram, whose commutativity will occupy us for the
rest of this exercise

At NG . SN L

B
N i
B/

ENo  B /Y

b |

A s10t2 B o ol T TA"

[N

TA -Ti, 7 M, po Tk, 724

In what follows we will refer to triangles only by their objects. Commutativity of the three squares
of the first column follows from composing the morphisms of triangles (A, A’, A”) — (A, B’, D) and
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(A,B',D) — (B,B’,B"”). Similarly, the three sqaures of the top row commute by composing the
morphisms of triangles (4, B,C) — (A,B’,D) and (4,B’,D) — (A’,B’,C’). The middle square
commutes, by adding D in the middle, and the fact that in the following diagram all 4 triangles
commute, as can be seen by inspecting the various morphisms of triangles (TR4) has granted us

B/ Cl

\/
/Y”

B// C/I

The bottom middle square commute thanks to the morphism of triangles (A”, B”, C") — (D, B",TC)
and because the map B” — T'C is T(j) o h. Similarly, the middle right square commutes thanks to
the map of triangles (A”, D,C") — (A”, B”,C") and the fact that the map C/ — T A” factors as C' —
TA — TA”. For anticommutativity of the bottom right diagram, because (4", B"”,C") — (D, B",TC)
is a morphism of triangles, we have that the following square commutes

C// T TA//

b e

Tty

TC —= TD

We can now post compose by Tn : TD — T?A, which because (A, A", A”) — (A,B’,D) and
(A,B,C) — (A, B’, D) are morphisms of triangles, gives us a diagram

CII T TA//

b

Tc =T D Tw )

w
2
™ T-A

which proves the deisred anticomutativity. This concludes the exercise.

6.12 Week 12 (by Haotian Lyu and Runchi Tan)

Week 12 Ex 1
Proof. First, the boundary map of (C & A[—1]) & (B[—1] ® A[—2]) is given by the following matrix

0 —vu —v 0

0 -0 0 -—-id
A= 0 0 -0 u
0 0 0 0

Let d denote the boundary map of C ® A[—1].

(i) By definition, one can check

(vo(id®u)—1)(c,a) = (0,—a,u(a),0).
Define the chain contraction map

Sp - On—l SY An—2 — Cn &b An—l &b Bn—l S An—2
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by (¢,a) — (0,0,0,a). By direct calculation, it is clear that
vo(id®u)—t=As+ sd.
Then we finish the proof of (a).

(ii) By direct calculation it is easy to check that g oy = idcgp[—1). To show that 7 defines a homotopy
equivalence between the two chain complexes, only need to check v o g is homotopic to
ian@An—l@Bn—l@An—Q' Since

yog:C, DA, 1DB,_19A,_2—>C,PA,_ 1P Br1P A2
(¢,a,b,a’) — (c,0,u(a) +b,0).
Define the chain contraction map
by 1 Cro1 @A 20®Bp 2@ Ay 3= Cr,®A_1®Bp_1®Ap_2
(c,a,b,a’) — (0,0,0,a).

Then one can check that yog—id = At +tA. Therefore we conclude that v with g defines a homotopy
equivalence between the two chain complexes.

O

Week 12 Ex 2
(a)

Proof. Given Z ~ 0 in C, then for any A,B € S7'C we can construct f : A — Z and g : Z — B for
morphisms f,g in C. Therefore we can construct morphisms A = A — Z and Z = Z — B who live inside
SIC. This proves that q(Z) is both inital and terminal in S71C. Therefore ¢(0) ~ 0 € S7*C, and

q(X) ~ 0=~ q(0).

Assume S contains zero map 0 : X — X. Equivalently, we can apply Corollary 10.3.9., 0id = 00 = 0 implies
we can identify 0,id : X — X in S7'C. And this proves ¢(X) ~ 0 € S™!C. O

(b)

Proof. Since X x Y exists in C, then there exists a unique morphism X x Y — A such that the following
diagram commutes

X — XXxY+—Y g(X) —— q(X xY) —— ¢(Y)

A q(A) =

Here we define the morphism between ¢(X X Y) = ¢(X xY) — ¢(A) by q(f) oid. Uniqueness and existence
implies ¢(X xY) ~ q(X) x ¢(Y). O
(c)

Proof. Firstly, we’ll check S7IC is Ab-category. We'll define addition of two fractions from X — Y as
follows:

e Xa | X, Y
“ Q’J i \ lid/fé
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Given f1 sfl, fgsgl, applying Ore condition we’ll find an ¢/, g5 € S such that the square on the left commutes.
Thus we obtain s := s10g] = s909%, f1 := f10g}, and f} := fa0g5. Now we define addition on Homg-1¢(X,Y)
to be

frsit 4 fasyt o= (f1+ )57

The diagram on the right shows that by filling identities appropriately it follows fis™1 ~ f{sfl and similarly
fasy b~ fhs™!. We need to verify the sum above is well-defined:

S1 811 AN f1n s fi+13
h1
S/
f2 \lh}/
2 7 s’ flatra

Suppose we choose an entirely different but equivalent fractions as above, with the original set of fractions
produce s and new set of morphisms produce s’. Then apply Ore condition gives rise to the diagram on
the right, with fi; + f5; defined by applying exactly same argument of the above definition. Notice that
by construction both s, s’ € S, then Ore condition gives rise to a middle term as in the right diagram with
hi, ho, then we can define the remaining by composing hy with s, f{ + f4 separately. Hence it remains to
check (f{ + f4)h1 = (f11 + f41)he. Recall the definition of f{ = f1 0 ¢{. Then we replace f{ by fi1 o g}, while
fis™t ~ f{;s'7!, then we must have fih; = fi;h2. Hence the addition is indeed well-defined.

And we can easily verify the composition is distributive over addition. By previous two parts we know S~1C
admits 0 and product of two objects, therefore it’s an additive category.

It remains to check ¢ is an additive functor. We need to check the following is a group homomorphism

Home(X,Y) — Homg-1¢(¢X, ¢Y)

Consider two parallel morphisms f,g: X - Y inC,thenqgf: X =X —-Y,qg9: X =X — Y. And we have
qf +qg=fid ' 4gid "t = (f4+g)id ' =q(f+g): X=X =Y.

This confirms that ¢ is indeed an additive functor. O

Week 12 Ex 3

Proof. e We first check that mod-S—'R = Zflmod—R. Denote mod-R by C and mod-S~'R by D.
Let ¢ : C — D be the natural functor that sends an R—mod to its localization by S.

(i) By the definition of ), it is clear that g(s) is always an isomorphism.

(ii) For each functor F': C — B such that F(s) is an isomorphism for all s € S. For each M € D (
or M — N € D), it is naturally to be regarded as an R-mod M ( or an R— morphism M — N).
Therefore we can define a functor F' : D — B. According to (a) F is well defined. It is unique
because every S~'R—mod has a lift as an R—mod.

Therefore we conclude that D = Z_l C.
e Next we prove that » is a multiplicative system.

(i) The composition of two isomorphisms is still an isomorphism, then 3 is closed under composition.
(ii) (Ore condition) Lett:Z — Y isin ) and g: X — Y isin C. Set

W= {(z,2) € X x Z|g(x) =t(2)}.

145



Ie. the following diagram is a pullback diagram, where s and f are natural projections.

WLZ
|
X—Y

g

Now we prove s € Y. In fact, for each 2/l € S~ X. Consider its image g(z/l) , which corresponds
to z/l' in S71Z. Now we claim (x/l,2/I') € SW. This is because t(z/l') = g(x/l) implies there
exists a € S such that al - t(z) = al’ - g(x). Therefore (al’z,alz) € W and (x/1,z/l') = Wlazliﬂlz) €
S7IW. Thus s : ST'W — S~1X is surjective. As for injectivity, notice that if (z,2)/l is sent to
0, ie. 2/l =0 ¢€ S71X, then t(z/l) = g(x/l) = 0. But ¢t induces an isomorphism, which means
z/l = 0. Then we have proved the injectivity. Therefore we conclude s € > .

Dually, we consider the case with all arrows reversed. We choose W as follows:

X Z/{(g(y), —ty)|ly € Y}

Le. the following diagram is a pushout diagram, where s and f are composition of natural
injections into X ¢ Z and the quotient map onto X & Z/{(g(y), —t(y))|ly € Y}.

Y X
| |
Z W

g

|

—
f

Now we prove s € y .

— Surjectivity: for each (x,2)/l € ST'W, consider y/I' € S~'Y such that t(y/l') = z/l. Then
(z,2)/1 = (z/l + g(y)/U',0) in ST'W. Thus (z,2)/l has preimage z/l + g(y)/l' in S71X,
which proves the surjectivity.

— Injectivity: If for some z/l € S~1X, such that (x/1,0) = 0 in S_;W. This means (z/l,0) =
(9(y),—t(y)) € STHX @ Z) for some y € S~'Y. But t(y) = 0 implies y = 0 ,which means
x/l = g(y) = 0. This proves the injectivity.

(iii) (Cancellation) In this case, both (a) and (b) in the textbook, mean that f and g induce the same
morphism S~!X — S~'Y. To finish the proof, we only need to check that if f and ¢ induce the
same morphism S~!X — S7!Y, then there exist s € S with source Y and ¢ € S with target X
such that sf = sg and ft = gt.

As for s, choose s : Y € S~1Y, then two compositions X — S~'Y can be extended to S™'X —
S~'Y naturally, which are just induced by f and g. Hence sf = sg.
As for t, choose t to be the natural injection

Z:={zeX|f(z)=g(z)} = X.

Now we prove t € .. Since t is injective, the map S~1Z — S~1X induced by ¢ is also injective.
For each z/s € S™1X, we have f(z/s) = g(z/s) since f and g induce the same map. Thus we have
f(x)/s = g(x)/s, i.e. there exists s’ € S such that ss'f(x) = ss’g(x). Thus (ss') "tz € STIW is
the preimage, which proves the surjectivity.

Therefore Y is a multiplicative system.

e In the end we prove 7' D — 527" C is fully faithful. It is trivial because 7' D = D.
Hence we finish the proof. O
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Week 12 Ex 4
(a)

(i) We need to show ¥ is closed under compositions and contains all identities. Clearly, all identities
belong to ¥ for Kerid = Cokerid = 0 € B. Fix two morphisms f,g € X. Consider the following
diagram

AL B Cokerf —— 0

b

0 c—4,5 ¢ 0
0 A—9 2 0
| I Jos

0 Kerg B g C

Applying Snake’s Lemma to the diagrams yields the following exact sequence
0 — Kerf — Kergf — Kerg — Cokerf — Cokergf — Cokerg — 0,

which will implies that Kergf, Cokergf € B. Hence ¥ is closed under composition.

(ii) Ore condition. In Abelian category, pullback exists. Therefore we obtain the following diagram with
all objects in A.
D——C

e

Here we start with a morphism f € ¥ and fix a morphism g € A. According to [Tag 08N3|, we know
Kers = Kerf. By construction D = Ker(A@® C — B), which gives us Cokers — Coker f is surjective(or
we can fill the square diagram into exact sequences where Snake’s Lemma implies it’s sujective). This
proves that s € ¥ as desired.

(iii) For Cancellation requirement(Tag 02MN)), consider parallel morphisms f, g : B — C. Suppose there
exists s € ¥ such that fs = gs. Then (f — g)s = 0, which implies a surjection

Coker(s) — Image(f — g) — 0.
Then we can consider the morphism
B ¥ o C/Image(f — g) = 0.

The composition equals to 0 implies we’'ve found a morphism 7 such that 7 f = 7mg as expected. For
converse direction it’s similar. Therefore we’ve checked the cancellation condition.

Therefore ¥ is a multiplicative system in A.

(b)

Proof. Let ¢ denotes the map ¢ : A — A/B = 7' A. Then ¢(X) ~ 0iff 0 : X — X contained in ¥ by
Exercise 2. While X = Ker0, therefore X € B. Conversely, we assume X € B. Then X - 0 — X =0
implies 0 : X — X lies in B, hence ¢(X) = 0. O
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(c)

Proof. We will show that multiplicative system ¥ is locally small (on the left) in the category A. Fix an
object X € A. Since B is small, then we can consider the set as follows

Sx={f: A=>X | feX AeObjB}.
For any given morphism in 4 such that (g : Y — X) € ¥. Then the composition
Kerg »Y 3 X ey

since Kerg € B. Therefore we know that ¥ is locally small. O

(d)

Proof. By Exercise 2, since A is additive, then A/B is additive with functor ¢ being additive. The proof of
previous parts show that ¥ is a right multiplicative system in the sense of Tag 04VB. We can run the argument
of part (a) again to prove X is in fact a left multiplicative system. Therefore a multiplicative system, in
which we’re ready to apply Tag 05QG to conclude that A/B is abelian and ¢ is an exact functor. O

(e)
Proof. Notice that B-ModgR being Serre subcategory translates to the fact that if we fix a short exact

sequence with objects in B-ModR,
0-A—=B—->C=—=0.

Then A,C € B-ModgR iff B € B-ModgR. While localization(ring theoretically) is an exact functor, then
this proves the equivalence. So B-ModgR is a Serre subcategory of B-Modpg.
Notice that the following two sets are exactly the same because localization is exact:

e all morphisms in B-Mod — R with kernel and cokernel in B-ModgR

e the morphism described in Exercise 3: the collection of morphisms in B-Mod — R such that the induced
morphism on S~'A — S~!B is an isomorphism.

Ker f A B Coker f

0 —— S 1A —— S'B—0

Therefore we can apply Exercise 3, which gives us

B-Mod — S™'R ~ "' B-Mod — R ~ B-Mod — R/B-ModgR.

(i) First, we define a special triangle is a triangle
X—>Y—>Z->TA
satisfies that for each object W of I the long sequence of abelian groups
-+« = Homg (W, X) — Homg (W, Y) — Homg (W, Z) — Homge (W, TX) — ...

is exact. It is obvious that the direct sum of two special triangles is still special, and exact triangles
are special. We need the following lemma.

Lemma 6.8. Let IC be a triangulated category. Let
(a7 b7 c) : (X) Y’ Z7 f?g’ h) % (X/7 Y/7 Zl? f/7g/’ h/)

be a morphism of special triangles. If two among a,b, c are isomorphisms so is the third.
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Proof. Assume that a and ¢ are isomorphisms. For any object W of D write Hy (—) = Homp(W, —).
Then we get a commutative diagram of abelian groups

| Lo

Hw (T12") —— Hy(X') —— Hy (Y') —— Hy (2') —— Hy (TX')

By assumption the right two and left two vertical arrows are bijective. By five lemma it follows that the
middle vertical arrow is an isomorphism. Hence by Yoneda’s lemma, we see b is an isomorphism.This
implies the other cases by rotating. O

Back to the problem. Since (A, B,C) and (A’, B’,C") are exact triangle, then (A& A', B& B',C & ")
is special. By (TR1) we can extend A® A’ — B @ B’ to an exact triangle (A® A’, B® B’, D). Thus
by (TR 3) we have a natural morphism (A, B,C) — (A® A’, B® B’, D) induced by A - A® A’ and
B — B®B’. Similarly we have (A, B’,C") — (A® A, B® B’, D). These two morphism induce a
morphism
(id,id, ) : (A A, Be B ,Ca (') - (Ae A',Ba B', D).

According to the above lemma ¢ is an isomorphism. Therefore by (TR1) (A® A", B B',C ¢ ') is
also an exact triangle.

(ii) According to (TR1), the triangles (A4, A4,0) and (C,C,0) are exact. By rotating we have (0,C,C) is
exact. By the above point, it follows

A—"—B—"—C—">TA

| .

A——sAC ——C——0

id id

is a morphism of exact triangles. By the lemma above, we have

B AaC.

(iii) Extend f : A — B to an exact triangle A — B — D — TA. By rotating we have an exact triangle
T7'D - A — B — D. Since the composition A — D is zero and f is monic, we have B — D is zero.
Therefore B= A® T~ 'D.

(iv) Denote Z/p*Z — Z/pZ by . If K(Ab) is abelian, we have an exact triangle
ker(¢)) = Z/p*Z — D — ker(¢)[1]

where the first arrow is monic. But Z/p*Z can not be decomposed, which is a contradiction.

6.13 Week 13 (by Jorge Martin and Alexandre Pons).
1 (i) Consider the cochain complex in Ch(Ab)

A:0-223757/22 0,

continued by zeros at both sides. Set f :=ida to be the identity on A. Then f has the required
properties, i.e. f =0 in D(Ab) but is not null-homotopic.

We have seen that id is null-homotopic if and only if the complex A is split. Here, since
Hom(Z/2Z,7Z) = 0, then A is not split and the second claim about f follows.

To see that f = 0 in D(ADb), it suffices to show that sf = s0 = 0 for some quasi-isomorphism
s, using the characterisation of identified maps after localizing. We may take s = 0 : A — 0.
Observe that A is exact, and therefore its cohomology vanishes. Hence, the map induced by s in
cohomology is the isomorphism 0 — 0 at all levels, and therefore s is indeed a quasi-isomorphism.
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(ii) Here, consider the cochain complexes X,Y and the map g: X — Y as in the following diagram:

X: 0 Z—2-17 0
|s [
Y : 0 —— Z —— 732 —— 0

Then g induces the zero map in cohomology, but does not vanish in D(Ab). For the first claim, we
directly compute the induced diagram in cohomology and check that the induced map vanishes:

0——0—2%2/22 —— 0

b b

0——7Z—2 50 0

However, let us see that g # 0 in D(Ab). Otherwise, suppose there exists a complex W and a
quasi-isomorphism s : Y — W such that sg = 0. Then, given that s induces isomorphisms in
cohomology, the cohomology of W is isomorphic to that of Y. In particular, at level 2 in the
diagram above we have H?(W) =2 H%(Y) = Z. Hence s induces a non-zero isomorphism and thus
s2:Y? — W? is not the zero map. Since g2 is an isomorphism, then s2g? is non-zero and therefore
also sg # 0. We conclude that the composition of g with any quasi-isomorphism is non-zero, i.e.
g # 0 in D(Ab).
2 We show that S™'K satisfies the axioms TR1, TR2 and TR3 of a triangulated category.

Notice that the definition of triangles in ST'K in Weibel’s book was replaced in the erratum by the
following:

Definition 6.9. A tuple (u,v,w) is an exact triangle in S™1K if it is isomorphic, in the sense of (TR1),
to the image under }C — ST of an exact triangle in K.

We will show the statement using this definition, as the one in the original version is somewhat
incomplete.

(TR1) Recall that the first axiom consists of three statements. For the first one, given a morphism

AE AL B S7!K, we need to show that fs~! fits into an exact triangle in S™1K.
We know that f fits into an exact triangle

AN:ALBS oM )
in the triangulated category K. Its image under X — S~!K is represented by
A ad, g g8 oie o )

In the following, we will abuse notation and consider indistinctly a triangle in I and its image in
S7IK, in this case A’. We will also omit the middle object in fractions when it is clear. Next, we
may consider in ST the triangle

A:ATS B TR ),

Then, the following commutative diagram represents a morphism of triangles A’ = A in S7'K

Al f B g C h T(AI)
J{s idp J{idc lT(s)
ALl g9y o TOM P



(TR2)

(TR3)

This is actually an isomorphism, as the maps s,idg and id¢c are invertible in ST'A. Thus A is
isomorphic to (the image of) the exact triangle A’; and hence is an exact triangle.

The second and third statements follow trivially from the definition. Indeed, the triangle (id 4,0, 0)
in ST is an exact triangle in K, whereas a triangle isomorphic to an exact triangle is exact by
transitivity.

Given an exact triangle (u,v,w) in ST!K, we need to see that its rotates are also exact triangles.
For that, consider an exact triangle (u/,v’,w’) in K isomorphic to (u,v,w) in STIK, via a
morphism (s,¢,7). Then, inspecting the corresponding diagrams allows to verify that
(v,w, —T(u)) is isomorphic to (v',w’,—T(u')) via (t,r,T(s)) and (=T~ !(w),u,v) is isomorphic
to (=T 1(w'),u',v") via (T~1(r), s, t). Therefore, both rotates are exact triangles.

Consider triangles A % B % C % T(A) and A’ % B’ % ¢’ w T(A’) in S7'K and morphisms
f:A—= A g: B — B such that v'f = gu. Then, we need to find h such that (f,g,h) is a
morphism of triangles.

Let us define objects X,Y and morphisms s, ¢, f,§ with f = fs~! and ¢ = gt !, as in the following

diagram.
u

Sy

b 0 —Y s T(A)

TT(S)

T(X)

B lT(f)
/ v’ C/ w’ T(A/)

-
--=-»
3

~
N

j}
v,

& —
@

~

A

Thus, our goal is to find Z and a morphism h : C <& Z M " that makes the diagram commutative.
For that, we want to complete the middle row and use (TR3) of the category K. First, the Ore
condition gives X’ and maps @ in K and ¢ in S such that the diagram

X i,y
if lt
X *¥3 B

commutes. We can now replace X by X’ in the diagram above, as the fraction through X’ also
represents f. Indeed, this holds because the diagram

!

AV&\“A,
T

X
is commutative. Now, we observe that the top left square in the main diagram commutes in X,
since tu = (us)§~ = u(st). In turn, we can only assert that the bottom left square commutes in
STIK, since v/ fs~! = gt—'u = gu(st)~', and thus o' ft = §a, using that s~! is an isomorphism.
However, this means that there exists a morphism ¢ : X” — X’ such that v/ ftq = gig in K. We
replace X’ by X’ and by the same reasoning as above, the fraction A < X” — A’ is equivalent
to f. Setting s” := stq, f" := fiq, the main diagram reads now

A—" 3 B (02 T(4)




3

where the two squares in the left are commutative. Furthermore, we have completed X” = Y to
an exact triangle (4, v, w) in K.

Now, the three rows represent exact triangles in K. Using (TR3), we find h : Z — C’ and
r : Z — C giving respective morphisms of triangles (f”,g,ﬁ) and (s”,t,r). Furthermore, since
S arises from a cohomological functor and s”,¢t € S, then r is again in S. Thus, the morphism
h:=hr~':C — C’ is a well-defined morphism in S~*K that makes the diagram commutative,
and therefore (f, g, h) is a morphism of triangles in S~1K.

Remark: for the original definition of Weibel to be equivalent to the one used here, one needs to require
the existence of a map w’ : ¢’ — T(A’) such that w = T(¢;)w’. This arrow completes the triangle
in K with vertices (A’, B’,C"). With this, the following diagrams provide the triangles required in the
proofs of (TR1) and (TR2). We omit (TR3) as it involves messy diagrams, showing the convenience
of the alternative definition.

(TR1)
A LB 2 o) T T
|
' B—pC
3l
/
1‘ - B
A
(TR2)

’ ’ —T(u 71 ’w/) ’ ’
B Lo Ay My ey — A o

1 |
C" — T(A) 1 til A" — B
B" — C THC) o A
52 Tﬁl(Sa)l
B T-40)

(i) Let (u,v,w) be an exact triangle on (A4, B, C'). We want to show that the following long sequence
is exact in FA/FB:

* * * *

Y H(A[-i]) % H(B[-i]) & H(C[—i]) %5 HA[-(Gi+1)]) % -

By exercise 12.4(d), 7 is exact so it suffices to show that the following is exact in A:

*

Y HO(A[-i)) Y5 HO(B[—i)) & HO(C[—i]) % HO(A[-(i+1)]) % -
But this is clear by Corollary 10.1.4 of Weibel’s book.
(ii) By definition, Kg(A) is the full subcategory of K(A) consisting of those objects A with
Hi(A) = 0 for any i (see Exercise 10.2.5 of Weibel’s book). That means an object X of K(A) is

in Kg(A) if and only if TH*(X) = 0 for all i. By exercise 12.4(b) this is equivalent to asking
that H'(X) is in B for any i, which is what we wanted to show.
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(iii)

By Lemma 10.3.13.2 of Weibel’s book, to show that Kz (A) is a localizing subcategory of K(A),
it suffices to prove that for any quasi-isomorphism ¥ — X with X an object of Kg(A), then
there exists another object X’ of Kg(A) and a morphism X’ — Y such that the composite
X' - Y — X is a quasi-isomorphism. We claim that actually, ¥ already is in Kg(A), so that
taking X’ := Y gives us what we want. Indeed, Y — X being a quasi-isomorphism, by definition
it induces an isomorphism H!(Y)>H!(X) for any i. But X being an object of Kz(A) is, by
point (b), equivalent to saying that H*(X) is an object of B for any i. By the fact that B is a
Serre subcategory of A and that 0 — H*(Y)>H!(X) — 0 — 0 is short exact for all i, one has
that H*(Y) is in B for all 4, which equivalent to saying that Y is in Kz(A), and we have proven
the point. In particular Dg(.A) is a triangulated subcategory of D(.A) by point (a) .

Denote by Kt (Zg) (resp. by KT (Z4)) the full subcategories of K*(A) consisting of bounded
below cochain complexes of injectives of B (resp. of A). Denote moreover by ICJBr (Z4) the full
subcategory of ICZ; (A) consisting of bounded below cochain complexes of injectives I*® such that
H(I) € B for all i. By Theorem 10.4.8 of Weibel’s book, one has equivalences of categories

D+ (B) = K*(Zg), D (A) = K+ (Za), and D (A) = K (Za).

Note that through these equivalences, the functor F' : DT (B) — D% (A) is fully faithful, as
K*(Zg) and KT(Z4) both are full subcategories of KX(A).

Now we will show that D (A) is in the essential image of F in two steps: first we will show the
case of bounded complexes by induction on the number of non-zero terms of the complex, and
then we will show the bounded below case from the bounded case. Let then C'* be a bounded
complex in A with n non-zero terms (where n € Z~), and with cohomology in B. If n = 1, then
the only non-zero term is isomorphic to the only non-zero cohomology object, whence is in B.
Assume then that n > 1 and that if D*® is another complex with k& non-zero terms, where k < n,
and with cohomology in B, then D*® is quasi-isomorphic to a complex in B. Write C<™ for the
canonical truncation of C'*, i.e. for the complex

e O™ S ker(d™T) 50— -
where d™ ! is the differential C™~! — C™. Samely, write C=™ for the complex
<=0 = coker(d™ ') - o™ .

Choose m such that both C<™ and CZ™ have strictly less than n non-zero terms, so that they
actually are in the essential image of F' by induction hypothesis, as the cohomology objects
HY(C<™) and H*(C=™) are either 0 or isomorphic to cohomology objects H'(C). Notice that
then C*® is quasi-isomorphic to the cone of the 0 map C=™ — C<™[1]. It follows that we have a
triangle

C<™ = C* — C=" — C<™[1]

in D} (A). On the other hand we can also form an exact triangle in D (B):
D* — E* — B®* — D°[1],

where F(D®) 22 C=™ and F(E®) = C<™[1]. In particular, we have an isomorphism F(B*[—1]) &
C* by (TR3), coming from the map of triangles:

F(D*[-1]) — F(E*[-1]) — F(B*[-1]) — F(D*)

LA

CZm[_l] c<m C* CZm

which concludes the bounded case.
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As for the general case, note that the truncations C<™ of a bounded below complex C*® with
cohomology in B themselves have cohomology in B. Hence every truncation C<™ is in the essential
image of F' by the bounded case. Through the equivalence D (A) = Kf; (Z.4), the complexes C=™
then correspond to injective resolutions I, in K (Zg), given by the total complexes of the Cartan—
Eilenberg resolutions of C<™. In particular by construction (see Lemma 5.7.2 of Weibel’s book),
as the first m — 1 columns of the Cartan-Eilenberg resolution of C<™ are the same as the ones of
the Cartan-Eilenberg resolution of C<F for any k > m, one has then that IJ, = I for any k >m
and any j < m. Moreover, again by construction of the Cartan—Eilenberg resolution, the m-th
column of the resolution of C=™ is a subobject of the m-th columns of the resolutions of C<¥ for
any k > m; therefore I7, is a subobject of Ij for any k,j > m. This gives us that the colimit in
Kt (Z4) of the complexes I3, actually exists and is the complex

I':..._>_[m_)_[m+1_>...’

which is in KT (Zg) as every I™ is in B. But again through the equivalence D (A) = K5 (Za),
the colimit of the complexes I, must correspond to the colimit of the truncated complexes C=™
— as indeed equivalence of categories preserves colimits — which is C'®*. Therefore C*® actually is
in the essential image of F', concluding the bounded below case.

Finally, we show that the essential image of F' is in ]D)JBF(A) by observing that, for any injective
complex in K+ (Zg) and for any m € Z we have exact sequences in A as follows:

0 —im d™ ' — kerd™ — H™(I) — 0 and
0— kerd”™ — I"™ —im d™ — 0.

In particular, as B is a Serre subcategory of A and I"™ is in B, then H™(I) itself is in B, i.e. I®
actually is in Kj(Z4). Consequently KF(Zg) is a subcategory of Kjf(Z4), and through the
equivalences DT (B) = K*+(Zg) and Djf(A) = Kj(Za), this exactly means that the essential
image of F is in Dj;(A), proving the point.

4 Let R be a Noetherian ring and M(R) the category of all finitely generated R-modules. Consider the
category Dig(R) := Dyy(g)(mod — R) with the notation of the exercise 3 above.

First, we show that D¢, (R) is triangulated. By exercise 12.4, M[(R) is a Serre subcategory of mod — R.
Then, we are under the conditions of exercise 3. In particular, we deduce that D (R) is a triangulated
subcategory of D(mod — R). By definition of triangulated subcategory, D (R) is a triangulated
category itself.

~

Secondly, we show that there is an equivalence D~ (M(R)) = Dy, (R) between the respective derived
categories of bounded above complexes. In exercise 3, again identifying A = mod — R and B = M(R),
the relation is shown for the derived categories of bounded below complexes under certain assumptions
on the injective objects of B. Here we will use the dual result, thus we need to verify the corresponding
properties on the projective objects of M(R). In particular, we need to show that M(R) has enough
projectives and that every projective of M((R) is also a projective of mod — R. Then the stated

equivalence will follow.

Given a finitely generated module M, we may consider a set of generators of M and let F' be the free
module on those generators. Then F is projective in mod — R because it is free, thus also in M((R), and
there exists a surjection F' — M, namely the quotient map modulo the relations defining M. Hence,
M(R) has enough projectives.

Regarding the second property, consider a projective object P in M(R). We claim that P is a direct
summand of a free, finitely generated module. Indeed, similarly as in the proof in mod — R, we have a
surjection F' — P with F free and finitely generated. Since P is projective, there exists a map P — F
completing the diagram



Thus, there is a split short exact sequence 0 -+ P — F — F/P — 0, and we conclude that F' = P& F/P.
In particular, P is a direct summand of a free R-module and therefore is projective in mod — R.

5 (i) Recall that any morphism f : A — B factors uniquely through the image of f as
A—2simf
NP
B
where 1 is a monomorphism and ¢ is an epimorphism. Then the diagram written above fits in
the following diagram:

0

l

A —2 5 imf
\>\\£
}

coker 1

|

0

0 — kery

where the triangle commutes, and the row and column are exact. But as A is semisimple, the
row and column split, giving us the existence of 7 : im f — A and of j : B — im f such that
ip = 1j = idim . We claim that ij : B — A will be our pseudo-inverse of f. But as f = ¢, we
directly compute
ijfij = ijppij = i(jv)(¢i)j = ij, and
figf = veijihe = (i) (jih)p = o = f.

(ii) “=” Let K be an abelian triangulated category and let f : A — B be any morphism. As K is
abelian, f factors uniquely through its image as f = ¥, where 1 is monic and ¢ is epic. Write
furthermore A’ := ker f, B’ := cokerf and I := im f. In this setup, it suffices to show that ¢ and
© both split, as indeed in this case one has A = A’ ® [ and B = [ @ B’, so that f : A — B

0 11) Al - ToB.

actually is isomorphic to f/ := (0 0

First, by TR1, one can embed % in an exact triangle (¢, v,w) on (I, B, (). Since any composition
in an exact triangle is 0 (this is Exercise 10.2.1 of Weibel’s book, that we have proven in the course),
in particular (7~ 'w) = 0. By monicness of v, this is equivalent to saying that 7~ 'w = 0, which
is equivalent to w = 0. With this in mind, since Homx(C, —) is a cohomological functor (see
Example 10.2.8 of Weibel’s book), the sequence

Homy (C, B) ©5 Homy (C, C) N Hom (C, TT)
is exact (where v o — is the postcomposition by v), i.e. v o — is surjective. In particular the

identity on C' has a preimage through this morphism, i.e. v admits a right-inverse. Samely, since
Homy(—, I) is also a (contravariant) cohomological functor, the sequence

Homy (B, T) =28 Homy (I, 1) % Homy (T~2C, I)
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(iii)

is exact (where — o) is the precomposition by ), giving us a left-inverse for 1. Therefore the
exact triangle (1, v, w) is isomorphic to the “direct sum” exact triangle

I=I1aC—C03TI,

i.e. ¥ splits as desired.

Now, by TR1 again, we embed ¢ in an exact triangle (p,s,t) on (A,I,D). Since ¢ is an
epimorphism and sp = 0, it follows that s = 0. As for 1, applying Homy (—, I) yields that ¢ has
a right-inverse, whereas applying Homy (D, —) gives a left-inverse for ¢. In particular, the exact
triangle (g, s,t) is isomorphic to the following exact triangle:

T'Dal-I%DsDaTI

This exactly means that ¢ splits as well, and we are done.

“<” Suppose now that K is a triangulated category such that every f : A — B is isomorphic to
/. Note that f” has kernel A’ and cokernel B’. Moreover, f’ is monic if and only A’ = 0, and is
epic if and only if B’ = 0. In particular, f is monic if and only if f’ is monic, and in this case we
have a short exact sequence

0o-I1h10B - B S0,
i.e. f’is the kernel of its cokernel I & B’ — B’. Conversly, f is epic if and only if f’ is epic, and
we conclude similarly that f’ must be the cokernel of its kernel A’ — A’ & I.

Let 0 = A — B — C — 0 be a short exact sequence in A. Denote by A[0]* the chain complex
associated to A concentrated in degree 0, namely 0 — A — 0, and by @ the localization functor
K(A) — D(A). By Verdier’s lemma, one has an isomorphism of short exact sequences in D(A):

0 = Q(A[0]*) —— Q(B[0]*) —— Q(C[0]*) — 0

| | |

0 — Q(A[0]*) — Q(A[0]*) ® Q(C[0]*) — Q(C[0]*) — 0
It follows that there is a quasi-isomorphism between short exact sequences in KC(A):

0 —— A[0]* — B[0]* —— C[0]* —— 0

| l |

0 —— A[0]* — (A O)[0]* —— C[0]* —— 0

Therefore, computing the zero-th homology group of the objects, this quasi-isomorphism in
particular induces an isomorphism in A:

0 A B C 0

L

00— A—— ApC —— C —— 0

which exactly says that the exact sequence splits.

Consider the abelian category A% where the objects are collections of objects of A indexed by
Z. We claim that D(A) is equivalent to A%. To show this claim, we consider the functor F :
K(A) — AZ which, on objects, sends a cochain complex C*® on the collection (H"(C)),cz. Note
that any two quasi-isomorphic cochain complexes have isomorphic cohomology objects, so that F
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passes through D(A) via @, i.e. there is a functor G : D(A) — A% such that the following diagram
commutes:

K(A) —L— AZ
o

o

D(A)

Moreover define the functor ¢ : A% — K(A) on objects by ¢((C™),,) = C* where the differentials

are 0. We want now to show that G and Q: are the wanted equivalence of categories. Note that
GQ. clearly is the identity functor as

GQU(C")n) = Fi((C")n) = F(C*) = (H"(C))n = (C")n

where the last equality stands as the differentials of H*(C) are 0. Conversly, we want to define
mutually inverse natural transformations ¢ : idp(4) — QtG and 7 : QLG — idp(a)-

Before doing this, let us recall that for any complex C* with differentials d”, one has short exact
sequences
0— B"(C)— Z"(C)— H"(C) — 0, and

0— Z"(C) — C™ = B"™(C) — 0,

where B"(C) = im d"~! and Z"(C) = kerd™. As A is semisimple, these short exact sequences
split so that actually one can decompose C™ as C™ = B"(C) & H™(C) & B"1(C). Under this
isomorphism, the differentials become

0 O 1371+1(C)
d=10 0 0
0 0 0

Note now that, on objects, QuG(C®) = H*(C), where the complex H*(C) is taken with the 0
differentials. Define then ¢ and 7 on objects as

B"(C)® H"(C)® B"Y(C) — H"(C)

Ece ! (bn, hn, bn+1) — h" ) and

. . H™C) — B™C)®H™C)® B (C)
flos s g (0,h™,0)

In particular,
€¢re 0 Mo (R™) = A™ for any n, and

e 0 €% (b, h™, b"+1) = (0, k™, 0).

The first one is an isomorphism in K(A), whereas the second one only is a quasi-isomorphism in
K(A), because it induces an isomorphism

H"(ngs oce)(h") = " € H"(H*(C)) = H"(C)

on cohomology. But a quasi-isomorphism in (A) is exactly an isomorphism in D(.A), so we have
shown that D(A) and A” are equivalent.

6.14 Week 14 (by Virgile Constantin and Claudio Pfammatter).

(i) Since A has enough injectives, we know that D" (A4) 2 K (Z) C K*(A). In exercise 3 of last week, we
showed that K (A) € K*(A) is a localizing subcategory. This means that we can compute its derived
category as the subcategory of DT (A) = KT (Z) consisting of those cochain complexes of injectives
with cohomology in B. In formula this is

D (A) 2K/ (Z) CKT(I) 2D (A).
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Now the same proof as in Theorem 10.5.6 of Weibel’s book shows that the derived functor of Kj;(A) —
K*(A) 5K+ (C) is given by the composition

Dj;(A) 2 K () — K5 (A) = KH(A) 5 K (€) L DH(0).

This is precisely the restriction of RTF to D‘g (A) since the following square commutes:

KL(A) —— K*t(A)

J

Dj;(A) —— D*(A)

(_)m

(ii) For this exercise let R denote the ring Z/4Z and consider the cochain complex

...—>Ri>R—>...

which we denote by P°.

(a)

It is obvious that P*® consists of projective modules since R is a free module over itself and free
modules are projective. Moreover we observe that

ker(R 2 R) =2 Z/AZ

as well as

im(R 2 R) = 2-Z/AZ
and thus H'(P*) = 0 for all i € Z. This shows that P*® is quasi-isomorphic to the zero complex
as wanted.

Now we consider the complex P® ® g Z/2Z which is given by

S TJ2L 5 T)2T s

since
RRRrZ/2ZL=7/2Z

and therefore H'(P®* ®p Z/27) = 7Z/27 for all i € Z. We conclude that P®* ®g Z/27 can’t be
quasi-isomorphic to the zero complex.

We assume that F' has finite cohomological dimension and we want to show that RF exists
on D(A). As suggested by the hint we consider the full subcategory K’ of K(.A) consisting of
complexes of F-acyclic objects in A. We have to show that every complex X*® admits a quasi-
isomorphism X*® — X’® where X'® is a complex of F-acyclic objects to be able to conclude by
the Generalized Existence Theorem and part a).

To do this take a Cartan-Eilenberg resolution X*® — I** and let 77°® be the double subcomplex
of I** obtained by taking the good truncation 7<, (I?*) of each column (see Truncations 1.2.7.
in Weibel’s book for more details on this construction) where n is the cohomological dimension of
the functor F. As each X? — IP* is an injective resolution, each 7<,(IP*) is a finite resolution
of XP by F-acyclic objects and therefore X’ = Tot(7I**)® is a cochain complex of F-acyclic
objects. Then the bounded spectral sequence

HPHY(7I**) = HPT9(X'*)

degenerates to yield H*(X*®) = H*(X'®) which proves that X* — X'® is a quasi-isomorphism.
As already mentioned we conclude the exercise by invoking the Generalized Existence Theorem
and part a).
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(iv)

Let R be a commutative ring. Recall that during the talk we took a cochain complex A® of right
R-modules and considered the functor

F(B*) = Tot®(A* ® B°)

from K(R —mod) to K(AB). As the category R — mod has enough projectives, its total left derived
functor
L F:D (R—mod) — D(Ab)

exists by the Existence Theorem. We defined the total tensor product of a bounded above cochain
complex A*® of right R-modules and a cochain complex B* of left R-modules by

A® @% B® = L™ Tot?(A® ®@g B*®).

However, for a fixed cochain complex B*® of left R-modules we could also look at the functor G(A®) =
Tot®(A*®r B®) where A® is a cochain complex of right R-modules. Again the total left derived functor

LG :D (mod — R) — D(Ab)

exists by the Existence Theorem.

Let us now take bounded above cochain complexes A® and B*® of right respectively left R-modules.
We want to show that A®* ®@% B* is naturally isomorphic to L™ Tot®(— @z B*)(A®).

As in the proof of lemma 10.6.2. of Weibel’s book we are free to change A® and B® up to quasi-
isomorphism and assume that both are bounded above complexes of flat modules (this can be done
using Cartan-Eilenberg resolution and invoking exercise 1 of sheet 10). In this case we obtain

A®* oL B® = Tot®(A® @ B*) = L™ Tot®(— @ B*)(A®)
by Example 10.5.5. of Weibel’s book which provides the desired natural isomorphism.
Let R, Ry and Rs be a rings. Our goal is to refine the total tensor product functor
— ok —: D (mod — R) x D™ (R — mod) — D™ (Ab)
to obtain a functor
—®% —:D (R, —mod — R) x D" (R —mod — Ry) - D (R, — mod — Ry)

such that the diagram of the exercise description commutes (see below).

To do this, notice first that if A®* and B® are bounded above cochain complexes of Ry — R bimodules
respectively R — Ry bimodules then the tensor product double complex A®* ® g B® admits naturally the
structure of an Ry — Ro bimodule double complex. Now to show that we can indeed refine the total
tensor product functor in the desired way, we may assume that A® and B® are bounded above cochain
complexes consisting of flat modules (see the solution of exercise 4 of this sheet for more details on
why one can do this). In this situation we have

A® @% B* = Tot®(A® ®@r B*)

by Example 10.5.5. of Weibel’s book and Tot®(A® @p B®) admits naturally the structure of an
R1 — Rs bimodule since the tensor product double complex A® ®pr B® admits the structure of an
R1 — Ry bimodule double complex and the direct sum of Ry — Ry bimodules is an R; — Ry bimodule.
Now the diagram

D~ (R; — mod — R) x D~(R — mod — Ry) —%5 D~ (R; — mod — Ry)

l |

D~ (mod — R) x D~ (R — mod) D~ (Ab)

R
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(vi)

where the vertical functors are forgetful functors commutes trivially.

Assume now that R is commutative. By what we did so far we have the refined total tensor product
functor
— @k —: D" (R—mod) x D™ (R — mod) - D™ (R — mod)

by commutativity of the ring R. The natural isomorphism follows easily in the case where A®* and B*®
are bounded above cochain complexes of flat modules because then

A* @% B®* = Tot?(A* @ B*) = Tot®(B® @ A®) = B* @% A°.

By the same argument as above (replacing any bounded above cochain complex in D~ (R — mod) by
a quasi-isomorphic bounded above complex of flat modules) the desired result follows.

In this exercise we want to establish some sort of associativity property of the composition of total
derived functors up to natural transformations. Let us first recall the universal property of the total
right derived functor RH : D — D’ where we denote by D the derived category associated to K.
There is a natural transformation ¢ : ¢H = RHq with the property that for any functor L : D — D’
equipped with a natural transformation 7 : ¢H = Lgq there exists a unique natural transformation
n: RH = L such that 7 =n, 0 ¢H. One can keep the following diagram in mind

K A K’ q/ D’
q 5H /RHNEW/
D____*

Moreover, the total right derived functors RG and RF' come equipped with natural transformations
€9 : qG = RGq and &F : ¢F = RFq and the same thing is true for the total right derived functors

R(FG), R(GH) and R(FGH). Recall that by the Composition Theorem one has commutative
diagrams

qGH :> (RG)qH
chﬂ ﬂRG&H (28)
R(GH)q ﬁ RGo RHgq

and
qFG :> (RF)qG
oo e (29)
R(FG)q ﬁ RF o RGq

In fact the statement of the exercise contains a slight abuse of notation, we have to show that ¢“ o
CPGH = ¢FG o ¢(FGH which boils down to prove that the natural transformations

RFGH) S8 R(FG) o RH <25 RF o RG o RH

and

R(FGH) 8 RF o R(GH) XS RF o RG o RH

are equal.
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The current situation can be summarized in the following diagram

K—2 K %K' —L KD —L— D(D)

gFGH

and thus if we show that

F.G FG,H FGH __ G,H F.GH FGH
RHqOCq of _RFCq GC o

then we get the desired equality by the universal property of the total right derived functor R(FGH).
We compute
ngq o 5G,H OEFGH — RFRGEH o f]Z[G o EG

= RFRGEM o RFE 0 &6y

= RF(RGET o) o iy

=RF((CT oMo tly

_ RFCqG,H o Cf‘,GH o ¢FGH
where we used the commutativity of diagram in the second equality and the commutativity of

diagram in the fourth equality, the first and the last equality follow from the construction of the
natural transformations in question.

As already mentioned this concludes the proof by applying the universal property of the total right
derived functor R(FGH).
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