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PROBLEM SHEET 1

NOTE: Consult, if necessary, Pavliotis, Stochastic Processes and Applications, Springer (2014), available
from the EPFL library.

1. Consider the Ornstein-Uhlenbeck process in one dimension

dXt = −αXt dt+
√
2DdWt, X0 = x, (0.1)

where x ∼ ρ0 has moments of all orders.

(a) Use Itoô’s formula or the Fokker-Planck equation to obtain a system of equations for the mo-
ments E(Xt)

n, n = 0, 1, 2, . . . .

(b) Show that the moments converge exponentially fast to the moments of the Gaussian invariant
distribution of the Ornstein-Uhlenbeck process.

2. Let a, D be positive constants and let X(t) be the diffusion process on [0, 1] with periodic boundary
conditions and with drift and diffusion coefficients a(x) = a and b(x) = 2D, respectively. Assume
that the process starts at x0, X(0) = x0.

(a) Write down the generator of the process X(t) and the forward and backward Kolmogorov equa-
tions.

(b) Solve the initial/boundary value problem for the forward Kolmogorov equation to calculate the
transition probability density p(x, t|x0, 0).

(c) Show that the process is ergodic and calculate the invariant distribution ps(x).

(d) Calculate the stationary autocorrelation function

E(X(t)X(0)) =

∫ 1

0

∫ 1

0
xx0p(x, t|x0, 0)ps(x0) dxdx0.
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3. Let Xt be a one dimensional diffusion process with drift and diffusion coefficients a(x) and b(x),
respectively, posed on the interval [0, L], and let J(x, t) = a(x)p(x, t)− 1

2
d
dx(b(x)p(x, t)) denote the

probability current.

(a) Assume that Xt is equipped with reflecting boundary conditions. Show that the stationary
Fokker-Planck equation can be written as

J(x) = 0.

Solve this equation to obtain the invariant distribution.

(b) Calculate the invariant distribution when the boundary conditions are periodic.

4. Let Xt be a multidimensional diffusion process onRd with drift vector a(x) = −Ax whereA ∈ Rd×d

is a symmetric positive definite matrix and diffusion matrix b(x) = 2DI , where D > 0 and I is the
identity matrix.

(a) Write down the generator, the stochastic differential equation and the Fokker-Planck equation
for Xt.

(b) Show that Xt is an ergodic Markov process and calculate the invariant distribution.

(c) Solve the Fokker-Planck equation with initial conditions p(x, t|x0, 0) = δ(x− x0).

(d) Calculate the stationary autocorrelation matrix

E(Xt ⊗X0) =

∫
Rd

∫
Rd

x⊗ x0p(x, t|x0, 0)ps(x0) dxdx0.

(e) Solve the stochastic differential equation for Xt.

5. Let Xt denote the solution of the SDE

dXt =
(
µ− αXt

)
dt+

√
2σdWt, X0 = x (0.2)

where α, σ are positive constants and µ ∈ R. Solve the SDE and calculate the fist moment and its
asymptotic behavior in the limit t→ +∞. Write down the generator and the Fokker-Planck operator
of the process Xt. Obtain an equation for the second moment.
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