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Exercise 1. (Partitioned Runge–Kutta method) Show that the symplectic Euler
method is a first order method and that the Störmer–Verlet method is a second order
method.

Exercise 2. Derive the order conditions for the coefficients {bi, aij}, {b̂i, âij} of a parti-
tioned Runge–Kutta method such that the method is of second order.

Exercise 3. Prove that if a Runge–Kutta method {bi, aij} satisfies biaij + bjaji = bibj,
for i, j = 1, . . . , s then it conserves all invariants of the form I(y) = yT Cy + dT y + c.

Exercise 4. Show (without using the Cooper theorem) that the symplectic Euler method
conserves all quadratic invariants of the form yT Dz, with D ∈ Rn×m, for partitioned
systems

ẏ = f(y, z), ż = g(y, z),

where y(t) ∈ Rn, z(t) ∈ Rm.

Exercise 5. (Cooper theorem for partitioned RK methods) Prove that if the
coefficients of a partitioned Runge–Kutta method satisfy

biâij + b̂jaji = bib̂j, i, j = 1, ..., s,

bi = b̂i, i = 1, ..., s,

then the method conserves quadratic invariants of the form Q(y, z) = yT Dz.

Exercise 6. Let {bi, aij}, {b̂i, âij} be a partitioned method. Show that if both meth-
ods {bi, aij}, {b̂i, âij} are irreducible and if the partitioned method conserves quadratic
invariants of the form

yT Cy + 2yT Dz + zT Ez, (1)

with C ∈ Rn×n, D ∈ Rn×m, E ∈ Rm×m, then the Runge–Kutta methods {bi, aij}, {b̂i, âij}
define the same numerical scheme.

Hints:

i) If the partitioned method satisfies (1), then each of the two Runge–Kutta methods
has to conserve quadratic invariant, respectively.

ii) For irreducible Runge–Kutta methods, the Cooper theorem gives a necessary con-
dition for the conservation of quadratic invariants.

iii) Prove that biaij = biâij for all 1 ≤ i, j ≤ s.
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