[Hints|

?r.bb.‘eim. 1: | write +the product n Terms Of the entries of
e matrices | and Use | e Lmqomir& of E.
Rewmember wat Jor X, Y ~N(O,4) inde penclent , we
have E[X21=1 | and EIXY]=O0.

?r:ob\gm,:‘z-. @ Par\{ attention  atr +we sizes of ‘he watrices.

How does your avswer donoe if W\o\hp\\qu\'Yovx,
of A x veckor  takes less than Olmn) fime

@ ﬁ\ppw tn cu,\%mlcu\' ine,ol]ua\\'\’j to \lA, QT ARE |, =
=llp- QRTA) + (RATA ~ @eTARRT) I,  use
symmetry of A and  properties of the 'oH"hOﬁ'o nedl
projection aQT

@ You want own approximaftion of the form |
Q- SOW\'Q‘HAU\S el

Problem 3. for the fist paut, in addition to  the ?uey\
hints, recall that | PDPIl, = max TPPP L whak
| 2 g2e [ 114D
happens Hor o= Pox |
For the 5euoncl port : consider A= UZNT and
2(2q+4) = P ‘\2,0‘+l :
—IU o wm‘re, e AN I PAATP in e
Sorm | N P2 P \\ut for o sutabe or’r\noéoml |

pm)eoHon P and  “hen apply the Lt part of the exercise.

~ Problem 4: To prove. IF(RCsz ‘/AllC\\g_\ wrl‘re C UE\/T
ond 1 Cw “7_ = W CTC , recall twak | Mu\’\’\p\\]\‘/\ﬂ
QW orHr\QSOnO«l et ik with a Cau&s.cm random

wector ~ N(O,T) %\\rc5 o Goussian ramdom vedor ~ N (0, T).

To prove IP(IX\ <p\ \J—)u ware the LHS as
+he mfeSml of | +he den5\+\1 mc[ +hen e.shma‘re
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PROBUEM 4

e[ havir] - e Z (An8Y; | - z el (anBYy]-

= ?:_ 'tF_[ ( Z Qi Wiq b,p\j)l]

=%( ,. E[a”‘ kab%] +(\<qZ:)=H\<z,v\2\\t kg G, “‘“lb“ﬁbh‘bb

=M N A (&qm\)(% by ) = WAV Aeat

T A K

Elwi =1, Eluwge W =0 or (kihid+(kR,) | =

Aho+her’ PmO'F g & CCHS‘\C{QX" S\JDS A UAZ‘\\[: QY\O\ B\""Ugis\lrg X
fhen  X:= Na SLVUg 15 also Gaussion because Va and Ug e

orH\oSoncu\ matrices,  We have | ASLBIC = WUAZAX Z\g s\ eI XZ,, \\; -
ﬂxemyore

JED(.J] =4
elnanenz]= el 13, X Zgl2 |= EE Z_ch’*\ (o) X3 |2

= 5 @2 (a2Y (%(cf-)) (3“("5”231 NANE - W8I o
EROBIEM.2

@ The muttiplication Y=ASL costs  O(mn(r+p)) , e ewnomy - GR
factorization costs  Q(mr+pY) , computation of B costs O (nw (r+p))
ond owmputing T (B)  costs O(.n‘(r-rp\.l) So A"f\'ne Yota\ cost s
Oﬁ(mn(r*\-pﬂ. Note that i€ we tal Cpue The cast of ore
wmatvix-veckor mulhipliceion  with A (which can be lower ¥han
O(mn) ' A has some speaal strucruce) , thep +he cosr of
the C&lgoriﬂHr\m IN O( Conget - (r+p) —+ (m+n)(r+ p\")

@ WA -QQ AQQT |, = [|A- QQA + QRTA- QTAGGKTI,
£ IA-Q@All, + QT (A-AQQRT)Il, e+ QTN [ A= Aaa’”ll

i St IRqTl 1A= QRTAT, =
mﬁ,“ulﬁ.?; < e QT HA-QEAl, €26 @
Clels

lns\“eac\ oC BR= @A, compute 8= QTAGQ (whidis S\,mrne‘hm )
find Q .S,Ped'rat\ dQcovnPQS\+l‘on of +this small matrix @ B = U Z\U"
ond take A & QU AL (QU)T ks U/\U
0= @U




L soLuTions ]

PROBLEM 3

First we prove that I PDPUS < UPDPI,. Let x=(xa, - 2nY be a unit
veckor  Such that  A'PDP x=IIPDPI,. Assume by contradiction hak Prtx;

as Pis an orihogonal projeckion , | Pxl, <4 . Then -the vector
y:= Px is sudv 4hat

gy WPz Py W Paclly
whidh is  a contradickion  as IPDPPH, = wmax 3‘-—?33‘_.
T2
Therefore. Pr=x. o T i 1
% :
ilPDP\l = (1 (PDP)x) (X’Dx\ ‘:( Z&.ﬁ)é
n . 4=/
€ 2 dfxf = D* x -—.(P.x\’rbt (Pa) T
£34 Z [ PDEP . Jensen's \‘r\equa\\h/

for comex €unciicn 2|t
(u_s.ns vHr\od dizo W

NS REY
We now prave the sewnd part of +he exercse.

We hate that | PAn“ﬁ“"l WPAATPIET = puzuTP I =

duxsvno&n;( w\\’\l\ V\OV\V\Q:\ entries et A= UZ\T bQSVD

= 1L QUTPY) z"‘ (PO T R PGP Ol
BT | |
Orthagonal prajection = 1 PCA ATYT Pl = || PA A AAT(AAT)PI,=
= L P(A ARG o
PROREM. 4

Let C=U2NT be anSVD Of C , then

P (hCelly \/Ancu,_\ IP( SCCw ¢ ok )=

‘lP(w VZl\/Twé 0'1) (X s*X ‘/}O'%l
X:=Vw ~ N 1) is ase a Ga.umcm vector

P2 oEx <pel) < P (X 2o pt)= 2 o _,yexy(-gk‘\at
3 J;J—t- ] 2/& = \)-:2:}1 C,hoosms )u ——-\E cbwes

ﬁ’(ﬂAwlIl £ 40\(—!%!!7_)44* Therefore ,
P(max lawd, < L\T uAnl)ilﬁg- P(IIAw‘”ﬂze 4T nAul\g(/\—’;-Y

This means that P (ll/’xl\2 é/\o\il mox ll‘Aw“’llz) 2 AS S T
=4 )K ! /lo

/y denote X=(Xa, - Xn) :
X; o N, D Y




cl ear al
n=100;
x=zeros(n);
for i=1:n
x(i)=i/10;
end
A=zeros(n, n);
for i=1:n
for j=1:n
ACTJ) =11 (x (1) +x(j));
end
end
B=zeros(n, n);
for i=1:n
for j=1:n
B(i,j)=1./7((x(i)+x(j))"0.5);
end
end

r A=r ank( A)

r B=r ank( B)

[ Ua, Sa, Va] =svd(A, ' econ');

[ Ub, Sb, Vb] =svd(B, ' econ');

Ua=Ua(:, 1:rA);

Sa=Sa(1l:rA 1:rA);

Va=Va(:,1:rA);

Ub=Ub(:, 1:rB);

Sb=Sb(1:rB, 1: r B)

Vb=Vb(:, 1: rB);

C=A+B;

r=rank(C)

k=r +0;

Orega=r andn(n, k) ;

Ya=Ua* (repmat (di ag(Sa), 1, k). *(Va' *Orega) ) ;
Yb=Ub* (reprat (di ag(Sh), 1, k). *(Vb' *Orega) ) ;
Yc=Ya+Yb;

[Q RI=ar(Yc,0);

Ba=@Q *Ua*(repnmat (di ag(Sa), 1,n).*Va');
Bb=@Q *Ub* (repnmat (di ag(Sb), 1,n).*Vb');
B=Ba+Bb;

[U'S, V] =svd(B, "' econ');

U=Q*U(:,1:r);

S=S(1l:r,1:r);

V=V(:,1:r);

norm G- U*S*V')

sv=svds(C, r+1);

sv(end)
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