S OLUTION 8 — Advanced Numerical Analysis

1 » Nonlinear CG
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function ex9problem2
close all;
clear all

% Poisson matrix

n = 10;

I = eye(n™2);

A = gallery(’poisson’,n);
% Choose a starting value
X0 [1; zeros(n™2-1,1)];

%x0 = ones(n™2,1);

% Prolate matrix

% n = 10;
% I = eye(n);
gallery(’prolate’,n);

of
h S
]

% Choose a starting value
%x0 = [1; zeros(n-1,1)];
% X0 = ones(n,1);

% Calculate exact solution:
Xexact = min(eig(A));

% Define function handles here
f = @(x) x'*(Axx)/(x"*x);
df = @(x) 2%(I - x*x'/(X"*X))*(A*x)/(X"*X);

% Line search parameters
alphat = 1;

beta = 0.5;

cl = le-4;

tol = 1le-8;

maxiter = 10000;

%Run Fletcher-Reeves
[X1,fX1,dfX1] = ncg(f,df,x0,cl,alpha0,beta,tol,maxiter,’fr’);

%Run Polak-Ribiere
[X2,fX2,dfX2] = ncg(f,df,x0,cl,alpha0,beta,tol,maxiter, 'pr+’);

%Run steepest descent
[X3,fX3,dfX3] = steepdesc(f,df,x0,cl,alpha0,beta,tol,maxiter)

%Plot function value and gradient

subplot(1,2,1)
semilogy([0:1:numel(fX1)-1],diag(dfX1’*dfX1).”~(1/2),’ro’);
hold on

title(’Gradient_norm’)

subplot(1,2,2);
semilogy([0:1:numel(fX1)-1],abs(fX1-Xexact),’ro’);

hold on

title(’Error_on_cost_function’)

subplot(1,2,1)
semilogy([0:1:numel(fX2)-1],diag(dfX2’'*dfX2).”~(1/2),’0ob’);
subplot(1,2,2);
semilogy([0:1:numel(fX2)-1],abs(fX2-Xexact), ’ob’);

(A

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

Prof. D. Kressner
M. Steinlechner



89

91

93

99

101

103

107

109

111

113

117

119

121

subplot(1,2,1)
semilogy([0:1:numel(fX3)-1],diag(dfX3’'*dfX3).”(1/2), ’0k’);
legend(’FR’,’PR+’,’SD")

subplot(1,2,2);
semilogy([0:1:numel(fX3)-1],abs(fX3-Xexact), ‘ok’);
legend(’FR’,’PR+’,’SD")

end

%Required functions

function [X,fX,dfX] = ncg(f,df,x0,cl,alpha0,beta,tol,maxiter,opt)
X(:,1) = x0;

X(:,1) = £(x0);
dfX(:,1) = df(x0);

k =1;

xk = x0;

gk = df(xk);
pk = -gk;

while norm(gk) > tol && k<=maxiter

% start backtracking

alpha = alpha0;

while f(xk + alphaxpk) > f(xk) + cl*alpha*gk’*pk
alpha = alphaxbeta;

end

%sPerform step
xk = xk + alphaxpk;

%snew gradient
gknew = df(xk);

%snew search directions
if strcmp(opt,’fr’)
%Fletcher-Reeves
betak = norm(gknew)”~2 / norm(gk)"2;
else
%Polak-Ribiere +
betak = max(0,gknew’*(gknew - gk) / norm(gk)~2);
end
pk = -gknew + betakxpk;

%scontinue with
gk = gknew;
X(:,k+1l) = xk;
fX(:,k+1l) = f(xk);
dfX(:,k+1) = gk;
k = k+1;

end

end

function [X,fX,dfX] = steepdesc(f,df,x0,cl,alpha0,beta,tol,maxiter)
X(:,1) = x0;

X(:,1) = f(x0);
dfX(:,1) = df(x0);

k =1;
xk = x0;
gk = dfX(:,1)

while norm(gk) > tol & k<=maxiter

%search directions



131 pk = -gk;
133 % start backtracking
alpha = alpha0;
135 while f(xk + alphaxpk) > f(xk) + clxalpha*gk’*pk
alpha = alphaxbeta;
137 end
139 %Perform step
xk = xk + alphaxpk;
141 gk = df(xk);
X(:,k+1) = xk;
143 X(:,k+1) = f(xk);
dfX(:,k+1l) = gk;
145 k = k+1;
end
147
end

2 » Convex functions

Prove the following simple statements for u-strongly convex functions.

a) (Third relation in Lemma 4.22) Let f be twice differentiable and let H(x)
denote the Hessian of f. Then H(x) = pf if and only if f is u-strongly convex.
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b) Show that for a differentiable p-strongly convex function, the distance ||x —x*||2
from the point x to the minimizer x* can be bounded solely by the norm of the
gradient, ||V f(x)]|2:

2
I =x"ll2 < 2V ()
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3 » Binary logistic regression

Logistic regression is an important tool in statistics and has various applications in
machine learning and data mining for the classification of data.

The binary logistic model with parameter X € RP yields the probability of the class
be {—1,1} given a certain sample a € R™:

1

Plla) = o=t

Unfortunately, the parameter x is usually unknown and we have to estimate it from
data samples. Let a; € R™ be sampling points and b; be the associated binary class
labels. Then, an approximation of the true parameter X is given by the maximum
log-likelyhood estimator

x* = argmin f(x), with f(x Z log (b;al'x )

x€eRP

where h(t) = 1/(1+exp(t)) is the sigmoid function. Binary classification can hence
be cast into an unconstrained optimization problem for the model parameters x*
(Note that we have introduced a minus sign to go from a mazximization problem to
a minimization problem).

a) Show that for a given data set {(ai,b1), (az,b2),...,(a,,b,)}, the objective
function f is convex.

To show that the function

Zlog (b;a; x)

is convex, we will prove that the Hessian of f is positive semidefinite. The
Hessian is given on the exercise sheet,

H(x) = AT DA,
with the data matriz A = [al as ... an]T and the diagonal matrix
D, = diag <h(b1a?x)(1 — h(bia{x)), ..., h(bpalx)(1— h(bnaZ:x))>



we have that g(t) := h(t)(1 — h(t)) oG and it

_ 1 _
As h(t) = Treprn = TFexp(—t)2’

s easy to show that
1
O<g(t)§1<1, vVt e R.
With this definition of g, we have

Dy = diag (g(bradx) ..., g(0,07x))

As g is strictly positive, we have that Dy is a positive definite diagonal matriz.
Thus, the square root of it exists, with

Dz = diag { g (bialrx)}

To show that the Hessian H(x) is positive semidefinite, we need to show that
for any vector y € R™ with y # 0 it holds that

yTH(z)y >0 < yTATDAy>0 < yTATDIDZAy>0

n

i=1

o yTATDIDIAy>0 < (D2Ay)T(D?Ay) >0
& DAyl > 0.
which is clearly true as the norm is always nonnegative.
Is f strongly convex?

For f to be strongly conver, it is necessary (but not sufficient!) that the strict
inequality )
yTH(z)y >0 <& | DzAyly > 0.

has to hold for all vectors y € R™ with y # 0. In general, the data matriz A
is not invertible, as its rows (the sample vectors) are not necessarily linearly
independent, that is, it can happen that rank(A) < min{n,p}. Hence, it may
have a mon-empty kernel, that is, we can find a z # 0,

z €ker(Ad) & Az=0.

and thus also )
|IDzAz||2 = 0.

Hence, f is in general not strictly convex and thus of course also not strongly
convez.

Show that the Hessian of f is bounded for all x € R?: | H(z)||2 < C.

To show that H(x) is bounded, we use the decomposition of H(x) introduced in
Exercise 11 above and the fact that all induced matrix norms are submultiplicative,
that 1is,

| (2)]| = [AD<A|l < [|AIDx|[|All = [ Dx[I[1A]1>.

The diagonal matriz Dy has entries

g (biag;)x)

on the diagonal. As0 < g(t) < i for allt € R, we have

”DXH = )‘max(Dx) = m?Xg (biaa)x) <

RNy

Hence, the Hessian is bounded by
1
1 ()] < 2]l Al”*

independent of x, as A are the training data samples.

What is the smallest Lipschitz constant L > 0 you can find such that the
gradient V f is Lipschitz continuous,

IVIx) =Vl < Lix—yll, vxyeR"?
A differentiable function is Lipschitz continuous if and only if its derivative is

bounded. In this case, the gradient V f is Lipschitz if the second derivative is
bounded. This was shown in ¢), with L = || A||* a possible Lipschitz constant.



