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2 » Curvature condition for Quasi-Newton methods

In a Quasi-Newton method, after the (k + 1)-th iteration, a symmetric positive
definite matrix Bjy1 is sought to satisfy Bri1(Xk+1 — Xk) = Vf(Xkt1) — VF(x)-
A necessary condition for such a matrix to exist is

(%41 — x%) " (Vf (Xkp1) — VF(xx)) > 0. (%)

(a) Proof that for a strictly convex function (x) always holds.
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(b) Show that the strong Wolfe curvature condition

IV f(xk + arpr) Pl < —c2V F(xi) P

with ¢o € (0,1) implies (%) for xx4+1 = X + axPk.
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3 » Steepest descent vs. Newton vs. BFGS

Plots for the difficult starting guess zg = (—1.2,1)7:

steepest descent, x0 = (-1.2,1), 13757 steps Newton, x0 = (-1.2,1), 22 steps BFGS, x0 = (-1.2,1), 35 steps
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I | function rosenbrock
3 | % Rosenbrock function and derivatives
f = @(x) 100x(x(2) - x(1)72)"2 + (1 - x(1))"2;
5 |df = @(x) [-400%(x(2) - x(1)72 )*x(1) - 2*(1 - x(1)); 200%(x(2) - x(1)~2) 1;
ddf = @(x) [ -400%x(2) + 1200%x(1)"2 + 2, -400*x(1); -400xx(1), 200 ];
7
alphat® = 1;
9 |beta = 0.5;
cl = le-4;
11 |tol = le-6;
13 |%Choose starting value here
%x0 = [1.2,1.2]";
15 |x0 = [-1.2,11";
17 | %Run steepest descent
X1 = steepdesc(f,df,x0,cl,alpha0,beta,tol);
19
%Run Newton
21 | X2 = newton(f,df,ddf,x0,cl,alpha0,beta,tol);
23 | %Run BFGS
X3 = BFGS(f,df,x0,cl,alpha0,beta,tol);
25




% Visualization

xrange = linspace( -1.5,1.5,200);
yrange = linspace( -0.5,1.5,200);

29 | [A,B] = meshgrid( xrange, yrange );
vecA = A(:); vecB = B(:);

31 | for i = 1:length(vecA)

z(i,1) = f( [vecA(i); vecB(i)] );

[\
3

33 |end
Z = reshape(z, 200, 200);

%Plot steps
37 |scrsz = get(0,’ScreenSize’);
figure(’Position’,[1 scrsz(4)/2-200 scrsz(3)/1.2 scrsz(4)/2+100])

%set linewidth and fontsize
11 |set(0, ’defaultLineLineWidth’,1.5)
set(0, ‘defaultAxesFontSize’,16)

subplot(1,3,1)

45 | contourf(A,B,Z,20, linestyle’, 'None’);

axis square

17 | hold on

plot( X1(1,:), X1(2,:), '-wo’, ’linewidth’,2)

19 | xlabel(’x_1")

ylabel(’'x_2")

51 | title(sprintf(’steepest_descent, x0_= (%g,%g), %1 _steps’,x0(1),x0(2),length(X1(1,:))));

53 | subplot(1,3,2)

contourf(A,B,Z,20,'linestyle’, 'None’);

55 |axis square

hold on

57 |plot( X2(1,:), X2(2,:), ’"-wo’, ’linewidth’,2)

xlabel(’x_1")

59 |ylabel(’x_2")
title(sprintf(’Newton, x0_=_(%g,%g), %i_steps’,x0(1),x0(2),length(X2(1,:))));

subplot(1,3,3)

63 | contourf(A,B,Z,20, linestyle’, 'None’);

axis square

65 |hold on

plot( X3(1,:), X3(2,:), ’"-wo’, ’linewidth’,2)

67 |xlabel(’x_1")

ylabel(’x_2")

69 | title(sprintf(’BFGS, x0_= (%g,%g), %1 _steps’,x0(1),x0(2),length(X3(1,:))));

71 |%Plot errors
scrsz = get(0, 'ScreenSize’);
73 | figure(’Position’,[100 scrsz(4)/2-300 scrsz(3)/1.2 scrsz(4)/2+100])

75 |E1 = X1 - ones(2,length(X1(1,:)));
E2 = X2 - ones(2,length(X2(1,:)));
77 |E3 = X3 - ones(2,length(X3(1,:)));

79 | subplot(1,3,1)
semilogy(sqrt(sum(E1.~2,1)));
81 | title(’steepest _descent’);
xlabel(’Iterations’)

83 |ylabel(’Error’)

85 | subplot(1,3,2)
semilogy(sqrt(sum(E2.72,1)));
87 | title(’Newton’);
xlabel(’Iterations’)

89 |ylabel(’Error’)

91 | subplot(1,3,3)
semilogy(sqrt(sum(E3.72,1)));
93 | title(’BFGS’);
xlabel(’Iterations’)




95 |ylabel(’Error’)
97 |end

99 | % STEEPEST DESCENT

%

©

101 | function X = steepdesc(f,df,x0,cl,alpha0,beta,tol)

103 | X(:,1) = x0;

k =1;
105 | xk = x0;
gk = df(xk);

107
while norm(gk) > tol && k < 1le6 % maxiter just as a safeguard

109
%ssearch directions
111 pk = -gk;
113 % start backtracking
alpha = alpha0;
115 while f(xk + alphaxpk) > f(xk) + cl*alpha*xgk’*pk
alpha = alphaxbeta;
117 end
119 %Perform step
xk = xk + alpha*pk;
121 X(:,k+1) = xk;
123 % prepare for next step
k = k+1;
125 gk = df(xk);
end
127 | end

129 | % NEWTON

o

©

131 | function X = newton(f,df,ddf,x0,cl,alphad,beta,tol)

133 | X(:,1) = x0;

k =1;
135 | xk = x0;
gk = df(xk);
137
while norm(gk) > tol && k < 1le6 % maxiter just as a safeguard
139
Hk = ddf(xk);
141
%search directions
143 pk = -Hk \ gk;
145 % start backtracking
alpha = alpha0;
147 while f(xk + alphaxpk) > f(xk) + clxalphaxgk’xpk
alpha = alphaxbeta;
149 end
151 %Perform step
xk = xk + alpha*pk;
153 X(:,k+1) = xk;
155 % prepare for next step
k = k+1;
157 gk = df(xk);
end
159 |end

161 |% BFGS

%

©

163 | function X = BFGS(f,df,x0,cl,alpha0,beta,tol)
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Bk

X0;
df (xk);

eye(size(x0,1));

while norm(df(xk)) > tol && k < 1le6 % maxiter just as a safeguard

end
end

%ssearch directions
pk = -Bk \ gk;

% start backtracking

alpha = alpha0;

while f(xk + alphaxpk) > f(xk) + cl*alpha*gk’*pk
alpha = alphaxbeta;

end

%sPerform step
sk = alphaxpk;
xk = xk + sk;
X(:,k+1l) = xk;

% prepare for next step

k k+1;

yk = gk;

gk = df(xk);

yk = gk - yk;

if k == 1 % adjust bad initial guess
Bk = BO*(yk'*sk)/(yk’*yk);

end

%BFGS update
zk = Bk * sk;
Bk = Bk + (ykxyk’)/(yk’*xsk) - (zkxzk')/(sk’xzk);



