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Exercise 13 – Advanced Numerical Analysis, Spring 2015

1I ISTA: A projected proximal gradient method
1 function lasso

3 rng(7);

m = 500;

5 n = 2500;

A = randn( m, n );

7 % make the columns have unit l2 norm

A = A ./ repmat( sqrt(sum(A.^2)), m, 1 );

9 % create a sparse exact solution

x_star = zeros(n, 1);

11 idx = randperm( n, 100 );

x_star(idx) = randn( 100, 1 );

13 % create corresponding right hand side

noise = 10^(-2) * randn( m, 1 );

15 b = A*x_star + noise;

17 cost = @(x, gamma )0.5*norm(A*x - b)^2 + gamma*norm(x, 1);

prox = @(x, gamma) max( abs(x) - gamma, 0) .* sign( x );

19 grad = @(x) A’*(A*x - b);

gamma = 0.1 * norm(A’*b, Inf);

21 alpha = 0.1;

cost_star = cost( x_star, gamma );

23 maxiter = 500;

x = zeros( n, 1);

25 costs = cost( x, gamma );

for k = 1:maxiter

27 x(:,k+1) = prox( x(:,k) - alpha*grad(x(:,k)), gamma*alpha );

costs(k+1) = cost( x(:,k+1), gamma );

29 end

31 % number of nonzero entries

nnz_x = nnz(x(:,end))

33
semilogy(abs(costs(1:end-1)-costs(end)),’linewidth’,2)

35
set(gca,’fontsize’,14)

37 xlabel(’Iterations’)

ylabel(’error in cost function’)

39
end
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2I Nonnegative Matrix Factorization (NMF)
The nonnegative rank-k approximation of a nonnegative matrix A ∈ Rm×n is
a statsistical tool to extract features from A. Typical applications are pattern
recognition, recommendation systems, or spectral analysis.

The task reads

min
W∈Rm×k, H∈Rk×n

1

2
‖A−WH‖2F , W ≥ 0, H ≥ 0,

where ‖M‖F = (
∑

ij m
2
ij)

1/2 is the Frobenius norm of a matrix. Typically, k �
min(m,n).

(a) (i) Let

f : Rm×k × Rk×n → R, (W,H) 7→ 1

2
‖A−WH‖2F .

At a point (W0, H0) calculate the partial gradients∇W f(W0, H0) ∈ Rm×k

and ∇Hf(W0, H0) ∈ Rk×n.
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(ii) Calculate the exact values αW ≥ 0 and αH ≥ 0 which minimize

α 7→ f(W0−α∇W f(W0, H0), H0), and α 7→ f(W0, H0−α∇Hf(W0, H0)),

respectively.
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(iii) Given arbitrary W and H, how do the orthogonal projections P1(W ) and
P2(H) onto the feasible set read?
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*(b) Prove that the NMF problem always has at least one global solution.
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3I Solving NMF with alternating projected gradients
(a) Implement in Matlab the following function for NMF:

Require: matrix A ≥ 0, k ∈ [1,min(m,n)], starting guesses W0, H0 ≥ 0,
maxiter
i← 1, W ←W0, H ← H0

while ‖P (∇f(W,H))‖F > 10−5‖∇f(W0, H0)‖F and i < maxiter do
W ← P1(W − αW∇W f(W,H))
H ← P2(H − αH∇Hf(W,H))
i← i+ 1

end while

1 function [W,H] = nmf_projgrad(A,W0,H0,maxiter)

3 s = size(A);

f = @(B,C) norm(A - B*C)^2/(2*s(1)*s(2));

5
% Project W0 and H0 if necessary

7 W0 = max(W0,0); H0 = max(H0,0);

9 % Gradients of starting value

g_W0 = (W0*H0 - A)*H0’;

11 g_H0 = W0’*(W0*H0 - A);

g0 = [g_W0; g_H0’];

13
W = inf; H = inf; g = g0;

15
c1 = 1e-2; beta = .1; tol = 1e-4; i=1;

17
while norm(max(g,0),’fro’) > tol*norm(g0,’fro’) && i < maxiter

19 fprintf(1,[num2str(i) ’ ’])

if mod(i,10) == 0

21 fprintf(1,’\n’)

end

23 %% Projected gradient step for W

alphaW = norm(g_W0,’fro’)^2/norm(g_W0*H0,’fro’)^2; %optimal for unconstrained

25 W = max(W0 - alphaW*g_W0,0);

27 W0 = W;

g_H0 = W0’*(W0*H0 - A);

29
%% Projected gradient step for H

31 alphaH = norm(g_H0,’fro’)^2/norm(W0*g_H0,’fro’)^2; %optimal for unconstrained

H = max(H0 - alphaH*g_H0,0);

33
%% new gradients

35 H0 = H;

g_W0 = (W0*H0 - A)*H0’;

37 g_H0 = W0’*(W0*H0 - A);

g = [g_W0; g_H0’];

39
i = i+1;

41 end

end
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