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EXERCISE 2 - Advanced Numerical Analysis, Spring 2015

Higher-order derivatives

Calculating higher order derivatives of functions f: R™ D € — R? by calculating
all partial derivatives is not always advisible. If f € CP*1(R™ R%), then at a point
x € Q the kth derivatives are the unique symmetric k-linear forms f*)(x) that

satisfy
P

flx+h)=f(x)+ )

k=1

FP )M, ]+ O([u[7*).

==

Note that in general the constant in O(||h||[P*!) can be chosen independent of x in
any bounded neighborhood of x, but depends on the size of the neighborhood. To
find f*)(x)[h,...,h], one tries to expand f(x + h) and collect the terms of order
h*.

Try it out by deriving f/(x)[h] and f”(x)[h, h] for the following functions:
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frR* = R, x— ||x]f3,
fiR™X™ 5 R A A3,
f:R™\ {0} —» R, XH@.

Hint. Use (z +h)™' = 27! —272h + $273h% + O(|h}?).

Validating derivatives calculated by hand

Since calculating derivatives is error-prone, it is good to have a numerical validati-
on.

(a) Write a MATLAB function check_derivatives(f,fl,f2,x,N) which calculates

fx+h) = (f(x) + fr(x)[h] + 1/2f2(x)[h, h])

for N different values of ||h|| tending appropriately to zero (you are free to
choose whether the direction of h is fixed). The function should produce
reasonable plots which allow to decide whether f;(x) and/or fs(x) are the first
and second derivatives.

(b) We want to test the program with the function
frR™™ S R A AT
Candidates for f'(A)[H] are
—A72H, —A'HA™', or —HA™Z
while f”(A)[H, H| could be
QHA 3H, or 24A7'HA'HA™!,

amongst other permutations. Which choices are correct?

Hint. For once use the MATLAB function inv for the matrix inverse, which is
usually not advisible.

(¢)* Can you prove that the obtained expressions are indeed the derivatives?



