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EXERCISE 12 - Advanced Numerical Analysis, Spring 2015

Rosenbrock function with equality constraint

In this exercise, we want to find the minimum of the Rosenbrock function subject
to an equality constraint:

min f(x) = 100(z> - 22)? 4 (1—2)?
xXE
subject to: z% 4+ 2% —2 = 0.

(a) Write down the KKT conditions for this system, equivalent to finding the zeros
of a nonlinear function. Apply the Newton method to derive equation (5.34)
in the script for this problem. Finally, substitute x**! to arrive at the linear
system (5.36) corresponding to the local quadratic program.

(b) Find the solution of the constraint optimization problem by a simple local

SQP algorithm: Beginning from the initial guess (29, 29, u°) = (2.5,5,1), solve

the quadratic program around the current iterate (xf, x5, u*¥) and update:

xF+1 = xF + p*. Compare to the initial guess (2,29, u°) = (0.75,5,1). What
do you observe?

Subdifferential

In this exercise, we want to explicitely calculate the subdifferential, the set of all
subgradients, of simple functions.

a) f(z) =lz| at g =1 and 2o = 0.
b) f(r) = max {0, %(xQ - 1)} at xop = 1.

¢) f(z)=—vzwithz e {yeR|y >0} at g = 0.

Hint: Visualize the corresponding subgradients at xo graphically — consider the
possible “tangents” to the function at xq!

Proximal operators

a) Consider the ¢;-norm of a vector, g(z) = [|z||1 = Y, |z;| for z € R™ and let
A > 0 be a parameter. Show that we can compute the proximal operator for this
function explicitly in the following form (for the ith component of prox,,(z)):

T; — A if x; > /\,
(proxAg(x)). =<z + A if o; < —A, ,
0 if —A<a; <A

K2

which can be written in short form as (prox/\g(aj)> = max{|z;| — X\, 0} sign(x;).

This operator is also known as the shrinkage (soft thresholding) operator

Sx(z) := prox,,(z).
*b) Let A be an n x n matrix and g(A) := 01(A) + - - - + 0,,(A), where o; is the jth
singular value of A. What is prox, (4) ?

Note: In the definition of prox,,(A), the 2-norm of the vector needs to be
replaced by the Frobenius norm of the matrix.
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