
function

time
error

interval

x
0

degree

derivative

bar

polynomial

point

goes

vector

x_n

following

i
n
f
i
n
i
t
y

x_i

matrix

theorem

integral

dividedline

order

c
o
e
f
f
i
c
i
e
n
t

maximum

u_n

column

approximation

method

entries

term

solve

solution
linear

compute

finite difference

know
example

difference formula

formula
tn

observe

u1

u_

depend

absolute

diagonal

chapter

quantity

t0 t1
smaller

dt

scheme

q
u
a
d
r
a
t
u
r
e
 
f
o
r
m
u
l
a

less

book

x_bar

last

associated

p
o
w
e
r

x_0

x_1

d
e
f
i
n
e
d

points t0

u'

epsilon
Newton method

conclusion

x1

node

x1 x2

n
u
m
b
e
r

claim

p_n

step

u
p
p
e
r
 
b
o
u
n
d
e
d

equals

known

linear combination

a
p
p
r
o
a
c
h
e
s

next
nonlinear

g'

Lagrange basis

f' x0

initial

continuously differentiable

unknown

choose

differential

exact

equations

course

dx

t_M

mean

exist

u2

component

result

positive

xN

u_i

approaches infinity

values
converge

evaluated

question

correspond

divide

t_j
cases

sin

still

c
a
l
c
u
l
a
t
e

ℝ

u
s

l
i
m
i
t

algorithm

interpolation points

polynomial p_n

points t_j

times continuously

u
s
i
n
g

entry

phi_0 phi_1

phi_1 phi_n

quadrature node

variable

written

start

obtain

α

identify

java app

t_1 t_2

nonnegative

exp

approach

t1 t2

e
q
u
i
d
i
s
t
a
n
t
 
i
n
t
e
r
p
o
l
a
t
i
o
n

basis polynomials

t1 tn

fixed point

graph

ξ

Euler scheme

corresponding

third

even

check

coincide

approximate end
x_2

numerical

weights

L_h

Ax

s
t
r
i
c
t
l
y
 
s
m
a
l
l
e
r

u
p
p
e
r
 
t
r
i
a
n
g
u
l
a
r

l
o
w
e
r
 
t
r
i
a
n
g
u
l
a
r

indeed

remind u_1

explain

better

used

state

simply

operation

nodes t_1

interpolant

f_h

previously

left

t_2

loop

L
1

u0

β

t
i
m
e
 
s
t
e
p

different

looking
answer

solving

follows

continuousbounded

done

small

squared

sqrt

matrice

rope

d
e
g
r
e
e
 
p
o
l
y
n
o
m
i
a
l

n
u
m
e
r
i
c
a
l
l
y
 
a
p
p
r
o
x
i
m
a
t
e

q
u
a
d
r
a
t
u
r
e
 
r
u
l
e

n
o
t
e

unique

put

Video

1

https://mediaspace.epfl.ch/media/0_kkla4086
https://mediaspace.epfl.ch/media/0_kkla4086


Now I will present theorem 1.1 from the book, which allows us to
explain the results in some cases. I remind you that the problem is the
following: let us consider a function f defined on an interval [a,b] in R.
We considered t_j equidistant interpolation points, t_j = a + (b-a)*j/n for
j=0,1,...,n. These t_j points are equidistant. Let p_n a polynomial of
degree n which coincides with the function f in the points t_j. So p_n is
equal to f in t_j, for j = 0,1,..,n. p_n is a linear combination of the
functions phi_0, phi_1,... phi_n which are the Lagrange basis
polynomials of degree n associated to the points t0,t1,...,tn. So p_n of t
is f of t0 times phi_0 of t plus f of t_1 times phi_1 of t plus... f of t_n
times phi_n of t. Again, phi_0, phi_1,... phi_n are the Lagrange basis
polynomials of degree n associated to the points t0, t1,... tn. The
hypothesis is that f is (n+1) times continuously differentiable on the
interval [a,b] and the conclusion of the theorem is the following: I am
interested in the error, i.e. the difference between the function f and the
polynomial p_n of degree n also known as the interpolant of f associated
to the points t0,t1,t2,... tn.
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I track this error at all points t, and consider the maximum of the error
on the interval [a,b]. I then claim that such this error is upper bounded
by 1/(2*(n+1)). times (b-a)/n elevated to the power (n+1). times a term
which brings in the (n+1) derivative of the function f on the interval
[a,b], in absolute value and consider the maximum of this quantity on
the interval [a,b]. Hence the error between the function f and the
polynomial is upper bounded by a term which approaches zero as n
approaches infinity and another term which uses the derivatives of
increasing order. Let's consider two cases which correspond to both
examples done in the java apps. In the case where f(t)= sin(t) I know
that all derivatives of sin(t) are upper bounded by 1, this for all t in [a,b]
or even R. This quantity is bounded by 1, this one approaches 0 as n
approaches infinity. So we must have the limit of the maximum of the
error between the function f and the polynomial p_n goes to zero as n
goes to infinity. In the case when f(t)=1/(1+25*t^2), an explicit formula
of the derivative can not be given. Neverthless I can observe that the
(n+1) derivative of f goes to infinity as n goes to infinity.
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Hence there is one term which goes to infinity as n goes to infinity, and
a second one which goes to zero so no conclusion can be made.
Nevertheless the numerical examples show that the polynomial moves
further away from the function f. At least the maximum of the error goes
to infinity when n goes to infinity. The conclusion is the following:
choosing equidistant interpolation points is not a recommended when
the number of points goes to infinity i.e. when the degree of the
polynomial gets higher and higher. One method to resolve this issue is
by choosing points with adequate spacing on the interval [a,b]. By
experimenting with the java app, you can see that by placing more
points towards the edges of the interval, things get better. The other
solution which I will do next in the course, is interpolation by intervals.
This is what is done in finite element softwares.
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