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Interpolation de Lagrange - cas n=2

Introduction a I'analyse numérique
Prof. Marco Picasso

nonnegative differential defined polyncmlal 1
rau Tto unknown
example " wo divided £2 hoines top 0 1 y nomia ;|_
P051t1vep ute power exact . evaluate L 2%
rain ¢y e degree polwynomla.l
dimensign e
follow ng : :

o1 92

Euler scheme

0
(]
g -~
[OF (-
>3 4.;
3 vadraty squared 4 wn
formula cusdrature oo absolute '6'% p= %
u > o
() even Componentt initial * matrlX Lt dlagOnal .tlme step 3 T =
. : A s 3
O (M method V@ C L O lapp roximation knows o g
@ a x_bar”® v g
|- — o +
X '| eeu Limit nodes t_1 graph term v b
QLx-" | book ~Ms0 to WS ) s Mtheorem B ST .
Y- R different C h t linearly independent pp o @
dm i 11 | veignea AP LET smaller 4 S R E
yeo ; stlSDlVlng < N nonlinear ¢ linear amall P “ E" g
8 : 2 Son\r/]erie v O a0 at h u_ig N
5o t2p2 chec < . . written Lagrange basisCNOOSeEe =
— @ g answer | Couree grang T odt
S . lntegral space -tn derlvatlye correspondlngd r %
=l usin 5
Y 8 lelde ' matrice identify upper triangular

epsilon

Recallo indeefi ex;-a;itable g
p X_l _zstateu 5 £
quadrature formula quantity x1 x2 5 2 1 l I

=PrL



https://mediaspace.epfl.ch/media/0_1mh48950
https://mediaspace.epfl.ch/media/0_1mh48950

Om 00s

ton i |kl & S{'D%! Lfl baye de LO%/LM%Q erPa Qpouie U»cxrh 1, tity il
1,94 €f,

¢,

NS4

9 4)=1 L G)o ¥ir)=0

OGN GRS

Ct'{\l) ({-o"*& }

WeR Wijzo 2Lkl Hlh):o
P (el = G-t) (640

G'I_+°> (f"l"I‘LJ
%L(f‘o) rach] D) kfl G‘i\r O Eﬁz("z) = 1

Now we'll solve the problem with n=2. We have three pairwise distinct
values t0, t1, t2 from which we'll construct @0, @1, @2 the Lagrange
basis for degree 2 polynomials, associated with t0, t1, t2. Those three
functions @0, @1 and @2 Are 3 polynomials of degree 2 built as follows :
Here are our points t0, t1, t2 the first polynomial @0 is a degree 2
polynomial such that ¢0(t0) = 1, @0(t1) = 0 and @0(t2)=0 We can draw
this ¢0 and we can even write a formula for 0 since it is zero at t1 and
t2, so we can write it as (t-t1)*(t-t2) and I want it to be equal to 1 at t0
so I divide it by (t0-t1)*(t0-t2). So we get the formula for @0 Likewise I
can build the polynomial ¢1, degree 2 polynomial such that ¢1(t0)=0
¢1(t1)=1 @1(t2)=0 So here is the polynomial @1 and again we have a
formula for @1 which is (t-t0)*(t-t2) to get O at t0 and t2 and I want it to
equal 1 at t1 so I divide it by (t1-t0)*(t1-t2). Finally we can build ¢2 of
degree 2 such that ¢2(t0)=0 ¢2(t1)=0 ¢2(t2)=1 and we get an analogue
formula. I now claim that those 3 functions @0, @1, ¢2 are a basis for the
set of polynomials of degree 2 or less. Indeed we have three functions in
P2 the set of degree 2 polynomials.
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The dimension of the space of degree 2 polynomials is 3. Why 3 ?
Because if p is a degree 2 polynomial, write it a0+al*t+a2*tA\2. So {1, t,
tA2} is the canonical basis for the degree 2 polynomials. There are 3
elements in this basis so the dimension of P2 is 3 Hence the only thing
to check to get that @0, @1, @2 are a basis is that those three functions
are linearly independent, so I take 3 coefficients a0, al, a2 and I write
the linear combination a0*@0+al*@1+a2*@2 and suppose this equals 0.
I have to show that this implies that all coefficients a0, al, a2 are 0. To
show this, it suffices to take t=t0 to get a0=0 t=t1 to get a1=0 and t=t2
to get a2=0. so those 3 functions are linearly independent which means
that if p is a degree 2 polynomial, we can write p(t) as a linear
combination if those 3 functions a0@0(t) +alel(t) +a2¢2(t) Now I will
give the solution of the problem. Recall I am looking for a degree 2
polynomial that goes through the points (t0,p0), (t1,p1), (t2,p2). The
solution is just a linear combination of ©0, @1 and @2, and the
coefficients of this linear combination are p0, pl and p2. So
p(H)=p0*@(t)+p1*p(t)+p2*@(t). We can easily check that this is the
solution to our problem.
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p is a degree 2 polynomial, because it is a linear combination of those 3
functions, @0, @1 and @2. And one can check that for example p(t0)=p0.
Why ? Because ¢0(t0)=1 and then p1*¢1(t0)=0. and p2*¢2(t0)=0. so
we indeed have p(t0)=p0. Likewise p(t1)=p1 and p(t2)=p2.
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