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Hello, welcome to the ÉPFL general physics course. In this module, we
will look concretely at some examples of holonomic constraints. First,
we will look at a time independent constraint, then a time dependent
constraint, and after that, I would like to discuss on an example using
Lagrange equations, the question of equilibrium stabilities, and small
oscillations around an equilibrium. The example I chose here is of
particular interest to me because we arrive at what I call a soft mode,
you will see, a vibratory mode whose frequency tends towards zero
when we change a parameter of the system.
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I start with a very simple constraint, see this surface, you imagine a ball
forced to move on this surface, the equation of the surface, it's one of
these constraint equations, called holonomic constraint.
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On the other hand, if you take the problem of the ball in the ring, you
remember that, we have balls rolling in this hemispherical slide, and the
slide itself rotates around a vertical axis, then there, we have a constraint
which depends on time. It's the phi angle that we used to locate the
position of the ball in the ring, the phi angle which is the azimuthal
angle to the ground on the white board, which is a function of time and
is equal to omega t, with omega which is constant.
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What I would like to do here is to examine the equilibrium of the ball,
and then the small oscillations around the equilibrium. Before we get
into the calculations, to remind ourselves of this physical system, I
suggest that you watch a film, I, on this film, the angular velocity of the
platform increases nicely, up to the point where the ball leaves its
equilibrium at the bottom, and what I ask you to note is that as it leaves,
this position at the bottom, it oscillates. And what we want to determine
in the calculation that will follow, is the frequency of the small
oscillations around the equilibrium position. On this device, there is
friction, and the oscillation does not last long. I invite you to watch.
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Here, we increase the speed of rotation, this equilibrium becomes
unstable and here is the ball which oscillates sideways. The camera is
obviously mounted on the rotating slide. And it is the bottom that seems
to turn. Here are these oscillations. I stop the device, the ball goes back
to the bottom.
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These are the oscillations around the lateral equilibrium position, that I
would like to analyse.
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Of course, we'll do it with Lagrange's method. I propose to use, as last
time we visited this problem, the spherical coordinates phi and theta,
this is my slide, and, to work with acute angles I put the material point
there up, so down there it is an angle theta equals pi, note well, and now
I am going to focus on expressing the velocity, and the kinetic energy, to
use the Lagrange method. So, the velocity in spherical coordinates, we
know it. We have as constraint that the coordinate R is a constant, and
phi, this rotation angle, is omega t, with omega being a constant. The
kinetic energy will contain this term squared, half of m, R squared theta
point squared, and then there is this term squared, half of m, R squared,
omega squared sin squared theta. We'll take the potential energy mg
times the height above the plane O x one, x two, that makes mgr cos
theta. The Lagrangian is T minus V, I saved myself writing T minus V,
maybe it's not ideal, I don't recommend it, but here for reason of space
on the page, I didn't do it, we have to compute d of L on d of delta point,
eh, I remind you Lagrange, d on dt, d of L on d of qi point, minus d of L
on d of qi equals zero. That's what you have to apply.
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Then we calculate d of L over d of theta point, there's one here, that
simply gives me mR square, theta point, and that I drift with respect to
time. It just makes a theta point point, which happens. I have to
calculate d of L over d of theta, so this is interesting because there is a
theta term in the kinetic energy, and another in the potential energy. This
one gives me sin theta cos theta, in the potential energy, it's minus V that
we have to take, and the derivative of the cosine makes minus sine, so
we'll have a plus to the sine here. And now, this, minus this equals zero,
that's what we write like this, so we've already got the equation of
motion.
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And now what we're interested in, is to analyze the equilibrium. First of
all. I recall the equation of motion. We are looking for relative
equilibrium, that means, we are looking at positions of the ball such that
this angle theta doesn't move, well doesn't change, so we want theta
point point equals zero in the equation of motion, so we have this
equation, which admits several solutions. We can have sin theta e, which
is zero, which means that, either theta e equals zero, or theta e equals pi,
zero means that we're up there, we can be down there, or we can still
have if sinus theta is not zero, then what we must have is cos theta
equals minus g on omega kR Omega square R. We notice two things,
the first one is that this term is negative, so I have cos theta e which is
negative, that means theta e between pi on two and pi, pi on two would
be there, and pi, so we are in that dial, when cos theta e is negative, and
then we have to be careful in this formula, it's that the absolute value of
the cosine is always smaller than one. That means that the absolute
value of this fraction must be smaller than one.
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So we'll say that omega must be bigger, if it's smaller than one, it means
that omega is bigger than a certain omega c for criticism, we'll see that
this value intervenes everywhere, it's the root of g on R. So we have two
equilibrium positions here and if omega is big enough we have a third
position which appears here.
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So now we're going to look at the stability of equilibria. What we're
going to do is we're going to suppose that, with respect to an
equilibrium position, we create a small deviation, and we're going to
look at whether there will be a force that will bring the angle back to the
equilibrium position, or there is a force that rather tends to go even
further out of equilibrium. So we make a small variation of the
equilibrium angle, which we call, which we note delta theta, and we'll
look at what the equations of motion tell us. Here, I recall the equation
of motion, and we'll take a small delta theta. So I start with the theta
position e equals zero, that's up there. So we, by our intuition we already
know the answer, this equilibrium is always unstable, so we'll check it.
I'll write, instead of theta dot dot, I have delta theta dot dot, and then
when I do these terms on the other side of the equals sign, then I have
the sine theta which is about theta, the cos theta which is about one, and
here I have a sine theta which is theta, I put the terms together, and I
have this. Omega square is positive, g on R is positive, This coefficient
of theta is positive, so we have an equation of motion that tells us that
del theta is only going to increase.
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So it's an unstable equilibrium. Now let's take theta e equals pi, the
second solution we had found, theta e equals pi, it's down there. Then
we could expect that there, we have a stable equilibrium. Anyway, at
low speed, we should find a stable equilibrium. Let's do the math, now
we write that theta is theta e, plus a small variation, that's the general
expression we have here for the particular case where theta e is pi. The
cosine around pi, we'll take it equal to minus one, and the sine well if
you look at your sine function around pi, you have less delta theta. The
equation of motion, by putting these limited developments, takes the
form here. So now we see that if omega is small, and in fact omega is
smaller than the root of g on R, that's the critical value, here we have
minus a positive term, so we have a harmonic oscillator equation, and
we have a stable equilibrium, if now omega square is larger than g on R,
this becomes positive and it's unstable. This corresponds to what we
observed when we increase the angular velocity, so the phi point, we
end up finding that the ball doesn't stay up there, it goes sideways. So I
repeat, we have a harmonic oscillator as long as omega is small enough,
and if omega is above the critical value, this balance becomes unstable.
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It still remains to examine the stability of the equilibrium around theta e,
which is given by cos theta e equals minus g over omega square R, so I
recall the equation of motion. I recall the equation that gives us theta e,
we do a limited development for a small delta theta, so here we have a
sine of theta e plus delta theta, for theta, I also write theta e plus delta
theta, and there the theta sine I passed it to the other side of the equal
sign, also theta e plus delta theta. And now I apply the formula of the
limited development, for these three functions. So I've already done it,
you know that, to the first order, we have delta theta times the
derivative, the derivative of the sine and the cosine, the derivative of the
cosine is minus the sine, and here we also have the cosine. So here we
have two terms that multiply two terms. There will be four terms. But be
careful, before writing everything down, remember that at order zero,
we have so this term and this one, and this one on the other side of the
equal sign. It is exactly these three terms that allowed us to find the
equilibrium position. That was what we had when delta theta point point
equals zero.

Notes

Summary

12
m

 2
2s

1. Méthode de Lagrange 14 of 16

13

https://mediaspace.epfl.ch/media/0_0j8p6ey3?st=742


So, by definition of theta e, this term times this term, combined with this
term, cancels. Now we have the second order terms. When I multiply
this term by this term, I have a delta theta square term, we neglect them.
So I'm left with this: with a cos square theta e, a square theta e sign.
Now cos square theta e, or if you want the square sign theta e we can
deduce it from this, with elementary trigonometry. And when I do the
calculation, and I use for these theta e this term, it turns out that
everything simplifies, everything cleans up, and only this is left. So here
we have, this is a constant, so here we have once again the equation of a
harmonic oscillator for the variable delta theta, but we have to
remember that this solution only exists if this expression has a meaning.
And we discussed the conditions, the notorious condition was that
omega is above the critical value root of gi on R. And when this solution
exists, then we have a harmonic oscillator, and this term gives us the
squared pulsation of the harmonic oscillator. Well, I summarize the
situation with a graph, which is the most interesting one, and this is
where I introduce the notion of soft mode.
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I make a graph here of the equilibrium angle theta e divided by pi, so
when we're at the bottom of the slide, at the bottom, we're at one, theta e
equals pi, and if we're here I have the omega axis normalized by the
critical omega value c, what we found, is that the stable equilibrium was
at theta e equals pi, up to a critical value. And from there, hop, the ball
leaves with an angle smaller than pi, so it goes up in the slide. And what
is very interesting is that if I bring here the results we obtained for the
pulsation, two pi nu, that is the pulsation of the harmonic oscillator that
we found near the equilibrium positions, I normalizes it by the same
omega c, so what I find, is that when we increase the speed of rotation
of the slide, this frequency where the pulsation of the small oscillations
decreases, at the critical value of omega, it becomes zero, and then it
increases again. There are many physical situations where you have
something like that, that is a, what is called a soft mode, an oscillatory
system, which goes through a critical behavior, and in the vicinity of the
critical behavior, the natural frequency of the oscillations becomes very
small.
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